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Preface

If H is a Hilbert space andT : H → H is a continous linear operator, a natural question
to ask is: What are the closed subspacesM of H for which TM ⊂ M? Of course the
famous invariant subspace problem asks whether or notT hasany non-trivial invariant
subspaces. This monograph is part of a long line of study of the invariant subspaces of
the operatorT = Mz (multiplication by the independent variablez, i.e.,Mz f = z f) on a
Hilbert space of analytic functions on a bounded domainG in C. The characterization of
theseMz-invariant subspaces is particularly interesting since itentails both the properties
of the functions inside the domainG, their zero sets for example, as well as the behavior
of the functions near the boundary ofG. The operatorMz is not only interesting in its
own right but often serves as a model operator for certain classes of linear operators. By
this we mean that given an operatorT on H with certain properties (certain subnormal
operators or two-isometric operators with the right spectral properties, etc.), there is a
Hilbert space of analytic functions on a domainG for which T is unitarity equivalent to
Mz.

Probably the first to successfully study these types of problems was Beurling [13]
who gave a complete characterization of theMz-invariant subspaces of the Hardy space
of the unit disk. These are the functionsf (z) = ∑∞

n=0anzn which are analytic on the open
unit diskD := {|z| < 1} for which ∑n>0 |an|2 < ∞. Many others followed with a discus-
sion, often a complete characterization, of theMz-invariant subspaces where the Hardy
space is replaced by the space of analytic functionsf (z) = ∑∞

n=0anzn on D satisfying
∑n>0wn|an|2 < ∞, where(wn)n>0 is a sequence of positive weights. For example, when
wn = n, we get the classical Dirichlet space where theMz-invariant subspaces were dis-
cussed in [61, 62, 63]. Whenwn = nα andα > 1, we get certain weighted Dirichlet spaces
where theMz-invariant subspaces were completely characterized in [70]. See [53, 54] for
some related results. Whenwn = n−1 (or more generallywn = nα ,α < 0), we get the
Bergman (weighted Bergman) spaces where theMz-invariant subspaces were discussed
in [8, 69]. See also [31, 43].

In Beurling’s seminal paper, and the ones that followed, notice how the underlying
domain of analyticity is kept fixed to be the unit diskD, but the Hilbert space of analytic
functions is changed by varying the weightswn. In a series of papers beginning with
Sarason [66], the basic type of Hilbert space is fixed but the domain of analyticity is
changed. To see what we mean here, the conditionf (z) = ∑n>0anzn is analytic onD and
∑n>0 |an|2 < ∞, the definition of the Hardy space ofD, can be equivalently restated as
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f is analytic onD and there is a harmonic functionU on D for which | f |2 6 U on D.
Such a functionU is called a harmonic majorant for| f |2. For a general bounded domain
G⊂ C, one can define the Hardy space ofG to be the analytic functionsf onG for which
| f |2 has a harmonic majorant onG. Beginning with Sarason’s paper, there were several
authors [6, 7, 38, 45, 65, 77, 78, 79] who characterized theMz-invariant subspaces of the
Hardy space of annular-type domains, which include an annulus, a disk with several holes
removed, and a crescent domain (the region between two internally tangent circles).

Conspicuously missing from this list of domains are slit domains, for example
G = D \ [0,1). In this monograph, we obtain a complete characterization of the Mz-
invariant subspaces of the Hardy space of slit domains. Along the way, we give a thor-
ough exposition of the Hardy space, and even the Hardy-Smirnov space, of a slit domain
as well as several applications of our results to de Branges-type spaces and the classical
backward shift operator of the Hardy space ofD. We also discuss several aspects of the
operatorMz|M, whereM is anMz-invariant subspace of the Hardy space ofG. In partic-
ular, we explore questions about cyclicity, the spectrum, and the essential spectrum for
Mz|M.
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Notation

The complete list of symbols is contained in the next chapter. Below are some basic
symbols and remarks regarding notation and organization.

• C (complex numbers)

• Ĉ = C∪{∞} (Riemann sphere)

• R (real numbers)

• D = {z∈ C : |z| < 1}
• T = ∂D = {z∈ C : |z| = 1}
• N = {1,2, · · ·}
• N0 = {0,1,2, · · ·}
• When defining functions, sets, operators, etc., we will often use the notationA :=

xxx. By this we meanA ‘is defined to be’xxx.

• As is traditional in analysis, the constantsc,c′,c′′, · · ·c1,c2, · · · can change from one
line to the next without being relabeled.

• Numbering is done by chapter and section, andall equations, theorems, proposi-
tions, and such are numbered consecutively.

• If J is a set in some topological vector space,
∨

J is the closed linear span of the
elements ofJ andJ− is the closure ofJ.

• If A⊂ C, thenA = {a : a∈ C}, the complex conjugate of the elements ofA. From
the previous item, note thatA− is the closure ofA.

• A linear manifold in some topological vector space is a set which is closed un-
der the basic vector space operations. Asubspaceis a closed (topologically) linear
manifold.
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Preamble

The statement of our main results, as well as the techniques used to prove them, become
more meaningful if we review the basics of the Hardy space of the open unit diskD.
The reader familiar with this material can skip this section. Several standard texts are
[32, 35, 46, 52, 58].

For 0< p < ∞, let H p, the Hardy space, denote the space of functionsf analytic on
D for which theLp integral means

Mp(r; f ) :=

{∫ 2π

0
| f (reiθ )|p dθ

2π

}1/p

remain bounded asr ↑ 1−. This definition can be extended top = ∞ by

M∞(r; f ) := sup{| f (reiθ )| : θ ∈ [0,2π ]}

and soH∞ is the set of bounded analytic functions onD. The functionr 7→ Mp(r; f ) is
increasing on the interval[0,1) and the quantity

‖ f‖Hp := sup
0<r<1

Mp(r; f ) = lim
r↑1−

Mp(r; f )

defines a norm onH p when 16 p < ∞. When 0< p < 1, the quantity

dist( f ,g) := ‖ f −g‖p
Hp

defines a translation invariant metric onH p. The pointwise estimate

| f (z)| 6 21/p‖ f‖Hp
1

(1−|z|)1/p
, z∈ D,

can be used to show thatH p (1 6 p < ∞) is a Banach space whileH p (0 < p < 1) is an
F-space (a complete translation invariant metric space). Inparticular, if fn → f in H p,
then fn → f uniformly on compact subsets ofD. For p = 2, H2 becomes a Hilbert space
with inner product

〈 f ,g〉 =
∞

∑
n=0

anbn,
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where(an)n>0 are the Taylor coefficients (about the origin) off and(bn)n>0 are those of
g. Here is a collection of standard facts aboutH p. Proofs of the results below, as well as
the rest of the material from this chapter, are found in [32].

Theorem. For 0< p 6 ∞ and f ∈ H p,

1.
f (eiθ ) := lim

r→1−
f (reiθ )

exists for almost everyθ .

2. This almost everywhere defined boundary functioneiθ 7→ f (eiθ ) belongs toLp and
when 0< p < ∞,

lim
r→1−

∫ 2π

0
| f (reiθ )− f (eiθ )|p dθ

2π
= 0.

Hence‖ f‖Hp = ‖ f‖Lp.

3. If f ∈ H p\ {0}, then ∫ 2π

0
log| f (eiθ )|dθ

2π
> −∞

and hence the functioneiθ 7→ f (eiθ ) can not vanish on any set of positive measure.

4. If p > 1, andf ∈ H p has Taylor series

f (z) =
∞

∑
n=0

anzn,

then

an =

∫ 2π

0
f (eiθ )e−inθ dθ

2π
, n∈ N0.

5. If p > 1 and f ∈ H p, we have the Cauchy integral formula

f (z) =
1

2π i

∮

T

f (ζ )

ζ −z
dζ ,

whereT := ∂D.

6. For 0< p < ∞, the polynomials are dense inH p. Whenp = ∞, the polynomials are
weak-∗ dense1 in H∞.

From our collection of facts aboutH2, one can show that the inner product onH2

can be written as

〈 f ,g〉 =

∫ 2π

0
f (eiθ )g(eiθ )

dθ
2π

.

Theorem (Smirnov). If 0 < p < q and f ∈ H p hasLq boundary values, thenf ∈ Hq.

1See [35, p. 85] for more on the weak-∗ topology onH∞.
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We know that, via boundary functions,H p can be viewed as a closed subspace of
Lp. Turning this problem around, one can ask: when does a givenf ∈ Lp belong toH p?
At least forp > 1, there is an answer given by a theorem of F. and M. Riesz.

Theorem. For p > 1, a functionf ∈ Lp belongs toH p if and only if the Fourier coeffi-
cients ∫ 2π

0
f (eiθ )e−inθ dθ

2π
vanish for alln < 0.

This result generalized to measures.

Theorem (F. and M. Riesz theorem). Suppose a finite complex Borel measureµ on T

satisfies ∫ 2π

0
einθ dµ(eiθ ) = 0 ∀n∈ N0.

Thendµ = φ dθ
2π whereφ ∈ H1

0 = { f ∈ H1 : f (0) = 0}.

Every f ∈ H p can be factored as

f = Of I f .

The functionOf , theouter factor, is characterized by the property thatOf belongs toH p

and

log|Of (0)| =
∫ 2π

0
log|Of (e

iθ )|dθ
2π

.

EveryH p outer functionF (i.e.,F has no inner factor) can be expressed as

F(z) = eiγ exp

(∫ 2π

0

eiθ +z
eiθ −z

logψ(eiθ )
dθ
2π

)
,

whereγ is a real number,ψ > 0, logψ ∈ L1, andψ ∈ Lp. Note thatF has no zeros in
the open unit disk and|F(eiθ )| = ψ(eiθ ) almost everywhere. Moreover, every suchF as
above belongs toH p and is outer. Theinner factor, I f , is characterized by the property
that I f is a bounded analytic function onD whose boundary values satisfy|I f (eiθ )| = 1
for almost everyθ . Furthermore, the inner factorI f can be factored further as the product
of two inner functions

I f = bsµ ,

whereb is aBlaschke product

b(z) = zm
∞

∏
n=1

|an|
an

an−z
1−anz

whose zeros atz= 0 as well as{an} ⊂D\{0} (repeated according to multiplicity) satisfy
theBlaschke condition

∞

∑
n=1

(1−|an|) < ∞,
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(which guarantees the convergence of the product) andsµ is the (zero free)singular inner
factor

sµ(z) = exp

(
−
∫ 2π

0

eiθ +z
eiθ −z

dµ(eiθ )

)
,

whereµ is a positive measure onT which is singular with respect to Lebesgue measure.
A meromorphic functionf on D is said to be ofbounded typeif f = h1/h2, where

h1,h2 are bounded analytic functions onD. From our above discussion, a function of
bounded type must have finite non-tangential limits almost everywhere onT and can be
factored as

f =
Ih1Oh1

Ih2Oh2

.

The setN, theNevanlinna class, will be the functionsf of bounded type which are ana-
lytic on D (equivalentlyIh2 is a singular inner function). The setN+, theSmirnov class,
will be the set off ∈ N for which Ih2 is a constant.

This extension of Smirnov’s theorem (see above) due to Polubarinova and Kochina
[58, p. 80] (see also [32, p. 28]), will be used many times in this book.

Theorem. If f ∈ N+ with Lp boundary function, thenf ∈ H p.

It turns out that functions inH p not only have a radial limit almost everywhere on
T but also have a stronger non-tangential limit almost everywhere. We collect some facts
about non-tangential limits which will be used at various times in the text.

For ζ ∈ T andα > 1, let

Γα(ζ ) := {z∈ D : |z− ζ |< α(1−|z|)}

be anon-tangential approach region(often called aStoltz region). Note thatΓα(ζ ) is a
triangular shaped region with its vertex atζ (see Fig. 1).

ζ

Γα(ζ)

Figure 1: Non-tangential approach region with vertex atζ ∈ T
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We say thatf has anon-tangential limitvalueA at ζ , written

∠ lim
z→ζ

f (z) = A,

if f (z) → A asz→ ζ within any non-tangential approach regionΓα (ζ ).

Theorem. If f ∈ H p, 0 < p 6 ∞, then f has a finite non-tangential limit almost every-
where onT.

From our collection of facts aboutH p functions, we know that functions inH p\{0}
can not have non-tangential limit equal to zero on an any set of positive measure. This
fact is not unique toH p functions.

Theorem (Privalov’s uniqueness theorem [17, 52, 58]). Supposef is analytic onD and

∠ lim
z→ζ

f (z) = 0

for ζ in some subset ofT of positive Lebesgue measure. Thenf ≡ 0.

Non-tangential limits are important in the statement of Privalov’s theorem since
there are non-trivial analytic functions onD which have radial limits equal to zero almost
everywhere onT [12].

Since invariant subspaces is the heart of this book, let us mention Beurling’s theo-
rem. The shift operatorS: H2 7→ H2, defined by

(S f)(z) = z f(z),

is an isometry onH2. A classical theorem of A. Beurling [13] (see also [32]) characterizes
the invariant subspaces ofS. By ‘invariant subspace’ we mean a closed linear manifold
M ⊂ H2 for which SM ⊂ M. If ϑ is an inner function, then‖ϑ f‖ = ‖ f‖ for all f ∈ H2

and soϑH2 is a closed linear manifold (a subspace) ofH2. It is also clearlyS-invariant.
Beurling’s theorem says these are all of them.

Theorem (Beurling). If ϑ is an inner function, the setϑH2 is anS-invariant subspace
of H2. Conversely, ifM ⊂ H2, M 6= {0}, is anS-invariant subspace, thenM = ϑH2 for
some inner functionϑ .

Since the main purpose of this book is to essentially prove a version of Beurling’s
theorem for the Hardy space of a slit disk, we include a proof of Beurling’s theorem for
the disk.

Proof of Beurling’s theorem.The proof thatϑH2 is anS-invariant subspace ofH2 was
discussed in our preliminary remarks. To prove the second part of the theorem, suppose
M is a non-zeroS-invariant subspace ofH2. First notice thatSM 6= M. If this were not
the case, thenf/z∈ M wheneverf ∈ M. Applying thisk times we conclude that

f
zk ∈ M ∀k∈ N.



xviii Preamble

But this would mean, sincef/zk must be analytic onD, that f ≡ 0, a contradiction to the
assumption thatM 6= {0}.

Second, sinceS is an isometry,SM is closed and sinceSM 6= M, one observes that

M∩ (SM)⊥ 6= {0}.

ThusM∩ (SM)⊥ contains a non-trivial functionϑ . We now argue that|ϑ | = c on a set
of full measure inT. Indeed,

∫ 2π

0
|ϑ(eiθ )|2e−inθ dθ

2π
= 〈ϑ ,Snϑ〉 = 0 ∀n∈ N.

Taking complex conjugates of both sides of the above equation, we also see that

∫

T

|ϑ(eiθ )|2einθ dθ
2π

= 0 ∀n∈ N.

This means that the Fourier coefficients of|ϑ |2 all vanish except forn= 0 and so|ϑ |2 = c
almost everywhere onT. Without loss of generality, we can assume that|ϑ | = 1 almost
everywhere onT and soϑ is an inner function.

Third, let [ϑ ] denote the closed linear span of the functions

ϑ ,Sϑ ,S2ϑ , · · ·

and observe that
[ϑ ] = ϑH2.

To see this, notice that clearly[ϑ ] ⊂ ϑH2. For the other containment, letg = ϑG∈ ϑH2

and letGN be theN-th partial sum of the Taylor series ofG. Notice thatϑGN ∈ [ϑ ] since
GN is a polynomial. From Parseval’s theorem,GN →G in H2 and so, sinceϑ is a bounded
function,ϑGN converges toϑG in H2.

Finally, observe that
[ϑ ] = M.

Indeed,ϑ ∈ M and so[ϑ ] ⊂ M. Now suppose thatf ∈ M and f ⊥ [ϑ ]. Sincef ⊥ [ϑ ],

∫ 2π

0
f (eiθ )ϑ(eiθ )einθ dθ

2π
= 〈 f ,Snϑ〉 = 0 ∀n∈ N0.

But sinceϑ ⊥ SM, we also know that

∫ 2π

0
f (eiθ )ϑ(eiθ )einθ dθ

2π
= 〈Sn f ,ϑ〉 = 0 ∀n∈ N.

The previous two equations say that all of the Fourier coefficients of f ϑ vanish and so
f ϑ = 0 almost everywhere onT. But we have already shown that|ϑ | = 1 almost every-
where onT and sof ≡ 0. �



xix

The key to proving Beurling’s theorem is the fact that the invariant subspace gener-
ated byM∩ (SM)⊥ is equal toM. This idea extends to other Hilbert spaces of analytic
functions [8, 61, 69], but not to the Hardy space of a slit domain. There is a Beurling
theorem for theH p spaces [32, 35]: suppose 0< p < ∞ andM is a non-zero subspace of
H p. ThenM is S-invariant if and only ifM = ϑH p for some inner functionϑ .





Chapter 1

Introduction

1.1 Some history

This monograph continues the study of theinvariant subspacesof theHardy space H2(Ω)
of a bounded domainΩ ⊂ C (see Chapter 2 for a definition of the Hardy space). By the
term ‘invariant subspace’, we mean a subspace (i.e., a closed linear manifold)M of H2(Ω)
for whichSM ⊂ M, where(S f)(z) = z f(z) is the operator ‘multiplication byz’.

WhenΩ is the open unit diskD := {z∈ C : |z| < 1}, a much celebrated theorem
of Beurling ([23, p. 135] or [35, p. 82]) says that every non-trivial invariant subspaceM
takes the formM = ΘH2(D), whereΘ is aninner functionmeaning thatΘ is a bounded
analytic function onD whose non-tangential boundary function has constant modulus one
almost everywhere on∂D. A similar result is true whenΩ is a Jordan domain with smooth
boundary [33]. WhenΩ is a finitely connected (bounded) domain with disjoint analytic
boundary contours - an annulus for example - the invariant subspaces ofH2(Ω) were
examined in a series of papers beginning with Sarason [66] and continuing with Hasumi
[38], Voichick [77, 78], Royden [65], Hitt [45], Yakubovich[79], Aleman and Richter
[7], Aleman and Olin [6]. Due to the ‘holes’ in the region, there are several types of
invariant subspaces to consider. First there are the ‘fullyinvariant’ subspacesM which, by
definition, satisfyrM⊂M for every rational functionr whose poles are off ofΩ−. In this
case [38, 66, 77, 78],M = ΘH2(Ω), whereΘ is an inner function onΩ meaning thatΘ is
a bounded analytic function onΩ whose non-tangential boundary function has constant
modulus on each of the components of∂Ω. Then there are the invariant subspacesM for
which rM ⊂ M for rational functionsr whose poles lie in certain components ofC\Ω−

but not others. In this case [7, 45, 65, 79], the description of theseM depends on, amongst
other things, the behavior of the pseudocontinuation of functions across the holes.

The purpose of this monograph is to broaden the discussion toinclude (simply con-
nected) slit domains,

Ω := D\
N⋃

j=1

γ j , (1.1.1)
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whereγ1, . . . ,γN are simple disjoint analytic arcs (see Chapter 10 for the precise technical
restrictions on the arcs). See Figure 1.1 for an example.

γ1

γ2

γ3

γ4

Figure 1.1: A (simply connected) slit domainΩ.

For example, perhaps the simplest type of slit domain to consider here isG = D \
[0,1] (see Figure 1.2).

0
1

Figure 1.2: The slit domainG = D\ [0,1).

1.2 Invariant subspaces of the slit disk

Before stating one of our main theorems, the complete description of the invariant sub-
spaces ofH2(Ω) for slit domains, let us give some examples. For clearer exposition, we
state these examples, as well as our main results, for the simple slit domainG. The results
for the more general slit domainsΩ in (1.1.1) are stated in Chapter 10.

The description of the invariant subspaces ofH2(G) depends on, amongst other
things, the behavior of the functions near the boundary ofG. Here is where we encounter
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our first major difference between the case discussed previously, where the domain was an
annular type domain, and our current case of the slit domainG. In the former case, when
computing the boundary function, the boundary is accessible from only one direction. In
the latter case however, part of the boundary - the slit - is accessible from two directions
- from the top and from the bottom of the slit. For eachf ∈ H2(G), the functions

f +(x) := lim
y→0+

f (x+ iy) and f−(x) := lim
y→0−

f (x+ iy)

are defined for almost everyx ∈ [0,1] and f +, f− ∈ L2([0,1],ω), whereω is harmonic
measure forG. Furthermore,

f (eiθ ) := lim
r→1−

f (reiθ )

exists for almost everyθ and this function belongs toL2(T,ω), whereT = ∂D. In fact
(Proposition 2.3.4), the norm onH2(G) satisfies

‖ f‖2
H2(G) =

∫

[0,1]

(
| f +|2 + | f−|2

)
dω +

∫

T

| f |2dω .

We will discuss these preliminaries in Chapter 2.

The first type of invariant subspacesM ⊂ H2(G) to consider are those for which
H∞(G)M ⊂ M, whereH∞(G) is the set of bounded analytic functions onG. By realizing
that

H2(G) =
{

f ◦φ−1
G : f ∈ H2(D)

}
,

whereφG is a conformal map fromD ontoG (see the Appendix for a specific formula),
and using Beurling’s theorem, we can characterize theseH∞(G)-invariant subspaces by
means of ‘inner’ functions. We say a bounded analytic function Θ on G is G-inner if
Θ ◦ φG is inner in the classical sense (the almost everywhere defined boundary function
on∂D has constant modulus one almost everywhere), or equivalently, the boundary func-
tion defined byΘ+, Θ−, andΘ|T, as above, has modulus one almost everywhere. These
H∞(G)-invariant subspaces are characterized in Proposition 6.1.2 as follows.

Theorem 1.2.1. SupposeM is a non-trivial subspace of H2(G) such that

H∞(G)M ⊂ M. (1.2.2)

Then there is a G-inner functionΘ such thatM = ΘH2(G). Moreover, for every G-inner
functionΘ, the subspaceM := ΘH2(G) satisfies (1.2.2).

The subspacesΘH2(G), whereΘ is G-inner, are not all of the invariant subspaces
of H2(G). To see this, we need only consider the class of invariant subspaces

M(ρ ,E) :=
{

f ∈ H2(G) : f + = ρ f− a.e. onE
}

,

whereρ : [0,1] → C is a measurable function andE is a measurable subset of[0,1].
Since convergence of a sequence in theH2(G)-norm implies a subsequence converges
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almost everywhere on∂G, we see thatM(ρ ,E) is closed inH2(G) and, since the identity
functionz 7→ z is analytic across the slit[0,1], M(ρ ,E) is clearly invariant. The subspace
M(ρ ,E) is never equal toΘH2(G) for someG-inner functionΘ sinceM(ρ ,E) can not
contain bothΘ andΘ

√
z.

Perhaps every invariant subspace takes the formΘM(ρ ,E). Though this seems rea-
sonable, it is not the case. Consider the functions fromH2(G) which have an analytic
continuation across[0,1). We will show in Corollary 6.1.8 that this class of functionsis
closed inH2(G) and is equal toM(1, [0,1]). In fact, see (7.3.1) and Theorem 7.3.2, the
unit ball in this space forms a normal family onD. Hence

M0 := { f ∈ M(1, [0,1]) : f (0) = 0}

is closed inH2(G) and is an invariant subspace ofH2(G). Moreover, since the common
zero ofM0 is at the origin, which is on slit and not inG (where one could take it into
account using theG-inner functionΘ), this space is not of the formΘM(ρ ,E). Note that
M0 can be equivalently described as

{
f ∈ M(1, [0,1]) :

f
z
∈ H2(G)

}
.

Furthermore, the functionF(z) = z is G-outer in thatF ◦φG is outer in the classical sense
of

log|F ◦φG(0)| =
∫

T

log|F ◦φG(ζ )| |dζ |
2π

.

These examples indicate that the description of the invariant subspaces depends on
the four parametersΘ,ρ ,E,F. Our main theorem (Corollary 6.1.6 and Theorem 6.2.1)
codifies this as follows: Forε ∈ (0,1), let Gε := D\ [−ε,1].

Theorem 1.2.3. LetM be a non-trivial invariant subspace of H2(G) with greatest com-
mon G-inner divisorΘM. Then there exists a measurable set E⊂ [0,1], a measurable
functionρ : [0,1]→ C and, given anyε ∈ (0,1), there exists a Gε -outer function Fε such
that

M = ΘM ·
{

f ∈ H2(G) :
f

Fε
∈ H2(Gε), f + = ρ f− a.e. on E

}
. (1.2.4)

An alert reader might wonder why such a linear manifold defined by the right-
hand side of (1.2.4) is actually closed, i.e., a subspace. Theorem 1.2.3 does not say that
for any Gε -outer functionsFε the linear manifold in (1.2.4) is closed. It just says that
givenM there aresome Gε -outer functionsFε for which M can be written in terms of
these particularFε ’s (and the other parametersΘM,ρ , andE). Furthermore, theFε ’s are
not unique. The set in (1.2.4) remains unchanged ifFε is replaced byFεF , whereF is
anyG-outer function satisfying 0< δ1 6 |F| 6 δ2 < ∞. This somewhat mysterious outer
function also appears in the description of the invariant subspaces of the Hardy space of a
multiply connected domain [6, 7, 45, 79]. Although theFε ’s are not unique, we will show
in Corollary 3.6.3 that the other parametersΘM, ρ , andE, are (essentially) unique.
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1.3 Nearly invariant subspaces

The main tool in proving Theorem 1.2.3, which turns out to be interesting in its own right,
is the concept of a ‘nearly invariant’ subspace first explored by Sarason [68] and Hitt [45].
Indeed, as we shall see in Corollary 6.1.3, ifM is an invariant subspace ofH2(G), then

N :=
{

f ◦α−1 : f ∈ M
}

,

whereα is a particular conformal map fromG ontoĈ\ γ (see (2.3.8) below), is a nearly
invariant subspace ofH2(Ĉ\ γ). HereĈ = C∪{∞} is the Riemann sphere and

γ = α(∂G) =
{

eit : −π
2

6 t 6 π
}

.

We say a subspaceN⊂H2(Ĉ\γ), for which the origin is not a common zero for functions
in N, is nearly invariant if f/z∈ N wheneverf ∈ N and f (0) = 0. Nearly invariant
subspaces have been, and continue to be, explored in varioussettings [5, 7, 40, 45, 55, 68].
In fact, very recently, nearly invariant subspaces have even appeared in mathematical
physics [51].

If ϕ is the normalized reproducing kernel at the origin forN, we will show in Corol-
lary 3.3.1 that the operator

J : N → H2(D)⊕L2(γ,ω), J f =

(
fi
ϕi

, fe− fi
ϕe

ϕi

)

is an isometry. Hereω is harmonic measure for̂C\ γ and, for f ∈ H2(Ĉ\ γ),

fi := f |D, fe := f |De.

In the expression,

fe− fi
ϕe

ϕi

in the second component in the definition ofJ f , we are using the appropriate almost
everywhere defined boundary functions, i.e.,

fe(ζ ) := lim
r→1+

f (rζ ), fi(ζ ) := lim
r→1−

f (rζ ), ζ ∈ γ.

If Mζ denotes the operator onH2(D)⊕L2(γ,ω) defined by multiplication by the
independent variable on each component function, then(JN)⊥ becomes an invariant sub-
space forMζ and we use the Wold decomposition forMζ |(JN)⊥ to describe(JN)⊥. We
then use annihilators to describeN (Theorem 3.1.2). Our description of the nearly invari-
ant subspaces ofH2(Ĉ\ γ) is the following.

Theorem 1.3.1. LetN be a non-trivial nearly invariant subspace of H2(Ĉ\γ) with great-
est common̂C\γ-inner divisorΘN. Then there exists aD-outer function F, a measurable
set E⊂ γ, and a measurable functionρ : γ → C such that

N = ΘN ·
{

f ∈ H2(Ĉ\ γ) :
fi
F

∈ H2(D), fi = ρ fe a.e. on E

}
.
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In Theorem 4.2.5 we describe the nearly invariant subspacesof H2(Ĉ\ γ) in terms
of the invariant subspaces of the backward shift operator

S∗ f :=
f − f (0)

z

on H2(D). In Theorem 5.2.3 we describe the nearly invariant subspaces of H2(Ĉ \ γ) in
terms of de Branges-type spaces onĈ\T.

1.4 Cyclic invariant subspaces

We also study thecyclic invariant subspaces ofH2(G). By this we mean those invariant
subspaces which take the form

[ f ] :=
∨

{Sn f : n∈ N0} .

Here
∨

denotes the closed linear span inH2(G) andN0 = N∪{0}. Not every invariant
subspace ofH2(G) is cyclic. In fact,H2(G) is not a cyclic subspace [4, Cor. 3.3] (see
Example 8.2.13 for other examples). We have the following result about cyclic invariant
subspaces.

Theorem 1.4.1. If E ⊂ [0,1] is the measurable set corresponding to the (non-zero) in-
variant subspaceM from Theorem 1.2.3 and[0,1]\E has positive measure thenM is not
cyclic.

Though not everyM is cyclic, we will show in Theorem 7.1.1 that everyM is 2-
cyclic.

Theorem 1.4.2. For an invariant subspaceM of H2(G), there are two functions f,g∈M

so that
M =

∨
{zm f ,zng : m,n∈ N0} .

In fact, one can takef andg to be certain ‘extremal’ functions forM. In Theorem
7.1.2 we will determine, for generalf ,g∈ H2(G), when the invariant subspace generated
by f andg is all of H2(G).

Theorem 1.4.3. If f ,g∈ H2(G)\ {0}, then

∨
{zm f ,zng : m,n∈ N0} = H2(G)

if and only if f and g have no common G-inner factor and the set

{
x∈ [0,1) :

f +(x)
f−(x)

=
g+(x)
g−(x)

}

has Lebesgue measure zero.
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Though not every invariant subspace ofH2(G) is cyclic, we can, under certain cir-
cumstances, compute the cyclic invariant subspace[ f ] (see Theorem 7.2.2).

Theorem 1.4.4. Suppose that both f and1/ f belong to H2(G) andρ := f +/ f−. Then
[ f ] = M(ρ , [0,1]).

The equality[ f ] = M(ρ , [0,1]) is not true in general (see Example 7.2.4).

In Corollary 6.1.3 we will show that every invariant subspace of H2(G) is nearly
invariant. This implies, assumingM 6= {0}, that for anyλ ∈ G, dim(M⊖ (z−λ )M) = 1.
However, the analogue of Beurling’s Theorem1 does not hold in the slit disk, in the sense
thatM⊖(z−λ )M does not always generateM. This is simply because not every invariant
subspace ofH2(G) (H2(G) in fact!) is cyclic (see also Example 8.2.13).

1.5 Essential spectrum

It is known that ifS f = z f onH2(G), thenσ(S), the spectrum ofS, is equal toG− = D−

[21, Prop. 4.1] and thatσe(S), the essential spectrum ofS, is equal to∂G [21, Thm. 4.3].
In Theorem 8.2.5, we compute the essential spectrum ofS|M, whereM is an invariant
subspace ofH2(G).

Theorem 1.5.1. Let M be a non-zero invariant subspace of H2(G) and let A(M) be the
set of points x∈ [0,1) with the property that there exists an fx ∈M such that f/ fx extends
to be analytic in a neighborhood of x whenever f∈ M. Then we have

σe(S|M) = ∂G\A(M).

Although every cyclic invariant subspace is contained inM(ρ , [0,1]) for someρ and
Theorem 1.4.4 says that certain cyclic subspaces are of the form M(ρ , [0,1]), Theorem
1.5.1 enables us to do the following (see Example 8.2.13).

Theorem 1.5.2. There are measurable functionsρ : [0,1] → C for which the invariant
subspaceM(ρ , [0,1]) is not cyclic.

As mentioned earlier, our results have analogs when the slitdomainG = D \ [0,1]
is replaced by a slit domain of the form in (1.1.1) (Theorem 10.1.2). Our results also have
analogs when the Hardy spaceH2(G) is replaced by the Hardy-Smirnov spaceE2(G)
(see (11.0.1)). Finally, we mention that in Theorem 7.3.2 weapply our main theorems to
describeP2(ω), whereω is harmonic measure onG= D\ [0,1) andP2(ω) is the closure
of the analytic polynomials inL2(ω). Along the way, we compute the set of bounded
point evaluations forP2(ω).

1If one looks at the proof of Beurling’s theorem from the Preamble, one can see, for a (non-zero) invariant
subspaceM of H2(D), that dim(M⊖zM) = 1 and that the invariant subspace generated byM⊖zM is M.





Chapter 2

Preliminaries

2.1 Hardy space of a general domain

In this chapter, we set our notation and review some elementary facts about the Hardy
spaces of general (simply connected) domains. Some good references for this material
are [21, 23, 24, 32, 33]. For a simply connected domainΩ ⊂ Ĉ := C∪ {∞}, we say
that an upper semicontinuous functionu : Ω → [−∞,∞) is subharmonicif it satisfies the
sub-mean value property. That is to say, at each pointa∈ Ω, there is anr > 0 so that

u(a) 6

∫ 2π

0
u(a+ reiθ)

dθ
2π

. (2.1.1)

If f is analytic onΩ andp > 0, then| f |p is subharmonic. We say a subharmonic function
u has aharmonic majorantif there is a harmonic functionU on Ω such thatu 6 U on Ω.
By the Perron process for solving the classical Dirichlet problem [10, p. 200] [59, p. 118],
one can show that if a subharmonic functionu 6≡ −∞ has a harmonic majorant, thenu has
a least harmonic majorant Uin thatu 6 U 6 V on Ω for all harmonic majorantsV of u.

We say an analytic functionf on Ω belongs to theHardy space H2(Ω) if the sub-
harmonic function| f |2 has a harmonic majorant inΩ. If z0 ∈ Ω, we can normH2(Ω)
by

‖ f‖H2(Ω) =
√

U f (z0), (2.1.2)

whereU f is the least harmonic majorant for| f |2. By the mean value property for har-
monic functions (i.e., equality in (2.1.1)1), notice that eitherU f > 0 or U f ≡ 0 on Ω.
Thus‖ f‖H2(Ω) actually defines a norm onH2(Ω). Furthermore, we can use Harnack’s

inequality2 to show that different norming pointsz0 yield equivalent norms onH2(Ω).
The following three simple facts will be used several times:

1In fact [18, p. 260],u∈C(Ω) is harmonic onΩ if and only if u satisfies the mean value property onΩ.
2Harnark’s inequality: For fixedz1,z2 ∈ Ω there is aC > 0 so thatC−1U(z1) 6 U(z2) 6 CU(z1) for every

positive harmonic functionU on Ω [59, p. 14].
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1. SupposeΩ1,Ω2 are two simply connected domains in̂C andφ is a conformal map
from Ω1 onto Ω2. If z0 ∈ Ω1 is the norming point forH2(Ω1) and φ(z0) is the
norming point forH2(Ω2), the operator

f 7→ f ◦φ (2.1.3)

is a unitary operator fromH2(Ω2) ontoH2(Ω1);

2. Let Ω1 ⊂ Ω2 andz0 ∈ Ω1. Supposez0 is the norming point for bothH2(Ω1) and
H2(Ω2). If f ∈ H2(Ω2), then f ∈ H2(Ω1) and

‖ f‖H2(Ω1)
6 ‖ f‖H2(Ω2)

; (2.1.4)

3. Given a compact setK ⊂ Ω, there is a positive constantCK , depending only onK,
such that

| f (z)| 6 CK‖ f‖H2(Ω), z∈ K, f ∈ H2(Ω). (2.1.5)

In certain cases (see Proposition 2.4.13 below) one can estimate the constantCK .

The inequality in (2.1.5) says thatH2(Ω), when endowed with the norm in (2.1.2), be-
comes a Hilbert space of analytic functions onΩ with inner product

〈 f ,g〉 = U f (z0)Ug(z0).

By this we mean thatH2(Ω) is not only a Hilbert space comprised of analytic functions
onΩ but the natural injectioni : H2(Ω) → Hol(Ω) (the analytic functions onΩ endowed
with the topology of uniform convergence on compact sets) iscontinuous. The inequality
in (2.1.5) also says that for each fixedz∈ Ω, the linear functionalf 7→ f (z) is continuous
and so, by the Riesz representation theorem, there is akz ∈ H2(Ω) such that

〈 f ,kz〉 = f (z) ∀ f ∈ H2(Ω).

ThusH2(Ω) is areproducing kernel Hilbert space. We will see in a moment that the inner
product〈 f ,g〉 can be represented as an integral.

WhenΩ is the open unit diskD, there is a more classical, but equivalent, defini-
tion of H2(D) in terms of integral means. Indeed, as mentioned in the Preamble at the
beginning of this book, an analytic functionf onD belongs toH2(D) if and only if

sup
0<r<1

∫ 2π

0
| f (reiθ )|2 dθ

2π
< ∞.

In fact, if we take the norming point in (2.1.2) forH2(D) to bez0 = 0, we have

‖ f‖2
H2(D) = sup

0<r<1

∫ 2π

0
| f (reiθ )|2 dθ

2π
.

The classical theory of Hardy spaces [32] says that eachf ∈H2(D) has finiteradial limits

f (eiθ ) := lim
r→1−

f (reiθ ) (2.1.6)
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for almost everyθ and

‖ f‖2
H2(D) =

∫ 2π

0
| f (eiθ )|2 dθ

2π
. (2.1.7)

If

f (z) =
∞

∑
n=0

anzn,

a simple computation will show that

‖ f‖2
H2(D) =

∞

∑
n=0

|an|2. (2.1.8)

If the domainΩ is particularly nice, for example a Jordan domain with piecewise smooth
boundary, the same sort of identity in (2.1.7) occurs exceptthat arc length measure on the
circle is replaced by harmonic measureωz0 (with norming pointz0) on ∂Ω. See (2.2.7)
below.

We will also discuss theHardy-SmirnovclassE2(Ω) [32, 58, 73] of analytic func-
tions f on Ω with the property that there exists a sequence(γn)n>1 of rectifiable Jordan
curves which exhaustΩ (meaning that the curves eventually surround every compactsub-
set ofΩ) such that

sup
n

∫

γn

| f |2ds< ∞.

In the above,dsis arc-length measure. A theorem of Keldysh and Lavrentiev ([32, p. 168]
[47] [58, p. 146] [73]) says thatf ∈E2(Ω) if and only if for any conformal mapφ : D→Ω

sup
0<r<1

∫

φ({|z|=r})
| f |2ds< ∞.

Since this last condition is independent of the choice of conformal mapφ , we can set

‖ f‖E2(Ω) :=

(
sup

0<r<1

∫

φ({|z|=r})
| f |2ds

)1/2

. (2.1.9)

In other words,
f ∈ E2(Ω) ⇔ ( f ◦φ)(φ ′)1/2 ∈ H2(D). (2.1.10)

If ψ := φ−1, one can show that

H2(Ω) = (ψ ′)−1/2E2(Ω).

In fact [32, p. 169] [76],E2(Ω) = H2(Ω) if and only if 0< m6 |ψ ′|6 M < ∞ onΩ. If Ω
is bounded by an analytic curve, then, by basic properties ofconformal maps, the above
condition holds and soH2(Ω) = E2(Ω). Roughly speaking, when∂Ω has a ‘corner’ (as
in the case of a slit domain),H2(Ω) 6= E2(Ω). See below for a more detailed discussion
of ‘corners’. We direct the reader to [32, 48, 76] for a discussion ofE2(Ω) for multiply
connected domains. These Hardy-Smirnov classes will appear both as a technical tool
(see the proof of Theorem 7.2.2) as well as inE2 versions of our main results forH2 (see
Chapter 11).
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2.2 Harmonic measure

Some nice sources for this are [24, 36, 59]. We follow [59]. For a bounded Borel function
h : ∂Ω → R let

(Ph)(z) := sup
u

u(z), z∈ Ω,

where the supremum is taken over all subharmonic functionsu onΩ such that

limsup
z→ζ

u(z) 6 h(ζ ) ∀ζ ∈ ∂Ω.

The functionPh is called thePerron functionassociated withh and is a bounded harmonic
function onΩ. We are assuming thatΩ is simply connected. If we also assume thatĈ\Ω
contains at least two points - which will definitely be the case here - thenΩ is a regular
domainin that for anyh∈CR(∂Ω), the continuous real-valued functions on∂Ω, we have

lim
z→ζ

(Ph)(z) = h(ζ ) ∀ζ ∈ ∂Ω,

i.e.,Ph is the solution to the Dirichlet problem with boundary datah.
One can show, for a fixed pointz0 ∈ Ω, that the map

h 7→ (Ph)(z0)

is a positive linear functional onCR(∂Ω) of norm one and thus, by the Riesz representa-
tion theorem, there is a unique probability measureωz0 on∂Ω such that

(Ph)(z0) =

∫

∂Ω
hdωz0.

This unique measureωz0 is called theharmonic measurefor Ω at z0. When we need
to emphasize the domainΩ, we will use the notationωz0,Ω. When the pointz0 and the
domainΩ are clear from context, we will drop these subscripts and useω to denoteωz0,Ω.

From classical harmonic analysis, we know, forh∈CR(T), that the function

z 7→
∫

T

1−|z|2
|ζ −z|2h(ζ )dm(ζ ),

wheredm= dθ/2π is normalized Lebesgue measure on the unit circleT = ∂D, is har-
monic onD and is the solution to the Dirichlet problem with boundary datah. Thus

dωz0,D =
1−|z0|2
|ζ −z0|2

dm (2.2.1)

is harmonic measure forD atz0 ∈ D. Observe thatdω0,D = dm.
Here are a few basic facts about harmonic measure we will use several times:
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1. For anyz0 andz1 in Ω, the measuresωz0 andωz1 are boundedly mutually absolutely
continuous, i.e., there is aC > 0 such that

Cωz0(E) 6 ωz1(E) 6
1
C

ωz0(E)

for every Borel setE ⊂ ∂Ω.

2. If Ω is a Jordan domain with piecewise analytic3 boundary andφ : D → Ω is an
onto conformal map (withψ := φ−1), Carathéodory’s theorem [57, p. 18] says that
φ extends to a homeomorphism fromD− ontoΩ−. Furthermore [57, p. 48, 52],φ ′

extends to be continuous and non-zero onD− except for a finite number of points on
T, which turn out to be the inverse images underφ of the ‘corners’ of∂Ω. Changing
variables and using the definition of harmonic measure showsthat

ωφ(z0),Ω = ωz0,D ◦ψ . (2.2.2)

Now one can use (2.2.2) along with (2.2.1) and Jacobians to show that

dωφ(0),Ω = |ψ ′| ds
2π

, (2.2.3)

whereds is arc-length measure on∂Ω.

3. If φ(0) is replaced by some other pointz0 ∈ Ω, we get

dωz0,Ω =
1

2π
1−|ψ(z0)|2

|ψ(z)−ψ(z0)|2
|ψ ′(z)|ds≍ |ψ ′|ds. (2.2.4)

Let us make a few comments about estimates harmonic measure on our Jordan
domainΩ with piecewise analytic boundary. We follow [4, Lemma 2.8].If λ ∈ ∂Ω and
∂Ω is smooth nearλ (i.e.,λ is not one of the ‘corners’ of∂Ω), thenφ not only extends to
be continuous onD− (via Carathéodory’s theorem) butφ ′ extends to be continuous (and
non-vanishing) up toD∪J, whereJ is some arc of the circle containingψ(λ ) [57, p. 52].
So in this case,

dωz0 ≍ ds

nearλ . On the other hand, ifλ ∈ ∂Ω is a corner with angleθ ∈ (0,π ], then the map

z 7→ (z−λ )π/θ (2.2.5)

maps a regionRλ ⊂ Ω (see Figure 2.1) nearλ to a domain with smooth boundary near
the origin.

3Just to be clear, a curveΓ is analytic if it can be parameterized by a functionc(t) on [a,b] such thatc is an
analytic function oft at every point of[a,b] andc′(t) 6= 0 for all t. A curveΓ is piecewise analyticif it is the
finite union of analytic curves. In all of what we say below, ‘piecewise analytic’ can be relaxed to ’piecewise
Dini smooth’. See [57, p. 52] for a definition. In this monograph though, all of our boundary curves will be
essentially piecewise analytic.
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θ λ

Ω

Rλ

Figure 2.1: The piecewise analytic Jordan domainΩ with a corner atλ .

Hence the map
z 7→ (φ(z)−λ )π/θ

mapsD∩ψ(Rλ ) to a domain with smooth boundary near the origin. By what was said
above

1
C

<

∣∣∣∣
d
dz

(φ(z)−λ )π/θ
∣∣∣∣< C

nearψ(λ ). Thus we get

|ψ ′(z)| ≍ |z−λ | π
θ −1, z∈ Rλ , (2.2.6)

and so using (2.2.4) we have
dωz0 ≍ |z−λ | π

θ −1ds

near the cornerλ .
With Ω a Jordan domain with piecewise analytic boundary, eachf ∈ H2(Ω) has

a finite non-tangential limit almost everywhere on∂Ω and, analogous to (2.1.7) in the
H2(D) case, we have

‖ f‖2
H2(Ω) =

∫

∂Ω
| f |2dω , (2.2.7)

whereω = ωz0,Ω andz0 is the norming point forH2(Ω). If f ∈ E2(Ω), then f also has a
non-tangential limit almost everywhere on∂Ω and

‖ f‖2
E2(Ω) =

∫

∂Ω
| f |2ds.

2.3 Slit domains

The domains considered in this monograph are not Jordan domains but slit domains and
hence the formula in (2.2.7) needs to take into account whichside of the slit one views the
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boundary function. There is a general theory about this involving the ‘Martin boundary’
[39]. However, since the slit domains we consider here are particularly simple, we can
compute the norm directly in terms of the boundary function.

The first type of slit domain we consider is the slit disk

G = D\ [0,1).

Using a sequence of standard conformal maps (see the Appendix), one can produce a
conformal map

φG : D → G (2.3.1)

such thatφG maps the arc

J =
{

eiθ : 0 6 θ 6
π
2

}

to the ‘top part’ of the slit, while mapping

J =
{

e−iθ : 0 6 θ 6
π
2

}

to the ‘bottom part’ of the slit (see Figure 2.2).

−i

i

1 0 1

J

J

φG

Figure 2.2: The conformal mapφG : D → G. Notice how the arcJ gets mapped to the
‘top’ of the slit while the arcJ gets mapped to the ‘bottom’ of the slit.

We are now ready to express the norm onH2(G) in terms of the boundary function.
When f ∈ H2(G), recall from (2.1.3) thatf ◦φG ∈ H2(D) and so by conformal mapping
and the fact thatf ◦ φG ∈ H2(D) and thus has finite radial limits almost everywhere, we
see that the limits

f +(x) := lim
y→0+

f (x+ iy) and f−(x) := lim
y→0−

f (x+ iy)

exist for almost everyx∈ [0,1].
Moreover (see the Appendix), we have the identity

φG(eiθ ) = φG(e−iθ ), 0 6 θ 6 2π . (2.3.2)
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From here we see that ifψG = φ−1
G , then

∣∣(ψ ′
G)+(x)

∣∣=
∣∣(ψ ′

G)−(x)
∣∣ , 0 < x < 1. (2.3.3)

Proposition 2.3.4. For f ∈ H2(G),

U f (φG(0)) = ‖ f‖2
H2(G) =

∫ 1

0

(
| f +|2 + | f−|2

)
|ψ ′

G|
dx
2π

+
∫ 2π

0
| f |2|ψ ′

G|
dθ
2π

,

where Uf is the least harmonic majorant of f and|ψ ′
G(x)| is the common value of

|(ψ ′
G)+(x)| and|(ψ ′

G)−(x)| from (2.3.3).

Proof. For f ∈ H2(G),

‖ f‖2
H2(G) = ‖ f ◦φG‖2

H2(D)

=

∫

J
| f ◦φG|2

dθ
2π

+

∫

J
| f ◦φG|2

dθ
2π

+

∫ 3π/2

π/2
| f ◦φG|2

dθ
2π

=

∫ 1

0
| f +|2|(ψ ′

G)+| dx
2π

+

∫ 1

0
| f−|2|(ψ ′

G)−| dx
2π

+

∫ 2π

0
| f |2|ψ ′

G|
dθ
2π

.

The result now follows from (2.3.3). �

SinceφG is not injective on parts ofT, φG no longer extends to be a homeomorphism
betweenD− andG−. Thus the identity

ωφG(0),G = ω0,D ◦ψ

no longer makes sense and must replaced by

ωφG(0),G = ω0,D ◦ψ+ + ω0,D ◦ψ−+ ω0,D ◦ψ |T.

By change of variables and using (2.3.3) we get

dωφG(0),G =
1

2π
|ψ ′|dx+

1
2π

|ψ ′|dθ . (2.3.5)

An analysis of|ψ ′
G| (see (2.3.16) below) will show that

dωφG(0),G ≍ |ξ |−1/2|ξ −1|ds. (2.3.6)

Another type of slit domain we will consider in Chapter 3 is

Ĉ\ γ, γ :=
{

eit : −π
2

6 t 6 π
}

. (2.3.7)

Consider the conformal map

α(z) :=
(1+z)2(1−z)−2− i
(1+z)2(1−z)−2+ i

. (2.3.8)
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A routine exercise with composition of several standard conformal maps (see the Ap-
pendix) shows thatα mapsG ontoĈ\ γ andα(i(1−

√
2)) = ∞. Also notice that

α(T) = γ ′ := {eit : 0 6 t 6 π},

α([0,1]) = γ ′′ :=

{
eit :

3π
2

6 t 6 2π
}

,

α([−1,0]) = γ ′′′ :=

{
eit : π 6 t 6

3π
2

}

(see Figure 2.3). Furthermore, ifD+ := D∩{ℑz> 0} andD− := D∩{ℑz< 0}, then

α(D−) = De := Ĉ\D
−, α(D+) = D

(see Figure 2.4).

�
�
�
�

��
��
��
��

�
�
�

�
�
�

��
��
��

��
��
��

�
�
�
�

−1

0
1

α

−1

−i

1

γ ′

γ ′′γ ′′′

Figure 2.3: The conformal mapα : G→ Ĉ \ γ. Note thatγ ′ = α(T), γ ′′ = α([0,1]), and
γ ′′′ = α([−1,0]).

α

Figure 2.4: The conformal mapα : G→ Ĉ\ γ. Note thatα(D+) = D andα(D−) = De.



18 Chapter 2. Preliminaries

Finally, we have the identity

α(eiθ ) = α(e−iθ ), 0 6 θ 6 2π . (2.3.9)

For f ∈ H2(Ĉ\ γ), define

fi(z) := f (z), z∈ D and fe(z) := f (z), z∈ De. (2.3.10)

If f ∈ H2(Ĉ\ γ), use the conformal map

φγ := α ◦φG : D → Ĉ\ γ (2.3.11)

and the fact thatf ◦φγ belongs toH2(D) and thus has radial limits almost everywhere to
see that the limits

fe(e
iθ ) := lim

r→1+
f (reiθ ) and fi(e

iθ ) := lim
r→1−

f (reiθ )

exist almost everywhere. Use the proof of Proposition 2.3.4, along with the identity

φγ(e
−iθ ) = φγ (e

iθ ), 0 6 θ 6 2π ,

(which comes from (2.3.2) and (2.3.9)), and the above facts about the conformal mapsφG

andα, to prove the following.

Proposition 2.3.12. For f ∈ H2(Ĉ\ γ),

U f (φγ (0)) = ‖ f‖2
H2(Ĉ\γ)

=

∫ π

−π/2

(
| fi |2 + | fe|2

)
|ψ ′

γ |
dθ
2π

,

whereψγ := φ−1
γ .

By (2.3.16) one can show that

dωφγ (0),Ĉ\γ = |ψ ′
γ |

dθ
2π

≍ |ξ +1|−1/2|ξ + i|−1/2ds. (2.3.13)

The next types of domains we consider in Chapter 5 are a certain subclass of do-
mains of the form

Ω := D\Γ,

whereΓ is a simple analytic curve which meetsT at a positive angle (see Figure 2.5).
Let µ be the endpoint ofΓ in D andλ the endpoint ofΓ in T andθ be theacuteangle
betweenΓ andT at λ .
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θ

Γ

λ

Figure 2.5: The slit domainΩ = D\Γ.

An analysis similar to the one used to derive the estimate in (2.2.6), but with the
domainsRλ replaced separately by domainsR+

λ (near the top of the slit) andR−
λ (near the

bottom of the slit) and away from the other endpointµ (see Figure 2.6), will yield the
estimate

|ψ ′(z)| ≍
{

|z−λ | π
θ −1, z∈ R+

λ ;

|z−λ | π
π−θ −1, z∈ R−

λ .
(2.3.14)

whereφ : D → Ω andψ := φ−1.
To get an estimate of|ψ ′| nearµ (the endpoint ofΓ in D) we replace the map in

(2.2.5) with the mapz 7→ (z− µ)1/2 and do the same analysis as before to get

|ψ ′| ≍ |z− µ |−1/2 (2.3.15)

whenz is nearµ . Combining (2.3.14) and (2.3.15) we get

|(ψ ′)+(ξ )| ≍ |ξ − µ |−1/2|ξ −λ | π
θ −1; (2.3.16)

|(ψ ′)−(ξ )| ≍ |ξ − µ |−1/2|ξ −λ | π
π−θ −1.

The identity
ωφ(0),Ω = ω0,D ◦ψ+ + ω0,D ◦ψ−+ ω0,D ◦ψ |T

yields

dωφ(0),Ω = |(ψ ′)+| ds
2π

+ |(ψ ′)−| ds
2π

+ |ψ ′|Tdθ
2π

from which follows an estimate of harmonic measure near the corners of∂Ω. If the an-
gle θ is π/2 then|(ψ ′)+(ξ )| ≍ |(ψ ′)−(ξ )|. Whenθ 6= π/2, |(ψ ′)+(ξ )| is considerably
different than|(ψ ′)−(ξ )|.
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µ

λ

R+
λ

R−
λ

Figure 2.6: The regionsR+
λ andR−

λ .

Following the proof of Proposition 2.3.4 we get that

U f (φ(0)) = ‖ f‖2
H2(Ω) =

∫

Γ
| f +|2|(ψ ′)+| ds

2π
+

∫

Γ
| f−|2|(ψ ′)−| ds

2π
+

∫

T

| f |2|ψ ′|dθ
2π

(2.3.17)
and remark that ifθ 6= π/2 the first two integrals can not be combined and so the identity
in (2.2.7) is no longer valid but must be interpreted as in theidentity in (2.3.17).

2.4 More about the Hardy space

If Ω ⊂ Ĉ is either a piecewise analytic Jordan domain or one of the slit domains (D\Γ or
Ĉ\ γ) considered previously, letφ be a conformal map fromD ontoΩ andψ := φ−1. An
analytic functionf onΩ is Ω-inner if f ◦φ is inner in the classical sense, i.e.,| f ◦φ(ζ )|=
1 for almost everyζ ∈ T, andΩ-outer if f ◦φ is outer in the classical sense, i.e.,

log| f ◦φ(0)| =
∫

T

log| f ◦φ(ζ )|dm(ζ ).

It is well-known [32, p. 24] that everyf ∈ H2(D) can be factored, uniquely up to a
unimodular constant, asf = IF , whereI is D-inner andF is D-outer. By conformal
mapping, we see the following.

Proposition 2.4.1. Every f∈ H2(Ω) can be factored uniquely, up to a unimodular con-
stant, as f= IF, where I isΩ-inner and F isΩ-outer.
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ForH2(Ω) orEp(Ω) of a multiply connected domain, factorization is more involved
[48, 76].

If f ∈ H2(D)\ {0}, a classical theorem of Riesz [32, p. 17] says that

log| f | ∈ L1(T,m). (2.4.2)

By a change of variables, there is an analog of this forH2(Ω): if f ∈ H2(Ω)\ {0}, then

log| f | ∈ L1(∂Ω,ω∗). (2.4.3)

This notation requires some explanation. WhenΩ is a piecewise analytic Jordan curve
(2.4.3) means ∫

∂Ω
| log| f ||dω < ∞.

WhenΩ = D\Γ, (2.4.3) means
∫

Γ
| log| f +|||(ψ ′)+| ds

2π
+

∫

Γ
| log| f−|||(ψ ′)−| ds

2π
+

∫

T

| log| f |||ψ ′|dθ
2π

is finite. WhenΩ = Ĉ\ γ, (2.4.3) means
∫

γ
(| log| fi ||+ | log| fe||)|ψ ′

γ |
dθ
2π

is finite.
Define theNevanlinna class

N(Ω) :=

{
f
g

: f ,g∈ H∞(Ω),g 6≡ 0

}

and theSmirnov class

N+(Ω) :=

{
f
g

: f ,g∈ H∞(Ω),g is Ω-outer

}
. (2.4.4)

Using Beurling’s theorem and conformal mapping (see Proposition 6.1.2 below) it
follows that f ∈ H∞(Ω) is Ω-outer if and only if

closH2(Ω){h f : h∈ H∞(Ω)} = H2(Ω).

From here we get the following (see the proof of Lemma 3.4.12).

Proposition 2.4.5. SupposeΩ1,Ω2 are simply connected regions andΩ1 ⊂ Ω2. If f ∈
H∞(Ω2) is Ω2-outer then f|Ω1 is Ω1-outer and consequently we have the containment
N+(Ω2)|Ω1 ⊂ N+(Ω1).

We will make many uses of this next theorem due to Polubarinova and Kochina [58,
p. 80] (see also [32, p. 28]). Forf ∈ N+(D) let f |T denote the non-tangential boundary
function of f - which exists almost everywhere.
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Theorem 2.4.6. Let 0 < p < ∞ and f ∈ N+(D). If f |T ∈ Lp(T,m), then f∈ H p(D).

For 0< p < ∞, define the Hardy class

H p(Ω) := { f ∈ Hol(Ω) : | f |p has a harmonic majorant onΩ} (2.4.7)

and the Hardy-Smirnov class,

Ep(Ω) :=
{

f ∈ Hol(Ω) : ( f ◦φ)(φ ′)1/p ∈ H p(D)
}

(2.4.8)

=

{
f ∈ Hol(Ω) : sup

0<r<1

∫

φ({|z|=r})
| f (z)|pds< ∞

}
,

whereφ is a conformal map fromD ontoΩ. As mentioned earlier, we have

H p(Ω) = (ψ ′)−1/pEp(Ω) (2.4.9)

and
H p(Ω) = Ep(Ω) ⇔ 0 < c 6 |ψ ′| 6 C < ∞ on Ω.

Functions inH p(Ω) andEp(Ω) have finite non-tangential limits almost everywhere with
respect to arc-length measure and the boundary function belongs toLp(∂Ω,ω∗) - when
the function belongs toH p(Ω) - or Lp(∂Ω,ds) - when the function belongs toEp(Ω).
As before (see (2.4.3)), whenΩ is a piecewise analytic Jordan domain, the condition
f |∂Ω ∈ Lp(Ω,ω∗) meansf |∂Ω ∈ Lp(∂Ω,ω). WhenΩ = D\Γ, we mean

∫

Γ
| f +|p|(ψ ′)+| ds

2π
+

∫

Γ
| f−|p|(ψ ′)−| ds

2π
+

∫

T

| f |p|ψ ′|dθ
2π

< ∞.

WhenΩ = Ĉ\ γ we mean
∫

γ
(| fi |p + | fe|p)|ψ ′

γ |
dθ
2π

< ∞.

By a change of variables, one can prove the following generalization of Theorem
2.4.6.

Proposition 2.4.10. Suppose0 < p < ∞ and f ∈ N+(Ω).

1. If f |∂Ω ∈ Lp(∂Ω,ω∗), then f∈ H p(Ω).

2. If f |∂Ω ∈ Lp(∂Ω,ds)4, then f∈ Ep(Ω).

For f ∈ H1(D), there is the following version of the Cauchy integral formula [32,
p. 41]:

f (z) =
1

2π i

∮

T

f (ζ )

ζ −z
dζ , z∈ D. (2.4.11)

There is also a generalization of this formula forE1(Ω) [32, p. 170].

4WhenΩ is a slit domain, we need to take into accountf + and f− (or fi and fe) in the above integral.
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Proposition 2.4.12. For f ∈ E1(Ω),

f (z) =
1

2π i

∮

∂Ω

f (ξ )

ξ −z
dξ , z∈ Ω.

WhenΩ is a slit domain, we need to take into accountf + and f− (or fi and fe)
in the above integral. We can now use the identityH p(Ω) = (ψ ′)−1/pEp(Ω) along with
the Cauchy integral formula in Proposition 2.4.12 and a trick in [32, p. 36] involving
inner-outer factorizations to establish the following pointwise estimates.

Proposition 2.4.13. If f ∈ Ep(Ω) then

| f (λ )| 6 C
‖ f‖Ep(Ω)

(dist(λ ,∂Ω))1/p
, λ ∈ Ω.

If f ∈ H p(Ω) then

| f (λ )| 6 C
‖ f‖Hp(Ω)

|ψ ′(λ )|1/p(dist(λ ,∂Ω))1/p
, λ ∈ Ω.

The above proposition implies that functions in the unit ball of H p(Ω) or Ep(Ω)
form a normal family onΩ.





Chapter 3

Nearly invariant subspaces

3.1 Statement of the main result

For a general domainΩ ⊂ Ĉ, a subspace1 N ⊂ H2(Ω) (not necessarily invariant) is said
to benearly invariantif there is someλ0 ∈ Ω such that wheneverf ∈ N and f (λ0) = 0,
then

f
z−λ0

∈ N.

The following useful proposition, found in [7, Prop. 5.1], says that we need not single
out a particularλ0.

Proposition 3.1.1. If N is a subspace of H2(Ω), then the following are equivalent.

1. N is nearly invariant.

2. If Z(N) is the set of common zeros2 of functions inN, then

f
z−λ

∈ N

whenever f∈ N andλ ∈ Ω\Z(N) with f(λ ) = 0.

3. For any f,g∈ N,

f − f
g
(λ )g

z−λ
∈ N

wheneverλ ∈ Ω\Z(N) and g(λ ) 6= 0.

Nearly invariant subspaces ofH2(D) were first explored by Sarason and Hitt [45,
68]. They proved the following theorem: LetN be a nearly invariant subspace ofH2(D)

1Recall from the introduction that a subspace will be aclosedlinear manifold.
2i.e.,Z(N) :=

⋂
f∈N f−1({0}).
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and let fN be the unique function of unit norm inN which maximizesℜ f (0). Then there
is a uniqueD-inner functionΘ such that

N = fN ·
(
H2(D)⊖ΘH2(D)

)
.

More recently, nearly invariant subspaces have appeared inthe study of invariant sub-
spaces ofH p(Ω) for regionsΩ with ‘holes’ [7, 45], surjective Toeplitz operators on
H2(D) [37], inverse spectral theory [55], derivation invariant subspaces ofC∞ [5], and
mathematical physics [51].

Our main theorem of this chapter characterizes the nearly invariant subspaces of
H2(Ĉ\ γ). Recall from (2.3.7) that

γ :=
{

eit : −π
2

6 t 6 π
}

.

Theorem 3.1.2. LetN be a non-trivial nearly invariant subspace of H2(Ĉ\γ) with great-
est common̂C\γ-inner divisorΘN. Then there exists aD-outer function F, a measurable
set E⊂ γ, and a measurable functionρ : γ → C such that

N = ΘN ·
{

f ∈ H2(Ĉ\ γ) :
fi
F

∈ H2(D), fi = ρ fe a.e. on E

}
. (3.1.3)

Remark3.1.4. 1. The functionsfi and fe were defined in (2.3.10).

2. Theorem 3.1.2 is still valid when the arcγ = {eit : −π/2 6 t 6 π} is replaced by
any proper sub-arc ofT.

3. It is easy to check that when the linear manifold defined by the right hand side of
(3.1.3) is closed, it is a nearly invariant subspace. We alsoremark, as discussed
following the statement of Theorem 1.2.3, that Theorem 3.1.2 does not say that for
anyD-outer functionF, the linear manifold defined in (3.1.3) is closed. Rather, it
says that for a given nearly invariant subspaceN, there is aD-outer functionF for
which the linear manifold in (3.1.3) is closed, i.e., a subspace.

The rest of this rather long chapter will be devoted to the proof of Theorem 3.1.2.
In Chapter 6, we will use this theorem, together with a conformal mapping trick, to char-
acterize the invariant subspaces of the slit domainG = D\ [0,1) (see Corollary 6.1.6 and
Theorem 6.2.1).

3.2 Normalized reproducing kernels

In what follows,N will be a non-trivial nearly invariant subspace ofH2(Ĉ\ γ) such that
the pointsz = 0 andz = ∞ are not in the common zero set ofN

3 andϕ will be the

3If this is not the case, one can always consider the nearly invariant subspaceN′ := N/B◦φ−1
γ whereφγ

is a conformal map fromD onto Ĉ \ γ andB is theD-Blaschke product with zeros atφ−1
γ (0) andφ−1

γ (∞) of
appropriate orders.
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normalized reproducing kernel inN at the origin. More precisely, the linear functional on
N defined byf 7→ f (0) is continuous (and non-zero) and so, by the Riesz representation
theorem, there is akN

0 ∈ N such that

f (0) = 〈 f ,kN
0 〉 ∀ f ∈ N.

If we define

ϕ :=
kN

0

‖kN
0 ‖

,

thenϕ ∈ N and satisfies the two identities

f
ϕ

(0) = 〈 f ,ϕ〉 ∀ f ∈ N, (3.2.1)

〈ϕ ,ϕ〉 = 1. (3.2.2)

This normalized reproducing kernelϕ is often called the ‘extremal function’ forN since
it is the unique solution to the extremal problem

sup{ℜg(0) : g∈ ball(N)} .

One proves this by a variational argument [42]. Extremal functions have played an im-
portant role in studying invariant subspaces in various settings [7, 8, 28, 29, 30, 42, 49,
61, 62, 63, 74] and they will play an important role here.

We will also need the normalized reproducing kernel function for N at∞,

ψ :=
kN

∞
‖kN

∞ ‖ .

Here we have

f
ψ

(∞) = 〈 f ,ψ〉 ∀ f ∈ N, (3.2.3)

〈ψ ,ψ〉 = 1.

By the definition of nearly invariant, (2.1.5), and the closed graph theorem, one can
show that the operatorL : N → N

L f :=
f − f

ϕ (0)ϕ
z

=
f −〈 f ,ϕ〉ϕ

z
(3.2.4)

is bounded. There is also the companion operatorR : N → N

R f := z

(
f − f

ψ
(∞)ψ

)
= z( f −〈 f ,ψ〉ψ). (3.2.5)

Before discussing some specific properties of the operatorL, there is the following
nice relationship betweenRandL.
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Theorem 3.2.6. LetN be a non-trivial nearly invariant subspace of H2(Ĉ\ γ) and letϕ
andψ be the extremal functions forN considered above. Then we have the following.

1. L∗ = R;

2. If λ ∈ Ĉ\ γ and kNλ is the reproducing kernel function forN at λ , then

kN

λ (z) =
ϕ(λ )ϕ(z)−λzψ(λ )ψ(z)

1−λz
, z 6= 1/λ . (3.2.7)

Proof. Since〈L f ,ψ〉 = (L f )(∞) = 0 for all f ∈ N, we can say, for anyf ,g∈ N, that

〈L f ,g〉 =

〈
L f ,g− g

ψ
(∞)ψ

〉
. (3.2.8)

Since the inner product onH2(Ĉ\ γ) is given by

〈 f ,g〉 =

∫ π

−π/2
( figi + fege)|ψ ′

γ |
dθ
2π

(Proposition 2.3.12), we can use the fact thatz= 1/z for z∈ T to see that the quantity on
the right hand side of (3.2.8) is equal to

〈
f − f

ϕ
(0)ϕ ,z

(
g− g

ψ
(∞)ψ

)〉
=

〈
f − f

ϕ
(0)ϕ ,Rg

〉
= 〈 f ,Rg〉.

The last equality follows since

〈Rg,ϕ〉 =
Rg
ϕ

(0) = 0.

This shows thatL∗ = R which proves statement (1).
To prove statement (2), we computeL∗kN

λ in two different ways. From the definition
of L and the reproducing property ofkN

λ we have

〈L f ,kN

λ 〉 =
f (λ )−〈 f ,ϕ〉ϕ(λ )

λ
∀ f ∈ N,

and so, replacingf with a reproducing kernelkN
z ∈ N and using the trivial identity

kN
z (λ ) = kN

λ (z), we have

(L∗kN

λ )(z) = 〈kN
z ,L∗kN

λ 〉 = 〈LkN
z ,kN

λ 〉 =
kN

λ (z)−ϕ(λ )ϕ(z)

λ
.

On the other hand, from the identityL∗ = R, just shown above, we have

L∗kN

λ = z
(

kN

λ −ψ(λ )ψ
)

.

The formula in (3.2.7) now follows by equating the above two formulas forL∗kN

λ and
solving forkN

λ . �
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Corollary 3.2.9. For eachλ ∈ Ĉ\ γ we have the following.

1.

ϕ(λ )ϕ(1/λ) = ψ(λ )ψ(1/λ).

2. If |λ | < 1, then

|λ ||ψ(λ )| 6 |ϕ(λ )|

while if |λ | > 1, then

|λ ||ψ(λ )| > |ϕ(λ )|.

3.

(kN

λ /ϕ)i ∈ H∞(D) while (kN

λ /ψ)e ∈ H∞(De).

4. N is the smallest nearly invariant subspace of H2(Ĉ\ γ) containingϕ andψ .

Proof. The proof of statement (1) follows from the fact that sincekN

λ is analytic at 1/λ ,

the numerator in the formula forkN

λ - see (3.2.7) - must vanish whenz= 1/λ . Statement
(2) follows from (3.2.7) and the fact thatkN

λ (λ ) = ‖kN

λ ‖2 > 0. Statement (3) follows from
statement (2) and (3.2.7). Finally, to prove statement (4),use (3.2.7) to prove the identity

kN

λ =
ϕ(λ )ϕ −ψ(λ )ψ

1−λz
+ ψ(λ )ψ .

Certainly the second summand above belongs to the nearly invariant subspace containing
ϕ andψ . As long as 1/λ is not a common zero forN, the first summand belongs to the
nearly invariant subspace containingϕ andψ since the numerator belongs to this space
and, via statement (1), the numerator vanishes atz= 1/λ . The result now follows since
finite linear combinations of the reproducing kernels{kN

λ : 1/λ 6∈ Z(N)} are dense in
N. �

We now focus on properties of the operatorL defined in (3.2.4).

Proposition 3.2.10. The operator L in (3.2.4) is a contraction onN.

Proof. For f ∈ N we can use (3.2.1) to get

f =
f
ϕ

(0)ϕ +zL f = 〈 f ,ϕ〉ϕ +zL f. (3.2.11)

This shows, by rearranging the terms in the above equation, thatzL f ∈ N and moreover,
by (3.2.1) and (3.2.2),

〈zL f,ϕ〉 = 〈 f −〈 f ,ϕ〉ϕ ,ϕ〉 = 0
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and soϕ ⊥ zL f. This yields

‖ f‖2 = 〈 f , f 〉
= 〈〈 f ,ϕ〉ϕ +zL f,〈 f ,ϕ〉ϕ +zL f〉
= |〈 f ,ϕ〉|2 +‖zL f‖2

> ‖zL f‖2

= ‖L f‖2,

where the last equality follows from the integral definition(Proposition 2.3.12) of the
norm onH2(Ĉ\ γ). ThusL is a contraction onN. �

Our approach to describing the nearly invariant subspaces of H2(Ĉ\ γ) is similar to
the one in [7] and is essentially based on a formula relating‖ f‖ to the values of( f/ϕ)i .
To do this, let us first note that sinceL is a contraction (Proposition 3.2.10), the spectral
radius formula says that the spectrum ofL is contained inD−. Thus for everyλ ∈ D the
operator(I −λL)−1 exists and, by verifying the identity

L f = (I −λL)

(
f − f

ϕ (λ )ϕ
z−λ

)
,

we have

Lλ f := (I −λL)−1L f =
f − f

ϕ (λ )ϕ
z−λ

. (3.2.12)

Remark3.2.13. The alert reader might have some concern over the expression

f
ϕ

(λ )

in the above formulas whenλ ∈ ϕ−1({0}). However, notice that the above formulas are
certainly valid forλ ∈ D\ϕ−1({0}) and for theseλ ’s we have

f
ϕ

(λ ) =
λ (Lλ f )(0)+ f (0)

ϕ(0)
= λ 〈Lλ f ,ϕ〉+ 〈 f ,ϕ〉.

By spectral theory, the (far) right-hand side of the above expression is an analytic function
on D (sinceLλ = (I −λL)−1L is an operator-valued analytic function onD). Thus f/ϕ
extends to be analytic onD.

Lemma 3.2.14. If f ∈ N and|λ | < 1 then

‖ f‖2 =

∣∣∣∣
f
ϕ

(λ )

∣∣∣∣
2

+(1−|λ |2)‖Lλ f‖2−2ℜ〈 f ,λLλ f 〉. (3.2.15)

In particular,
fi
ϕi

∈ H2(D) and

∥∥∥∥
fi
ϕi

∥∥∥∥
H2(D)

6 ‖ f‖.
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Proof. To prove the formula in (3.2.15), letf ∈ N andλ ∈ D and start with the formula

Lλ f =
f − f

ϕ (λ )ϕ
z−λ

.

Manipulate this to get

zLλ f = f − f
ϕ

(λ )ϕ + λLλ f .

Now use the identity‖zLλ f‖ = ‖Lλ f‖ (Proposition 2.3.12) and the previous formula to
get ∥∥∥∥ f − f

ϕ
(λ )ϕ + λLλ f

∥∥∥∥
2

= ‖Lλ f‖2.

Write the left hand side of the previous equation as an inner product, i.e.,‖ · ‖2 = 〈·, ·〉,
and then multiply it out to obtain

‖ f‖2−2ℜ
(

f
ϕ

(λ )〈 f ,ϕ〉
)

+

∣∣∣∣
f
ϕ

(λ )

∣∣∣∣
2

+2ℜ
〈

f − f
ϕ

(λ )ϕ ,λLλ f

〉
= (1−|λ |2)‖Lλ f‖2.

We know from (3.2.1) that forλ 6= 0,

〈ϕ ,λLλ f 〉 =

(
(λLλ f )(0)

ϕ(0)

)
=

f
ϕ

(λ )− f
ϕ

(0).

Combine this with the previous equation to obtain the identity in (3.2.15).
To show that( f/ϕ)i ∈ H2(D) and‖ fi/ϕi‖H2(D) 6 ‖ f‖, use the formula in (3.2.15)

to get

∣∣∣∣
f
ϕ

(λ )

∣∣∣∣
2

6

∣∣∣∣
f
ϕ

(λ )

∣∣∣∣
2

+(1−|λ |2)‖λLλ f‖2

= ‖ f‖2 +2ℜ〈 f ,λLλ f 〉.

This says that the subharmonic function| f/ϕ |2 onD has a harmonic majorant

λ 7→ ‖ f‖2 +2ℜ〈 f ,λLλ f 〉

whose value at the origin is‖ f‖2. Note the use of Remark 3.2.13 in saying thatf/ϕ is
analytic andλ 7→ ℜ〈 f ,λLλ f 〉 is harmonic onD. The inequality‖ f/ϕ‖H2(D) 6 ‖ f‖ now
follows from the identity

‖g‖2
H2(D) = Ug(0), g∈ H2(D),

whereUg is the least harmonic majorant ofg. �
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This next result is the key step in proving Theorem 3.1.2. In what follows,

ω = ω
Ĉ\γ,φγ (0)

will denote harmonic measure for̂C \ γ at φ(0), whereφ : D → Ĉ \ γ is the conformal
map from (2.3.11).

Theorem 3.2.16. For every f∈ N we have

‖ f‖2 =

∥∥∥∥
f
ϕ

∥∥∥∥
2

H2(D)

+

∫

γ

∣∣∣∣ fe−
fi
ϕi

ϕe

∣∣∣∣
2

dω .

The proof of this theorem requires a technical lemma. Let

Pz(ζ ) :=
1−|z|2
|ζ −z|2 , z∈ D, ζ ∈ T,

be the Poisson kernel and recall a classical theorem of Fatou[32, p. 4] which says that for
eachf ∈ L1(m),

lim
r→1−

∫

T

f (ζ )Prξ (ζ )dm(ζ ) = f (ξ ) a.e.ξ ∈ T. (3.2.17)

It is also well known [46, p. 33] that the above limit holds in the L1 norm. A slight
generalization of this is the following.

Lemma 3.2.18. For each f,g∈ H2(D), there is a sequence rn ր 1 such that

lim
n→∞

∫

T

f (rnζ )g(rnζ )Prnξ (ζ )dm(ζ ) = f (ξ )g(ξ ) a.e.ξ ∈ T.

Proof. For r ∈ (0,1) andh∈ L1(m), definehr(ζ ) := h(rζ ) onT. By the Cauchy-Schwarz
inequality, f g∈ H1(D) and so [32, p. 21]

frgr → f g in L1(m) asr → 1−.

Furthermore,gr → g almost everywhere asr → 1−. The identity

frgr − f g = ( frgr − f g)
gr

gr
+ f g

(
gr

gr
− g

g

)

along with the above observations and the dominated convergence theorem will show that

frgr → f g in L1(m) asr → 1−. (3.2.19)

For r ∈ (0,1) andξ ∈ T, let

F(r,ξ ) :=
∫

T

(
fr(ζ )gr(ζ )− f (ζ )g(ζ )

)
Prξ (ζ )dm(ζ ).
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By reversing the order of integration and using (3.2.19), along with the identities

Prξ (ζ ) = Prζ (ξ ),

∫

T

Prζ (ξ )dm(ξ ) = 1,

we see thatF(r, ·) → 0 in L1(m) asr → 1−. Thus, for some sequencern ↑ 1, F(rn,ξ )→ 0
for almost everyξ ∈ T. Combine all this with Fatou’s theorem (3.2.17) to completethe
proof. �

Proof of Theorem 3.2.16.Start with the identity

‖ f‖2 =

∣∣∣∣
f
ϕ

(λ )

∣∣∣∣
2

+(1−|λ |2)‖Lλ f‖2−2ℜ〈 f ,λLλ f 〉

from (3.2.15) and letλ = rζ , wherer ∈ (0,1) andζ ∈ T. Now integrate with respect to
(normalized) Lebesgue measuredm= dθ/2π on T, and use the mean value theorem for
harmonic functions on the last term to get

‖ f‖2 =
∫

T

∣∣∣∣
f
ϕ

(rζ )

∣∣∣∣
2

dm(ζ )+ (1− r2)
∫

T

‖Lrζ f‖2dm(ζ ).

Use the fact from Lemma 3.2.14 that( f/ϕ)i ∈H2(D) and take a limit asr → 1− to obtain

‖ f‖2 =

∥∥∥∥
f
ϕ

∥∥∥∥
2

H2(D)

+ lim
r→1−

(1− r2)
∫

T

‖Lrζ f‖2dm(ζ ). (3.2.20)

Note that the second term on the right hand side of the above equation, without including
the limit, can be written (by reversing the order of integration and using the identity
Prξ (ζ ) = Prζ (ξ )) as

(1− r2)

∫

T

‖Lrζ f‖2dm(ζ )

=

∫

γ

∫

T

(∣∣∣∣ fi(ξ )− f
ϕ

(rζ )ϕi(ξ )

∣∣∣∣
2

+

∣∣∣∣ fe(ξ )− f
ϕ

(rζ )ϕe(ξ )

∣∣∣∣
2
)

Prξ (ζ )dm(ζ )dω(ξ ).

Use the fact that( f/ϕ)i ∈ H2(D) (Lemma 3.2.14) along with Lemma 3.2.18 and Fatou’s
lemma, to obtain

‖ f‖2 >

∥∥∥∥
fi
ϕi

∥∥∥∥
2

H2(D)

+

∫

γ

∣∣∣∣ fe−
fi
ϕi

ϕe

∣∣∣∣
2

dω .

The previous inequality says that the map

f 7→
(

fi
ϕi

, fe−
fi
ϕi

ϕe

)

is a contraction fromN to H2(D)⊕ L2(γ,ω). In order to show this map is isometric, it
suffices to show it for a dense subset ofN. In particular, we will show in a moment that
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this map is isometric on the subset off ∈ N for which ( f/ϕ)i ∈ H∞(D). However by
Corollary 3.2.9, this set contains all the finite linear combinations of reproducing kernels
for N - which are dense inN. The fact that this map is isometric on suchf follows from
(3.2.20), the equality following (3.2.20), Lemma 3.2.18, and the dominated convergence
theorem. �

3.3 The operator J

Let Sbe the unilateral shift onH2 := H2(D), i.e.,

(Sh)(z) = zh(z)

andT be the operator of multiplication byζ onL2(γ,ω), i.e.,

(Tk)(ζ ) = ζk(ζ ).

Observe that

(S∗h)(z) =
h(z)−h(0)

z
and (T∗k)(ζ ) = ζk(ζ ).

Define
Mζ : H2⊕L2(γ,ω) → H2⊕L2(γ,ω), Mζ := S⊕T.

Corollary 3.3.1. The map J: N → H2⊕L2(γ,ω) defined by

J f =

(
fi
ϕi

, fe−
fi
ϕi

ϕe

)

is an isometry and(JN)⊥ is an invariant subspace for Mζ .

Proof. The first part is just a reformulation of Theorem 3.2.16. To see the second part,
note that

JL f =

(
S∗

fi
ϕi

,T∗
(

fe−
fi
ϕi

ϕe

))
= M∗

ζ J f, f ∈ N.

SinceLN ⊂ N, we see thatJN is M∗
ζ -invariant and so(JN)⊥ is Mζ -invariant. �

The proof of this next lemma needs a fact about Cauchy transforms, known in vari-
ous circles as ‘Fatou’s jump theorem’. Iff ∈ L1(m), theCauchy transform

(C f)(z) :=
∫

T

f (ζ )

ζ −z
dm(ζ ) (3.3.2)

is an analytic function on̂C \T. Classical function theory [32, p. 39] says that(C f)i ∈
H p(D) and(C f)e ∈ H p(De) for all 0 < p < 1 and soC f has finite non-tangential limits
(C f)i(ζ ) and(C f)e(ζ ) for almost everyζ ∈ T.
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Theorem 3.3.3 (Fatou’s jump theorem). For almost everyζ ∈ T,

(C f)i(ζ )− (C f)e(ζ ) = ζ f (ζ ).

Proof. A computation shows that forζ ∈ T andr ∈ (0,1)

(C f)(rζ )− (C f)(ζ/r) =

∫

T

Prζ (ξ )ξ f (ξ )dm(ξ ),

wherePrζ (ξ ) is the usual Poisson kernel. The result now follows from Fatou’s theorem
(see (3.2.17)). �

Remark3.3.4. Fatou’s jump theorem can be greatly generalized in many directions [15,
58].

Recall thatω ≪ m and so define

w =
dω
dm

.

Lemma 3.3.5. If h = (h1,h2) ∈ (JN)⊥ and f ∈ N then

(h1−wχγh2ϕe)

(
fe−

fi
ϕi

ϕe

)
= 0 a.e. onγ.

Proof. Let Z = Z(N)∪ϕ−1({0}). If λ ∈ (Ĉ\ γ)\Z and f ∈ N, let

Rλ f :=
f − f

ϕ (λ )ϕ
z−λ

and note from (3.2.12) that when|λ | < 1, Rλ f = Lλ f . Also notice, sinceN is nearly
invariant (andλ is not in the common zero set forN), thatRλ f ∈ N (Proposition 3.1.1).
Using the definition of the operatorJ, one can show that

JRλ f =

( fi
ϕi
− f

ϕ (λ )

z−λ
,

1
z−λ

(
fe−

fi
ϕi

ϕe

))
.

For h = (h1,h2) ∈ (JN)⊥, we use the fact thatJRλ f ⊥ h for all λ ∈ (Ĉ \ γ) \Z, to
see that 〈

JLrζ f ,h
〉

H2⊕L2(γ,ω)
−
〈
JRζ/r f ,h

〉
H2⊕L2(γ,ω)

= 0

wheneverr ∈ (0,1) and1
r ζ 6∈ Z. The left-hand side of the above can be written in Cauchy

transform notation (3.3.2) as

C

(
fi
ϕi

h1

)
(rζ )− f

ϕ
(rζ )C(h1)(rζ )+C

((
fe−

fi
ϕi

ϕe

)
wh2χγ

)
(rζ ) (3.3.6)

−C

(
fi
ϕi

h1

)
(ζ/r)+

f
ϕ

(ζ/r)C(h1)(ζ/r)−C

((
fe−

fi
ϕi

ϕe

)
wh2χγ

)
(ζ/r).
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As r → 1−, Fatou’s jump theorem (Theorem 3.3.3) says that the sum of the first and fourth
terms in (3.3.6) approaches

ζ
fi
ϕi

h1 a.e.

As r → 1−, another application of Fatou’s jump theorem says that the sum of the third
and sixth terms approaches

ζ
(

fe−
fi
ϕi

ϕe

)
wh2χγ a.e.

The second term is

f
ϕ

(rζ )C(h1)(rζ ) =
f
ϕ

(rζ )
∫

T

ξ h1(ξ )

1− ξrζ
dm(ξ )

=
f
ϕ

(rζ )
∞

∑
n=0

rnζ n
∫

T

ξ
n+1

h1(ξ )dm(ξ )

= 0

sinceh1 ∈ H2(D). Using a similar type of power series computation, the fifth term is

f
ϕ

(ζ/r)C(h1)(ζ/r) =
f
ϕ

(ζ/r)

(
− r

ζ

)
h1(rζ )

which, asr → 1−, approaches

−ζ
fe
ϕe

h1 a.e.

Taking limits asr → 1− in (3.3.6) and using the above computations, we get

0 = ζ
fi
ϕi

h1− ζ
fe
ϕe

h1 + ζ
(

fe−
fi
ϕi

ϕe

)
wh2χγ

= −ζ
(

h1

ϕe
−wh2χγ

)(
fe−

fi
ϕi

ϕe

)

= − ζ
ϕe

(
h1−wϕeh2χγ

)(
fe−

fi
ϕi

ϕe

)

almost everywhere and so

(
h1−wϕeh2χγ

)(
fe−

fi
ϕi

ϕe

)
= 0

almost everywhere. Using the trivial fact thatab= 0⇔ ab= 0 the result now follows. �
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3.4 The Wold decomposition

Our next step is to analyze the von Neumann-Wold decomposition of Mζ on the Hilbert
space

H := (JN)⊥.

If A is an isometry on a Hilbert spaceK, then

K = K
′⊕K

′′,

where
K

′ =
⋂

n>0

An
K,

is reducing forA, i.e.,AK′ ⊂ K′ andA∗K′ ⊂ K′. Moreover,

K
′′ =

∞⊕

n=0

Kn, (3.4.1)

whereKn = An
K⊖An+1

K andA mapsKn isometrically ontoKn+1. We say thatA|K′′ is
a unilateral shift. Since the dimensions ofKn must all be the same, we call the common
dimension themultiplicity of A|K′′. In fact, the multiplicity ofA|K′′ is also equal to the
dimension ofK′′⊖ (AK′′). See [25, p. 112] for the details on all of this.

Let us apply the Wold decomposition to the Hilbert spaceH = (JN)⊥ and the isom-
etryMζ |H (Corollary 3.3.1). Here we have

H = H0⊕H1

and
H0 =

⋂

n>0

Mn
ζ H

is a reducing subspace forMζ , andMζ |H1 is a unilateral shift.

Proposition 3.4.2. There is a measurable set E= E(N) ⊂ γ such that

H0 = {0}⊕ χEL2(γ,ω).

Moreover, if F⊂ γ and
JN ⊂ H2⊕ χFcL2(γ,ω),

then m(F \E) = 0.

Proof. To see the first part, recall thatMζ = S⊕T, where

(S f)(z) = z f(z), f ∈ H2 := H2(D)

and
(Tg)(ζ ) = ζg(ζ ), g∈ L2(γ,ω).
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Since ⋂

n>0

SnH2 = {0},

we see that
H0 =

⋂

n>0

(S⊕T)n
H = {0}⊕Y,

whereY is aT-invariant subspace ofL2(γ,ω). Furthermore, sinceγ 6= T, we know that
bothζY ⊂Y andζY ⊂Y hold (use Lavrentiev’s theorem [23, p. 232] to approximate the
functionv(ζ ) = ζ uniformly onγ by a sequence of analytic polynomials). Now apply a
classical theorem of Wiener [44, p. 7] to get

Y = χEL2(γ,ω)

for some measurable subsetE ⊂ T.
To see the second part of the proposition, observe that a routine argument shows

that
(H2⊕ χFcL2(γ,ω))⊥ = {0}⊕ χFL2(γ,ω).

Thus, if we assume that
JN ⊂ H2⊕ χFcL2(γ,ω),

we have
H = (JN)⊥ ⊃ {0}⊕ χFL2(γ,ω)

and so
H0 =

⋂

n>0

Mn
ζ H ⊃ {0}⊕ χFL2(γ,ω).

But from the first part of the theorem,

H0 = {0}⊕ χEL2(γ,ω)

and the result follows. �

Lemma 3.4.3. LetH0 = {0}⊕χEL2(γ,ω) as in Proposition 3.4.2. Then anyφ = (a,b)∈
H1⊖Mζ H1 of unit norm, must satisfy

a∈ H∞(D); (3.4.4)

|a|2 + |b|2w = 1 a.e. onT4; (3.4.5)

b = 0 a.e. on E; (3.4.6)

a = bwϕe a.e onγ \E. (3.4.7)

4We extend the domain ofb to be all ofT by defining it to be zero onT\ γ .
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Proof. Let φ = (a,b) ∈ H1⊖Mζ H1 of unit norm. Extend the domain ofb to include the
entire unit circle by setting it to be zero onT\ γ. From here it follows that for eachn∈ N,

0 =
〈
(a,b),Mn

ζ (a,b)
〉

H2⊕L2(γ,ω)
=
∫

T

(|a|2 + |b|2w)ζ
n
dm(ζ ).

Taking complex conjugates, we see that all of the non-zero Fourier coefficients of|a|2 +
|b|2w are equal to zero and so this function is a (non-negative) constant. Sinceφ has
unit norm, this constant must be equal to one. This proves (3.4.5) as well as the fact that
a∈ H∞(D) (since it is anH2 function with bounded boundary values).

Sinceφ = (a,b) ∈ H1 = (H0)
⊥ = ({0}⊕ χEL2(γ,ω))⊥ (Proposition 3.4.2), we

know that ∫
bχEgwdm= 0 for all g∈ L2(γ,ω).

From basic measure theory, it follows thatb= 0 almost everywhere onE, proving (3.4.6).
By Lemma 3.3.5 we know that for everyf ∈ N,

(a−bwϕe)

(
fe−

fi
ϕi

ϕe

)
= 0 a.e. onγ.

If F ⊂ γ \E has positive measure, the second statement in Proposition 3.4.2 says that
there is anf ∈ N so that

fe−
fi
ϕi

ϕe

is non-zero on some subsetF ′ of F of positive measure. It follows thata− bwϕe = 0
almost everywhere onF ′ and hence zero almost everywhere onγ \E. This proves (3.4.7).

�

Proposition 3.4.8. Mζ |H1 is a unilateral shift of multiplicity one.

Proof. From our earlier discussion of multiplicities of shifts, weneed to show thatH1⊖
Mζ H1 is one dimensional. Letφ j = (a j ,b j), j = 1,2, belong toH1⊖Mζ H1 with φ1 ⊥ φ2.
Recall from Lemma 3.4.3 thata j ,b j , j = 1,2, satisfy the properties (3.4.6) and (3.4.7).
Sinceφ j ⊥ Mn

ζ H1 for all n∈ N andφ1 ⊥ φ2 we get

〈
φ1,M

n
ζ φ2

〉
H2⊕L2(γ,ω)

= 0 ∀n∈ N0,

〈
φ2,M

n
ζ φ1

〉
H2⊕L2(γ,ω)

= 0 ∀n∈ N0.

The first equation says that
∫

T

(a1a2ζ
n
+b1b2ζ

n
w)dm= 0 ∀n∈ N0.

The second equation says that
∫

T

(a2a1ζ
n
+b2b1ζ

n
w)dm= 0 ∀n∈ N0.
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The complex conjugate of the above equation, together with one just before it, say that all
of the Fourier coefficients of the functiona1a2 +b1b2w vanish. Thus

a1a2 +b1b2w = 0 a.e. onT.

This means that eithera1 or a2 must vanish identically (since we are assuming, as in
Lemma 3.4.3, that we have extended the domains ofb1,b2 to all of T by making them
zero offγ) and so by (3.4.6) and (3.4.7), eitherφ1 or φ2 must vanish identically. �

The operatorMζ |H1 is a shift of multiplicity one (Proposition 3.4.8) and so ifφ ∈
H1⊖MζH1 and has norm one, thenφ = (a,b) satisfies the properties of Lemma 3.4.3 as
well as, via the consequences of the Wold decomposition in (3.4.1),

H1 =
∞∨

n=0

Mn
ζ φ .5 (3.4.9)

The functiona satisfies one more property. But first we need a few definitions.
Recall thatDe := Ĉ\D−, and define

H2
0(De) := { f ∈ H2(De) : f (∞) = 0},

N+
0 (De) := { f ∈ N+(De) : f (∞) = 0}.

The spaceN+(De), the Smirnov class, was defined in (2.4.4).

Lemma 3.4.10. If Θe denotes the greatest commonDe-inner factor of{ fe : f ∈ N}, the
function

z 7→ a(1/z)Θe(z)
ϕe(z)

, z∈ De,

belongs to N+0 (De).

Proof. Using the fact thatH1 ⊂ (JN)⊥ and (3.4.9), we see, for allf ∈ N that

〈
f
ϕ

,azn
〉

H2
+

〈(
fe−

fi
ϕi

ϕe

)
,bζ n

〉

L2(γ,ω)

= 0 ∀n∈ N0.

Write the above identity out as an integral and use the F. and M. Riesz theorem6 [32,
p. 41] to see that

fi
ϕi

a+

(
fe−

fi
ϕi

ϕe

)
wbχγ ∈ H2

0 .

More precisely, the above function is equal toh almost everywhere onT, whereh∈ H2
0 .

5Here we are using the general fact that ifV is a shift of multiplicity n on a Hilbert spaceX and{ej : 1 6

j 6 n} is a basis forX⊖ (VX), then{Vkej : k∈ N0,1 6 j 6 n} is a basis forX. See [25, Prop. 23.10].
6F. and M. Riesz theorem: Ifµ is a finite complex measure on the unit circleT whose Fourier coefficients

µ̂(n) vanish for alln∈ N, thendµ = f dm for somef ∈ H1.
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On T\ γ,

h =
fi
ϕi

a =
fe
ϕe

a

and the function

z 7→ fe(z)
ϕe(z)

a(1/z) (3.4.11)

belongs to the Nevanlinna class ofDe. Sinceh(1/z) ∈ H2
0(De), and has the same non-

tangential boundary values as the function in (3.4.11) onT\ γ, these two functions must
be identical (Privalov’s uniqueness theorem - see [52, p. 62]).

Since the function in (3.4.11) belongs toH2
0(De) for all f ∈N andΘe is the greatest

commonDe-inner factor of{ fe : f ∈ N}, the result now follows. �

The final technical lemma needed to prove Theorem 3.1.2 is thefollowing.

Lemma 3.4.12. SupposeN is a subspace of H2(Ĉ\ γ) with greatest common̂C\ γ-inner
divisor one. Then the greatest commonD-inner divisor ofN|D is equal to one.

Proof. Let

N1 = closH2(Ĉ\γ)
(H∞(Ĉ\ γ)N)

and note thatH∞(Ĉ \ γ)N1 ⊂ N1. Using the same proof as Proposition 6.1.2 below, we
see, since the greatest commonĈ\ γ-inner divisor ofN is one, thatN1 = H2(Ĉ\ γ). By
the definition ofN1, there areφn ∈ H∞(Ĉ\ γ) and fn ∈ N so that

φn fn → χ
Ĉ\γ in H2(Ĉ\ γ) asn→ ∞.

It follows from (2.1.4) that

(φn fn)i → χD in H2(D) asn→ ∞.

Suppose thatN|D has a non-constant greatest commonD-inner divisorϑ . Then the pre-
vious equation says that

ϑ
(

(φn fn)i

ϑ
−ϑ

)
→ 0 in the norm ofL2(m)

and consequently
(φn fn)i

ϑ
→ ϑ in the norm ofL2(m).

But since(φn fn)i/ϑ ∈ H2(D) for all n, thenϑ ∈ H2(D), which is not the case. Thus, by
contradiction,N|D has greatest commonD-inner divisor one. �
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3.5 Proof of the main theorem

We are now ready for the proof of Theorem 3.1.2.

Proof of Theorem 3.1.2.Before getting to the crux of the proof, let us set up a few things
and remind the reader what we have already shown.

Without loss of generality, we can assume thatΘN ≡ 1. If this is not the case, apply
the argument below toN/ΘN. Lemma 3.4.12 says that the greatest commonD-inner
factor of{ fi : f ∈ N} is one as is the greatest commonDe-inner factor of{ fe : f ∈ N}.

Let E ⊂ γ be the measurable set from Proposition 3.4.2 and letF be theD-outer
function which satisfies

|F|2 =
|ϕi |2

1+wχγ|ϕe|2
a.e. onT.7 (3.5.1)

Let
ρ :=

ϕi

ϕe
a.e. onγ. (3.5.2)

Lemma 3.2.14 says that( f/ϕ)i ∈ H2(D) wheneverf ∈ N. Thus, since we are assuming
that ΘN ≡ 1 (note the discussion in the second paragraph of the proof),it must be the
case that

ϕi is D-outer. (3.5.3)

If a is theH∞(D) function from Lemma 3.4.3, we know, again sinceΘN ≡ 1 (and the
discussion in the second paragraph of the proof), from Lemma3.4.10 that

a(1/z)
ϕe(z)

∈ N+
0 (De). (3.5.4)

Our final reminder is that

JN =

{(
fi
ϕi

, fe−
fi
ϕi

ϕe

)
: f ∈ N

}
⊂ H2⊕L2(γ,ω)

and, from the proof of Proposition 3.4.2 and Lemma 3.2.14,

JN ⊂ H2⊕ χEcL2(γ,ω),

that is to say, for allf ∈ N we have

fi
ϕi

∈ H2, (3.5.5)

7Observe that

log
|ϕi |2

1+wχγ |ϕe|2
= log|ϕi |2− log(1+wχγ |ϕe|2) a.e.

The first summand is integrable onT. Use the fact thatϕi ∈ H2(D) \ {0} (2.1.4) and (2.4.2) to see this. The
second is integrable since|ϕe|2w is integrable. Thus by standard Nevanlinna theory [32, Ch. 2], such aD-outer
functionF satisfying (3.5.1) exists.
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fe−
fi
ϕi

ϕe ∈ L2(γ,ω), (3.5.6)

and

fe−
fi
ϕi

ϕe = 0 a.e. onE. (3.5.7)

We are now at the crux of the proof. Let

N1 :=

{
f ∈ H2(Ĉ\ γ) :

fi
F

∈ H2(D), fi = ρ fe a.e. onE

}
.

To show
N = N1,

we begin with the following claim.

Claim 1: N ⊂ N1.

To prove this claim, we suppose thatf ∈ N and notice thatF is D-outer and so
fi/F ∈ N+(D). We now prove thatfi/F ∈ H2(D) by showing it hasL2(m) boundary
values. Indeed, by the definition of theD-outer functionF in (3.5.1),

∫

T

∣∣∣∣
fi
F

∣∣∣∣
2

dm =
∫

T

∣∣∣∣
fi
ϕi

∣∣∣∣
2

(1+wχγ |ϕe|2)dm

=

∫

T

∣∣∣∣
fi
ϕi

∣∣∣∣
2

dm+

∫

γ

∣∣∣∣
fi
ϕi

ϕe

∣∣∣∣
2

wdm.

From (3.5.5) and (3.5.6), both of these integrals converge.Thus fi/F belongs toH2(D).
To finish the proof of Claim 1, we can use (3.5.7), to see

fi
fe

=
ϕi

ϕe
= ρ a.e. onE.

Thus f ∈ N1, which proves Claim 1.

Claim 2: N1 ⊂ N.

Let g∈ N1 and define

xg :=

(
gi

ϕi
,ge−

gi

ϕi
ϕe

)
.

We first want to show thatxg ∈ H2⊕L2(γ,ω). By (3.5.3),

gi

ϕi
∈ N+(D).

To show this function belongs toH2(D), we need to show it hasL2(m) boundary values.
Indeed, from (3.5.1),

∫

T

∣∣∣∣
gi

ϕi

∣∣∣∣
2

dm=

∫

T

∣∣∣gi

F

∣∣∣
2 1

1+wχγ |ϕe|2
dm6

∫

T

∣∣∣gi

F

∣∣∣
2
dm.
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By the definition ofN1, we know thatgi/F ∈ H2(D). Thus it follows that

gi

ϕi
∈ H2(D). (3.5.8)

Furthermore, to show
ge−

gi

ϕi
ϕe ∈ L2(γ,ω),

notice that the first term belongs toL2(γ,ω) (from the definition of theH2(Ĉ\ γ) norm).
For the second term, observe that

∫

γ

∣∣∣∣
gi

ϕi
ϕe

∣∣∣∣
2

wdm=

∫

γ

∣∣∣gi

F

∣∣∣
2 w|ϕe|2

1+w|ϕe|2
dm6

∫

γ

∣∣∣gi

F

∣∣∣
2
dm

which is finite sincegi/F ∈ H2(D). Thus

xg ∈ H2⊕L2(γ,ω).

We now want to show
xg ∈ JN.

We will do this by proving
xg ⊥ (JN)⊥.

Note here thatJ is an isometry and soJN is closed. Thusxg ∈ JN ⇔ xg ⊥ (JN)⊥. Using
Proposition 3.4.2 and (3.4.9) we have

(JN)⊥ = H0⊕H1 =
(
{0}⊕ χEL2(γ,ω)

)
⊕
∨

n>0

Mn
ζ φ .

By the definition ofN1, we know that

ge−
gi

ϕi
ϕe = 0 a.e. onE. (3.5.9)

Hence,
xg ⊥ {0}⊕ χEL2(γ,ω).

We are left with showing

〈xg,M
n
ζ φ〉H2⊕L2(γ,ω) = 0 ∀n∈ N0.

If φ = (a,b) as in (3.4.9) (with the understanding that the domain ofb is all of T be
defining it to be zero onT\ γ), the F. and M. Riesz theorem says that

〈
xg,(z

na,ζ nb)
〉

H2⊕L2(γ,ω)
= 0 ∀n∈ N0

if and only if
gi

ϕi
a+

(
ge−

gi

ϕi
ϕe

)
wb∈ H2

0 . (3.5.10)
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By considering three cases:T\ γ, γ \E, andE, and using (3.4.6) and (3.4.7), along with
the facts thatgi/ϕi = ge/ϕe onT\ γ and almost everywhere onE, one can show that the
function on the left-hand side of (3.5.10) is equal to

ge

ϕe
a a.e. onT.

But by (3.5.4) we can prove that this function belongs toH2
0(De) by showing it asL2(m)

boundary values. Indeed,

∫

T

∣∣∣∣
ge

ϕe
a

∣∣∣∣
2

dm=
∫

E
+
∫

γ\E
+
∫

T\γ
. (3.5.11)

For the first integral in (3.5.11),

∫

E

∣∣∣∣
ge

ϕe
a

∣∣∣∣
2

dm=
∫

E

∣∣∣∣
gi

ϕi
a

∣∣∣∣
2

dm.

This integral converges sincea ∈ H∞(D) and (g/ϕ)i ∈ H2(D) (3.5.8). For the second
integral in (3.5.11),

∫

γ\E

∣∣∣∣
ge

ϕe
a

∣∣∣∣
2

dm =

∫

γ\E

∣∣∣∣
ge

ϕe
bϕew

∣∣∣∣
2

dm (by (3.4.7))

=
∫

γ\E
|ge|2|b|2wwdm

=

∫

γ\E
|ge|2(1−|a|2)wdm (by (3.4.5)).

The above integral converges by the definition of the norm onH2(Ĉ\ γ) and the fact that
a∈ ball(H∞). The third integral in (3.5.11) converges sincege/ϕe analytically continues
to gi/ϕi acrossT\ γ and so

∫

T\γ

∣∣∣∣
ge

ϕe
a

∣∣∣∣
2

dm=

∫

T\γ

∣∣∣∣
gi

ϕi
a

∣∣∣∣
2

dm

which converges since(g/ϕ)i ∈ H2(D) (see (3.5.8)) anda∈ H∞(D).
Thusxg ∈ JN and soxg = J f for some f ∈ N. However, by the definition of the

operatorJ,

gi

ϕi
=

fi
ϕi

and sog = f ∈ N. This proves Claim 2 and hence the proof. �
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3.6 Uniqueness of the parameters

Let F be a closed subset of the arcγ. A well-known result of Ahlfors and Beurling [1] or
[34] (see p. 6 and p. 29) says thatH∞(Ĉ\F) contains non-constant functions if and only
if m(F) > 0.8 This means, via a version of Morera’s theorem [35, p. 95], that if m(F) > 0,
then there is anf ∈ H∞(Ĉ\F) such that

fe
fi
6= 1 a.e. onF ′, (3.6.1)

for some compactF ′ ⊂ F with m(F ′) > 0. This observation along with Theorem 3.1.2
yields the following two corollaries.

Corollary 3.6.2. Let A be a closed subset ofγ. Then a nearly invariant subspaceN of the
form in (3.1.3) is H∞(Ĉ\A)-invariant if and only if m(A∩E) = 0.

Corollary 3.6.3. LetN be a nearly invariant subspace of the form in (3.1.3).

1. If N is not H∞(Ĉ\ γ)-invariant, then the parametersΘ, E, andρ are unique in the
sense that ifΘ j ,E j ,ρ j , j = 1,2, representN, thenΘ1 = eit Θ2, m(E1∆E2) = 0, and
ρ1χE1 = ρ2χE2 almost everywhere.

2. If H∞(Ĉ\ γ)N ⊂ N, thenΘ is unique up to a unimodular constant and m(E) = 0.

Proof. The parameterΘ is the greatest common̂C\ γ-inner divisor of the functions inN
and thus is unique up to a unimodular constant.

Suppose there are two subsetsE1,E2 of γ and functionsρ1,ρ2 which represent the
same nearly invariant subspaceN as in (3.1.3) andm(E1 \E2) > 0. Let Nρ j ,E j , j = 1,2,
denoteN represented byρ j ,E j . If A is any closed subset ofE1\E2 with m(A) > 0 andg∈
H∞(Ĉ\A), the definition ofNρ2,E2 says thatgNρ2,E2 ⊂ Nρ2,E2. HoweverNρ1,E1 = Nρ2,E2

and soNρ1,E1 is H∞(Ĉ \A)-invariant. The previous corollary says thatm(A∩E1) = 0

which is a contradiction. This says thatm(E1∆E2) = 0. Notice thatH∞(Ĉ \ γ)N ⊂ N if
and only ifm(E) = 0.

SupposeN is notH∞(Ĉ\ γ)-invariant. Thenm(E) > 0. Pick any non-zero function
f ∈ N and notice thatρ1 = ρ2 = fi/ fe almost everywhere onE. �

8The general theorem here is, for a compact subsetF ⊂ C, thatH∞(Ĉ\F) contains non-constant functions
if and only if the analytic capacity ofF is positive. However, whenF ⊂ T, the analytic capacity is positive if
and only if the Lebesgue measure isF is positive.
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Nearly invariant and the
backward shift

4.1 The backward shift and pseudocontinuations

For aD-inner functionϑ , form the subspace

Kzϑ := H2(D)∩ (zϑH2(D))⊥.

SincezϑH2(D) is anS-invariant subspace ofH2(D), thenKzϑ will be an S∗-invariant
subspace ofH2(D), where

S∗ f =
f − f (0)

z
is the backward shift operator. It is also easy to see thatKzϑ contains the constants. In fact,
by Beurling’s theorem, everyS∗-invariant subspace, which also contains the constants,
takes the formKzϑ for someD-inner functionϑ . It is well-known [16, 27] that functions in
Kzϑ have special ‘continuation’ properties. Indeed, recall from (3.3.2) that forh∈ L1(m)

(Ch)(λ ) :=
∫

T

h(ζ )

ζ −λ
dm(ζ )

denotes the Cauchy transform ofh. It is known [16, p. 87] that for anyf ∈ Kzϑ the
meromorphic function

f̃ (λ ) :=
C( f ζϑ )(λ )

C(ζϑ)(λ )
(4.1.1)

on De is a pseudocontinuationof f in that the non-tangential limits off (from D) and
f̃ (from De) are equal almost everywhere onT. Using the Cauchy integral formula and
power series, one can prove the identity

f̃ (λ ) =
1

ϑ ∗(λ )

∞

∑
n=1

1
λ n−1 f̂ ζϑ (−n),
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wherê·(k) denotes thek-th Fourier coefficient and

ϑ ∗(λ ) := ϑ
(

1

λ

)
, λ ∈ De. (4.1.2)

This says that

f̃ ∈ 1
ϑ ∗ H2(De) ∀ f ∈ Kzϑ . (4.1.3)

4.2 A new description of nearly invariant subspaces

The main theorem of this section (Theorem 4.2.5 below) givesan alternate description of
the nearly invariant subspaces ofH2(Ĉ \ γ) in terms of theseKzϑ spaces. Before getting
to this description, we make a remark about norming points.

Remark4.2.1. If one carefully works through the proof of Theorem 3.1.2 andall the
preliminary results that lead up to it, one can see that the result does not depend on the
norming point forH2(Ĉ\ γ)1. Up to now, we have been operating under the assumption
that the norming point forH2(Ĉ\ γ) wasφγ (0), whereφγ = α ◦φG (see the appendix for

the exact formulas forα andφG) is a certain conformal map fromD onto Ĉ \ γ. Let us
now change the norming point forH2(Ĉ \ γ) to be the origin. This yields an equivalent
norm onH2(Ĉ\ γ) and has the added benefit that

〈 f ,1〉H2(Ĉ\γ,0)
= 〈 f ◦φγ ,1〉H2(D,φ−1

γ (0))

=

∫

T

( f ◦φγ)(ζ )dω
D,φ−1

γ (0)

=

∫

T

( f ◦φγ)(ζ )
1−|φ−1

γ (0)|2

|ζ −φ−1
γ (0)|2

dm(ζ ) (from (2.2.1))

= f (0)

and

〈1,1〉H2(Ĉ\γ,0)
= 〈1,1〉H2(D,φ−1

γ (0))

=

∫

T

1−|φ−1
γ (0)|2

|ζ −φ−1
γ (0)|2

dm(ζ )

= 1.

Thus the constant function 1 is a normalized reproducing kernel for H2(Ĉ \ γ,0). This
assumption that the norming point is the origin will be especially important in the proof
of Corollary 4.2.20 below.

1When we need to emphasize the norming pointz0 for H2(Ω) we will use the notationH2(Ω,z0)
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Consider the spacẽKzϑ of meromorphic functionsf onĈ\T by fi ∈Kzϑ and fe = f̃i .
Recall the definition of̃f from (4.1.1). IfN is a nearly invariant subspace ofH2(Ĉ \ γ),
ϕ is the extremal function forN, andϑe is theDe-inner factor ofϕe, we letϑ ∗

e be the
D-inner function

ϑ ∗
e (z) := ϑe

(
1
z

)
, z∈ D. (4.2.2)

From here, we form the spaceϕK̃zϑ∗
e

of analytic functionŝC\ γ.

Remark4.2.3. Technically speaking,̃Kzϑ∗
e

is a space of analytic functions on̂C\T and

not Ĉ \ γ. However, sinceϕ has an analytic continuation acrossT \ γ, then so doesϑe

(theDe-inner part ofϕ) [35, p. 78]. A version of Morera’s theorem [16, p. 84] says that
for eachf ∈ K̃zϑ∗

e
, the functionsfi and f̃i are analytic continuations of each other across

T\ γ. ThusK̃zϑ∗
e
, and henceϕK̃zϑ∗

e
can be considered to be a space of analytic functions

on Ĉ\ γ.

We will show that, in a sense, these spaces form the building blocks for every nearly
invariant subspace.

To explain exactly what we mean here, letN be a nearly invariant subspace with
greatest common̂C \ γ-inner divisor equal to one and letE,ρ ,F be the parameters in
Theorem 3.1.2 and letϕ be the extremal function forN. Note, sinceρ := ϕi/ϕe (3.5.2),
thatN contains the nearly invariant subspace

N0 :=

{
f ∈ H2(Ĉ\ γ) :

fi
F

∈ H2(D),
fi
fe

=
ϕi

ϕe
a.e. onγ

}
. (4.2.4)

Observe howN0 is the intersection of the two closed sets

N and

{
f ∈ H2(Ĉ\ γ) :

fi
fe

=
ϕi

ϕe
a.e. onγ

}

and soN0 is closed. Moreover,ϕ ∈ N0. Our structure theorem here is the following.

Theorem 4.2.5. LetN be a nearly invariant subspace of H2(Ĉ\γ) with greatest common
Ĉ \ γ-inner divisor equal to one. Letϕ be the extremal function forN and letϑe be the
De-inner factor ofϕe. Then we have the following:

1. The spaceN0 defined in (4.2.4) satisfies

N0 = ϕK̃zϑ∗
e
.

2. For any sequence(An)n>1 of closed subsets ofγ \E with positive measure such that
m(An) → m(γ \E) we have

N =
∞∨

n=1

H∞(Ĉ\An)N0.
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One of the keys to proving Theorem 4.2.5 will be this following special case.

Proposition 4.2.6. LetN be a nearly invariant subspace of H2(Ĉ\ γ) with greatest com-
monĈ\ γ-inner factor equal to one and with E(N) = γ. If ϕ is the extremal function for
N andϑe is theDe-inner factor ofϕ |De, then

N = ϕK̃zϑ∗
e
.

Proof. Recall from Corollary 3.3.1 the isometryJ : N → H2(D)⊕L2(γ,ω) defined by

J f =

(
fi
ϕi

, fe−
fi
ϕi

ϕe

)

and note that since we are assuming thatE(N) = γ, then

JN =
1
ϕi

N|D⊕{0}.

We also know from Corollary 3.3.1 that the first component ofJN is an S∗-invariant
subspace ofH2(D) which, sinceϕ ∈ N, contains the constants. From our discussion
before, we know that

1
ϕi

N|D = Kzϑ

for someD-inner functionϑ . This says that

N = ϕK̃zϑ .

To finish the proof, we will show thatϑ = cϑ ∗
e for some unimodular constantc.

From the Wold decomposition of(JN)⊥, in particular Proposition 3.4.2 and (3.4.9),
we see that

(JN)⊥∩ (H2(D)⊕{0}) =

(
∞∨

n=0

zna

)
⊕{0}

for somea∈ H∞(D) for which, by Lemma 3.4.10, the function

z 7→ a(z)
ϑ ∗

e

belongs toN+
0 (D). This means thata∈ ϑ ∗

e zH2(D) and so

(JN)⊥∩ (H2(D)⊕{0})⊂ ϑ ∗
e zH2(D)⊕{0}.

But since the first component ofJN is equal toKzϑ = H2(D)⊖ zϑH2(D), we observe
thatzϑH2(D) ⊂ ϑ ∗

e zH2(D) and thusϑ ∗
e dividesϑ . On the other hand, for anyf ∈ N, we

know that fi/ϕi ∈ Kzϑ and so, by our previous discussion in (4.1.3),fi/ϕi has a pseudo-
continuation to the functiong/ϑ ∗ for someg ∈ H2(De) (depending onf ). We are also
assuming thatE(N) = γ and so

fe−
fi
ϕi

ϕe = 0 a.e. onγ
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and hence (since the above identity also holds onT\ γ) fi/ϕi has a pseudocontinuation to
fe/ϕe. Since pseudocontinuations are unique (Privalov’s uniqueness theorem - [16, p. 13])
g/ϑ ∗ = fe/ϕe and so

fe =
g

ϑ ∗ ϕe.

It now must be the case thatϑ ∗ dividesϑe otherwise the restrictions toDe of the functions
in K̃zϑ would have a commonDe-inner factor - which is impossible since the greatest
commonĈ\ γ-inner divisor ofN is one (see Lemma 3.4.12). Thusϑ dividesϑ ∗

e and thus
ϑ = cϑ ∗

e for some unimodular constantc. �

Thus we see that Theorem 4.2.5 works in some special cases. Inorder to prove the
result for a general nearly invariant subspaceN, we need to take care of some technical
details.

Lemma 4.2.7. The Cauchy transform

(Cµ)(z) :=
∫

1
ζ −z

dµ(ζ ), z∈ Ĉ\ γ,

of a finite complex Borel measure onγ belongs to N+(Ĉ\ γ).

Proof. Consider the arcsγn, n∈N, with the same midpoint asγ but whose lengths satisfy
ℓ(γn) = ℓ(γ)+1/n. For eachn∈ N define

Gn := Ĉ\
⋃{

rγn : r > 0, |r −1|6 1
n

}

(see Figure 4.1).
On the arc(1− 1

n)γn note that

ωGn,0 6 ω
Ĉ\(1− 1

n )γn,0
(4.2.8)

(see [24, p. 307] or [59, p. 102]). In a similar way,

ωGn,0 6 ω
Ĉ\(1+ 1

n )γn,0
(4.2.9)

on the arc(1+ 1
n)γn.

Manipulations with conformal mappings (see (2.3.13)) willshow that

ω
Ĉ\(1− 1

n )γn,0
≍ 1

|z−a−n |1/2|z−b−n |1/2
ds, (4.2.10)

wherea−n andb−n are the endpoints of(1− 1
n)γn. In a similar way,

ω
Ĉ\(1+ 1

n )γn,0
≍ 1

|z−a+
n |1/2|z−b+

n |1/2
ds, (4.2.11)

wherea+
n andb+

n are the endpoints of(1+ 1
n)γn (see Figure 4.1).
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Gn

Gn

a−n

a+
n

an
b−n

b+
n

bn

(1− 1
n)γn

(1+ 1
n)γnγn

Figure 4.1: The regionGn.

If an andbn are the endpoints ofγn, we note that on the rays

Ln :=

{
ran : |r −1|6 1

n

}
, Rn :=

{
rbn : |r −1| 6 1

n

}

(the line segment connectinga+
n anda−n - respectively the line segment connectingb+

n
andb−n ) we have the estimate

dist(z,γ) > dist(z,γn) > Cmin{|z−an|, |z−bn|}, (4.2.12)

with C > 0 independent ofn.
With these estimates in place, consider the functionsfn onGn defined by

fn(z) := (z−an)(z−a−n )(z−a+
n )(z−bn)(z−b−n )(z−b+

n )g(z),

where

g(z) :=
1
z6

(
(Cµ)(z)−

5

∑
k=0

(Cµ)(k)(0)zk

k!

)
.

For eachn∈ N, fn is bounded onGn and thusfn ∈ H1/2(Gn). Furthermore,
∫

∂Gn

| fn|1/2dωGn,0 =

∫

(1− 1
n )γn

+

∫

(1+ 1
n )γn

+

∫

Ln

+

∫

Rn

= I + II + III + IV .
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Observe from (4.2.8) and (4.2.10) that

I 6 C
∫

(1− 1
n )T

|g(z)|1/2ds6 C‖g‖1/2
H1/2(D)

.

In a similar way, from (4.2.9) and (4.2.11), we have

II 6 C‖g‖1/2
H1/2(De)

.

From (4.2.12) the integrals III and IV are uniformly boundedin n. Putting this all together,
we have

sup
n∈N

‖ fn‖H1/2(Gn)
< ∞. (4.2.13)

The regionsGn increase up tôC\ γ asn→ ∞ and, for fixedk,

fn(z) → f (z) := (z+1)3(z+ i)3g(z)

uniformly onG−
k asn→ ∞. This means there is anM > 0, independent ofn andk, so that

| f (z)− fn(z)| 6 M, z∈ G−
k , n > k.

From here we get

| f (z)|1/2 6 21/2(M1/2 + | fn(z)|1/2), z∈ G−
k , n > k.

Since, by (4.2.13), the least harmonic majorant of| fn|1/2 on Gn at z = 0 is uniformly
bounded inn, we see from the previous equation that| f |1/2 has a harmonic majorant, and
hence a least harmonic majorant,uk onGk and

sup
k

uk(0) < ∞.

An application of Harnack’s inequality says, for fixedz∈ Gk0, that

sup
k>k0

uk(z) < ∞.

Sinceuk pointwise increases to a harmonic functionu on Ĉ \ γ, we see that| f |1/2 has a
harmonic majorant on̂C\ γ, i.e., f ∈ H1/2(Ĉ\ γ). Using the Nevanlinna theory it follows
thatCµ ∈ N+(Ĉ\ γ). �

Remark4.2.14. 1. Lemma 4.2.7 is considered a ‘folklore’ result. With a different proof
and a little more effort, one can show thatCµ ∈ H p(Ĉ\ γ) for all 0 < p < 1/2. See
[50, 75] for related results. In fact, a proof of Lemma 4.2.7 can be fashioned from
[50]. We thank Dima Khavinson for pointing all this out to us.
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2. If µ is a finite measure on[0,1], one can adjust the proof of the previous corollary to
show thatCµ belongs toN+(Ĉ\ [0,1]). In fact if ν is a finite measure on∂G, where
G = D \ [0,1), we can writeν = ν|T + ν|[0,1] and apply the fact thatC(ν|T) ∈
N+(D) and the above observation to see thatCν ∈ N+(G). We will make use of this
several times later on.

Corollary 4.2.15. Let f be analytic on̂C\ γ such that f|D ∈ H1(D) and f|De ∈ H1(De).
Then f∈ N+(Ĉ\ γ). Furthermore, if, for some q> 1,

∫

γ
(| fi |q + | fe|q)dω < ∞,

then f∈ Hq(Ĉ\ γ).

Proof. The Cauchy integral formula says thatf − f (∞) is the Cauchy transform of the
finite measure

dµ = ( fi − fe)
dz
2π i

.

Now apply Lemma 4.2.7 and Proposition 2.4.10. �

Here is the last technical lemma we need to prove Theorem 4.2.5.

Lemma 4.2.16. Let Θ be aĈ \ γ-inner function such thatΘi is D-outer andΘe is De-
outer. If a and b are the endpoints ofγ, andΘa, Θb are the atomic singular̂C \ γ-inner
functions with singularity at a and b then

Θ = BΘt
aΘs

b,

where s, t > 0 and B is aĈ\ γ-Blaschke product - which can be equal to one - with zeros
onT\ γ.

Proof. The hypothesis thatΘi andΘe are outer functions say that the zeros - if any - of
the Blaschke factorB of Θ must lie onT \ γ. SinceΘi is bounded andD-outer and has
boundary values equal to one almost everywhere onγ, a version of the Schwarz reflection
principle shows thatΘi has an analytic continuation acrossγ. In a similar way,Θe has an
analytic continuation acrossγ. This says that thêC \ γ-singular inner factor ofΘ has a
limit of modulus one when we approach any point in the interior of γ from both withinD

and from withinDe. By a known result about limits of singular inner functions [35, p. 76]
the singular̂C\ γ-inner factor ofΘ has no mass on the interior ofγ. �

Proof of Theorem 4.2.5.To show statement (1) we first notice that the extremal function
for N0 is ϕ (sinceN0 ⊂N andϕ is the extremal function forN) andE(N0) = γ. Once we
show that the greatest commonĈ \ γ-inner factor ofN0 is one, we then use Proposition
4.2.6 to obtain the result. To this end, we observe that ifϑe is the inner factor ofϕe then

ϑ ∗
e ϕi ∈ H2(D) and

ϕe

ϑe
∈ H2(De).
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The functionsϑ ∗
e ϕi andϕe/ϑe are analytic continuations of each other acrossT \ γ and

so we can use Corollary 4.2.15 to see that the analytic function ϕ̃ on Ĉ\ γ defined by

ϕ̃(z) :=

{
ϑ ∗

e (z)ϕ(z), z∈ D;
ϕ(z)/ϑe(z), z∈ De.

(4.2.17)

belongs toH2(Ĉ\ γ). By the definition ofN0 in (4.2.4) it follows thatϕ̃ ∈ N0.
The greatest common̂C\ γ-inner divisorΘ of N0 must divide bothϕ andϕ̃ . Since

ϕ/Θ ∈ N+(Ĉ\ γ), thenϕi/Θi ∈ N+(D)2 and since the greatest commonĈ\ γ-inner divi-
sor ofN is one, we know from (3.5.3) thatϕi is D-outer and soΘi is D-outer. On the other
hand, sincẽϕ/Θ ∈ N+(Ĉ\ γ), thenϕ̃e/Θe∈ N+(De). But then, by the definition of̃ϕe in
(4.2.17),Θe must divide theDe-outer part ofϕe and thusΘe must indeed beDe-outer. By
Lemma 4.2.16 we have

Θ = BΘt
aΘs

b.

To see thatB ≡ 1, notice from Lemma 4.2.16 that the zeros ofB - if any - must lie in
T\ γ. If there is indeed a zeroz0 of B in T\ γ thenϕ must also have this zero sinceΘ is
the greatest common̂C \ γ-inner divisor ofN0 andϕ ∈ N0. However, since the greatest
commonĈ\ γ-inner divisor ofN is one, there is anf ∈ N with f (z0) 6= 0. From Lemma
3.2.14, fi/ϕi ∈ H2(D) which is impossible due to the zero ofϕ at z0. In a similar way,
one can see that if eithersor t were positive, then|ϕ | would go to zero too quickly along
T\ γ for fi/ϕi to belong toH2(D) for every f ∈N. This completes the proof of statement
(1).

To see statement (2), first note that

N1 :=
∨

n

H∞(Ĉ\An)N0

is nearly invariant. Indeed,N0 is nearly invariant. Moreover, forλ 6∈ Z(N1) (the common
zero set ofN1), f ,g∈ N0 with g(λ ) 6= 0, andu∈ H∞(Ĉ\ γ) we have

u f − u f
g (λ )g

z−λ
=

u−u(λ )

z−λ
f +u(λ )

f − f
g(λ )g

z−λ
which clearly belongs toN1. Thus for a dense of functionsh∈ N1 we have

h− h
g(λ )g

z−λ
∈ N1

and the nearly invariance ofN1 follows. Second, we apply our main theorem (Theorem
3.1.2) to see that

N1 =

{
f ∈ H2(Ĉ\ γ) :

fi
F1

∈ H2(D),
fi
fe

= ρ1 a.e. onE1

}

2Indeed if f ∈N+(Ĉ\γ), then f = g/h, whereg,h∈H∞(Ĉ\γ) andh is Ĉ\γ-outer. To show thatfi ∈N+(D)

it suffices to show thathi is D-outer. LetN be a closure ofhH∞(Ĉ \ γ) and note, sinceh is Ĉ \ γ-outer, that
N = H2(Ĉ\ γ). Now follow the end of the proof of Lemma 3.4.12.
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for someD-outer functionF1, some measurableρ1 onγ, and some measurable setE1 ⊂ γ.
The spaceN is described by the parametersF,ρ ,E in a similar way. Sinceϕ ∈ N1 and
since, from (3.5.2),ρ1 andρ are formed in the same way fromϕ , we see thatρ = ρ1.
Using (3.5.1) we see, in the same way, thatF1 can be taken to be equal toF . SinceN1 ⊂N

(Corollary 3.6.2) we see thatE1 ⊃ E. Indeed,N1 contains a dense set of functionsf
for which fi/ fe = ρ almost everywhere onE. To see thatE1 = E almost everywhere,
we proceed as follows: Suppose thatm(E1 \E) > 0, then, by the definition of theAn’s,
m(An∩ (E1 \E)) > 0 for somen. Let u∈ H∞(Ĉ \An) be the function from (3.6.1), i.e.,
ui/ue 6= 1 on some compact subset ofAn of positive measure. Thenf := uϕ ∈ N1 but

fi
fe

=
ue

ui

ϕi

ϕe
=

ue

ui
ρ

and this last function is not equal toρ almost everywhere onE1, a contradiction. �

In certain special cases, we have a refinement of Theorem 4.2.5.

Corollary 4.2.18. LetN be a nearly invariant subspace of H2(Ĉ\ γ) with greatest com-
monĈ\ γ-inner divisor equal to one. Ifϕe is De-outer, thenϕ is Ĉ\ γ-outer and further-
more, for any sequence(An)n>1 of closed subsets ofγ \E with positive measure such that
m(An) → m(γ \E) we have

N =
∞∨

n=1

H∞(Ĉ\An)ϕ . (4.2.19)

Proof. In this caseϑe ≡ 1 and soK̃zϑ∗
e

= C. The identity in (4.2.19) now follows from

Theorem 4.2.5. Since the greatest commonĈ\ γ-inner factor ofN is one, (4.2.19) shows
thatϕ is Ĉ\ γ-outer. �

Corollary 4.2.20. LetN be a nearly invariant subspace of H2(Ĉ\ γ) which contains the
constants and let F,ρ , and E be the parameters in Theorem 3.1.2.

1. The outer function F can be chosen to be equal to one and the functionρ is equal
to one almost everywhere, i.e.,

N =

{
f ∈ H2(Ĉ\ γ) :

fi
fe

= 1 a.e. on E

}
. (4.2.21)

2. For any sequence(An)n>1 of closed subsets ofγ \E with positive measure such that
m(An) → m(γ \E), we have

N =
∞∨

n=1

H∞(Ĉ\An). (4.2.22)

3. If E is open inγ and Ec = γ \E, then

N = closH2(Ĉ\γ)
H∞(Ĉ\Ec) (4.2.23)
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and this set is equal to
{

f ∈ H2(Ĉ\ γ) : f extends analytically across E
}

. (4.2.24)

Proof. Consider the description ofN via Theorem 3.1.2 with the parametersρ ,E,F.
BecauseN contains the constants and thusϕ ≡ 1 is the extremal function forN (see
Remark 4.2.1), we see from (3.5.2) thatρ = ϕi/ϕe = 1. From (3.5.1),F can be taken to
be theD-outer function such that

|F|2 =
1

1+wχγ
, a.e.

From here one can see that
{

f ∈ H2(Ĉ\ γ) :
fi
F

∈ H2(D)

}
= H2(Ĉ\ γ)

and so we can takeF ≡ 1. This proves statement (1).
Statement (2) follows directly from Corollary 4.2.18 sinceϕ ≡ 1.
To prove statement (3) we see that (4.2.23) follows from statement (4.2.22) with

An = Ec for all n. From (4.2.22) and Morera’s theorem (see [35, p. 95] or Proposition
6.2.8 below),

N ⊂
{

f ∈ H2(Ĉ\ γ) : f extends analytically acrossE
}

.

The reverse inclusion follows from (4.2.21). �





Chapter 5

Nearly invariant and de Branges
spaces

5.1 de Branges spaces

It turns out that we can also describe the nearly invariant subspaces ofH2(Ĉ\ γ) in terms
of a de Branges-type space onĈ\T. First let us review the well-known de Branges spaces
onC\R. We follow [26, p. 9 - 12]. LetΨ be an analytic function on the upper half plane
C+ = {ℑz> 0} such thatℜΨ > 0. The classical Herglotz theorem [26, p. 7] says that
there is a non-negative measureµ onR and a non-negative numberp such that

ℜΨ(x+ iy) = py+
1
π

∫ ∞

−∞

y
(t −x)2 +y2dµ(t), x+ iy ∈ C+. (5.1.1)

The reader will recognize the above integral as the Poisson integral ofµ . ExtendΨ to the
lower half plane so that

Ψ(z) = −Ψ(z), z= x+ iy, y < 0.

A theorem of de Branges [26, p. 9] says that there exists a unique Hilbert spaceL(Ψ) of
analytic functions onC\R such that for each fixedw∈ C\R, the function

z 7→ Ψ(z)+ Ψ(w)

π i(w−z)
(5.1.2)

belongs toL(Ψ) and

F(w) =

〈
F(z),

Ψ(z)+ Ψ(w)

π i(w−z)

〉

L(Ψ)

∀F ∈ L(Ψ). (5.1.3)
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The previous identity says that the functions in (5.1.2) arethe reproducing kernel func-
tions forL(Ψ). Furthermore, ifµ is the measure from (5.1.1), the linear transformation

f 7→ 1
π i

∫ ∞

−∞

f (t)
t −z

dµ(t) (5.1.4)

mapsL2(µ) isometrically intoL(Ψ) and the orthogonal complement of the range of this
transformation contains only constant functions. For example, if p= 0 in (5.1.1), this map
is onto.

Let us create a de Branges-type space of analytic functions on Ĉ\T. For this, letΦ
be analytic onD with non-negative real part and extendΦ to Ĉ\T by

Φ(z) = −Φ(1/z), z∈ De.

By the change of variable

z 7→ i
1+z
1−z

(5.1.5)

(which mapsD onto C+) in (5.1.2) and (5.1.3), we create a unique reproducing kernel
Hilbert spacẽL(Φ) of analytic functions on̂C\T with kernel function

kΦ(w,z) = (1−w)(1−z)
Φ(z)+ Φ(w)

2π(1−wz)
, z,w∈ Ĉ\T. (5.1.6)

That is to say,

〈F(·),kΦ(w, ·)〉
L̃(Φ)

= F(w), F ∈ L̃(Φ), w∈ Ĉ\T.

Applying the change of variable in (5.1.5) along with the integral change of variable

t 7→ −i
1+ ζ
1− ζ

to the integral in (5.1.4), we create an operator

V : L2(µ̃) → L̃(Φ), (V f)(z) :=
1

2π
(1−z)

∫

T

(1− ζ) f (ζ )

1− ζz
dµ̃(ζ ).

Here µ̃ is the pullback measure onT formed fromµ (on R) via the above change of
variable. This operatorV is an isometry and the orthogonal complement of the range of
V contains only constant functions.

5.2 de Branges spaces and nearly invariant subspaces

We will now associate each nearly invariant subspace ofH2(Ĉ \ γ) with one of these de
Branges-type spacẽL(Φ). All of our results on nearly invariant subspaces so far do not
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depend on the fact thatγ = {eit : −π/2 6 t 6 π} and still hold whenγ is any proper
sub-arc ofT. We will also assume, without loss of generality, that

1 6∈ γ.

For our nearly invariant subspaceN of H2(Ĉ \ γ), we let, as in (3.2.2) and (3.2.3),ϕ
andψ denote the normalized reproducing kernel functions forN at z = 0 andz = ∞.
From Corollary 3.2.9 (statement (2)) we know that|ϕ(1)| = |ψ(1)|. Multiplying by an
appropriate unimodular constant, which will not change thefact thatϕ and ψ satisfy
(3.2.1) and (3.2.3), we can assume that

ϕ(1) = ψ(1).

A computation using statements (1) and (2) of Corollary 3.2.9 along with the fact that

z 7→ 1+z
1−z

mapsD onto{ℜz> 0} will show that

Φ :=
1+ zψ

ϕ

1− zψ
ϕ

(5.2.1)

is an analytic function on̂C\T satisfying

ℜΦ > 0 and Φ(z) = −Φ(1/z).

Thus from above, we can form the de Branges-type spaceL̃(Φ) along with the associated
reproducing kernelkΦ in (5.1.6). Recall from (3.2.7) that the reproducing kernelfor N is

kN

λ (z) =
ϕ(λ )ϕ(z)−λzψ(λ )ψ(z)

1−λz
, z 6= 1/λ .

This next lemma relates the kernelskN

λ andkΦ.

Lemma 5.2.2. If N is a nearly invariant subspace of H2(Ĉ\ γ) with reproducing kernel
kN

λ andΦ is given by (5.2.1), then

kN

λ (z) =
1
2
|ϕ(1)|2kN

1 (λ )kN
1 (z)kΦ(λ ,z).

Proof. From the definition ofΦ from (5.2.1) we get

Φ−1
Φ+1

=
zψ
ϕ

.
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This means that

kN

λ (z) = ϕ(λ )ϕ(z)
1− Φ(λ )−1

Φ(λ )+1
Φ(z)−1
Φ(z)+1

1−λz

=
2ϕ(λ )ϕ(z)

(Φ(λ )+1)(Φ(z)+1)

Φ(z)+ Φ(λ )

1−λz
.

Using (5.2.1) we observe that
ϕ

Φ+1
=

ϕ −zψ
2

.

Using the definition ofkN
1 and our assumption thatϕ(1) = ψ(1) we see that

ϕ −zψ = (1−z)ϕ(1)kN
1 .

Now combine these last two identities with the above computation for kN

λ to get

kN

λ (z) =
1
2
|ϕ(1)|2kN

1 (λ )kN
1 (z)(1−z)(1−λ)

Φ(z)+ Φ(λ )

1−λz

=
1
2
|ϕ(1)|2kN

1 (λ )kN
1 (z)kΦ(λ ,z). �

Our main result relatingN with L̃(Φ) is the following.

Theorem 5.2.3. With the assumptions above we have

N = kN
1 L̃(Φ).

Moreover, the operator

f 7→ ϕ(1)√
2

kN
1 f

is an isometry from̃L(Φ) ontoN.

Proof. Given
f = ∑

j
c jk

N

λ j
,

a finite linear combination of reproducing kernel functionsfor N (which are dense inN),
define

T f := ∑
j

c j√
2

ϕ(1)kN
1 (λ j)k

Φ
λ j

and observe that

〈T f,T f〉
L̃(Φ)

= ∑
j ,l

c jcl

2
|ϕ(1)|2kN

1 (λ j)k
N
1 (λl )k

Φ(λ j ,λl )

= ∑
j ,l

c jcl k
N

λ j
(λl ) (by Lemma 5.2.2)

= 〈 f , f 〉H2(Ĉ\γ)
.
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By standard arguments, we can extendT to a unitary operator fromN ontoL̃(Φ). Finally,
for F ∈ L̃(Φ) andλ ∈ Ĉ\T, we have

〈T∗F,kN

λ 〉H2(Ĉ\γ)
= 〈F,TkN

λ 〉
L̃(Φ)

=

〈
F,

1√
2

ϕ(1)kN
1 (λ )kΦ(λ , ·)

〉

L̃(Φ)

=
ϕ(1)√

2
kN

1 (λ )F(λ ).

This says that

T∗F =
ϕ(1)√

2
k1F

and is an isometry. �





Chapter 6

Invariant subspaces of the slit
disk

6.1 First description of the invariant subspaces

In this section we use our main theorem about nearly invariant subspaces (Theorem 3.1.2)
and the conformal mapα : G→ Ĉ\γ from (2.3.8) to give a full description of the invariant
subspaces (underS f = z f) of H2(G). Let us get started with a few preliminary observa-
tions.

Proposition 6.1.1. A subspaceM ⊂ H2(G) is invariant if and only ifM is H∞(D)-
invariant, i.e., gM ⊂ M for every g∈ H∞(D).

Proof. One direction of the argument is obvious. For the other, suppose thatf ∈ M and
φ ∈ H∞(D). Let (φn)n>1 be a sequence of analytic polynomials such thatφn → φ weak-∗
in H∞(D)1, i.e.,φn → φ pointwise inD and the sup-norms ofφn are uniformly bounded in
n. Sinceφn f → φ f pointwise inG and theH2(G)-norms ofφn f are uniformly bounded,
it follows thatφn f → φ f weakly inH2(G) [14, p. 272].

Note thatφn f ∈M (sinceM is invariant) andφ f belongs to the weak-closure ofM.
By standard functional analysis, the weak-closure ofM is equal to its norm closure [20,
p. 129] and soφ f ∈ M. �

Proposition 6.1.2. A non-zero subspaceM ⊂ H2(G) is H∞(G)-invariant if and only if
M = ΘH2(G) for some G-inner functionΘ.

Proof. Recall from (2.1.3) that ifφG is a conformal map fromD ontoG, the composition
operator

CφG f = f ◦φG

is a unitary operator fromH2(G) onto H2(D). Now on to the proof. One direction is
clear. For the other, supposeM 6= {0} andH∞(G)-invariant. ThenCφGM is a non-zero

1The sequence of Cesàro polynomials ofφ will work [46, p. 19].
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H∞(D)-invariant subspace ofH2(D). By Beurling’s theorem classical theorem which
characterizes the invariant subspaces ofH2(D) [35, p. 82],CφGM = IH 2(D), whereI
is aD-inner function. Finally, notice thatM = (I ◦φ−1

G )H2(G) and, by definition,I ◦φ−1
G

is G-inner. �

Corollary 6.1.3. An invariant subspaceM ⊂ H2(G) is nearly invariant.

Proof. By Proposition 3.1.1, it suffices to show that wheneverf ,g∈ M andh∈ M⊥,

〈 f − f
g
(a)g

z−a
,h

〉
= 0 ∀a∈ G\ (Z(M)∪g−1({0})). (6.1.4)

Recall thatZ(M) is the set of common zeros ofM. LetW(a) be equal to the meromorphic
function onG defined by the left-hand side of the above equation. Notice thatW can be
written in the form

W(a) =

∫

T

dµ1(ζ )

ζ −a
+

∫

[0,1]

dµ2(x)
x−a

+
f
g
(a)

∫

T

dµ3(ζ )

ζ −a
+

f
g
(a)

∫

[0,1]

dµ4(x)
x−a

.

One can argue, using some ideas from Remark 4.2.14, thatW is in the Nevanlinna class
of G and hence has finite non-tangential limits almost everywhere on∂G.

SinceM is invariant, we have

〈 f − f
g
(a)g

z−b
,h

〉
= 0 ∀|b| > 1.

Thus

W(a) =

〈 f − f
g
(a)g

z−a
,h

〉
−
〈 f − f

g
(a)g

z−b
,h

〉
, a∈ G\g−1({0}), |b|> 1.

For r ∈ (0,1) andζ ∈ T, let a = rζ andb = ζ/r. Apply Fatou’s jump theorem (Theorem
3.3.3) to see that

lim
r→1−

W(rζ ) = 0 a.e.ζ ∈ T. (6.1.5)

Observe in the inner product how the contribution from the parts of the integral on the slit
[0,1] cancel out in the limit.

Using the well-know fact that if a Nevanlinna function has vanishing radial bound-
ary values on a set of positive measure then this function must vanish identically, along
with (6.1.5), we see thatW ≡ 0. This proves (6.1.4). �

We are now ready for our first description of the invariant subspaces ofH2(G). We
will see another description of them later on in Theorem 6.2.1.
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Corollary 6.1.6. LetM be a non-trivial invariant subspace of H2(G) with greatest com-
mon G-inner divisorΘM. Then there exists aD+-outer function F, a measurable set
E ⊂ [0,1], and a measurable functionρ : [0,1] → C such that

M = ΘM ·
{

f ∈ H2(G) :
f |D+

F
∈ H2(D+), f + = ρ f− a.e. on E

}
.

Proof. Consider the conformal mapα : G→ Ĉ\ γ from (2.3.8). Recall the unitary oper-
atorCα−1h = h◦α−1 from H2(G) ontoH2(Ĉ\ γ). We will now use Proposition 3.1.1 to
show thatCα−1M is nearly invariant. Indeed ifλ ∈ Ĉ\ γ (and not in the common zero set
of Cα−1M) and f ∈ M with ( f ◦α−1)(λ ) = 0, we need to show that

f ◦α−1

z−λ
∈Cα−1M.

But this is equivalent to showing that

f
α −λ

∈ M.

However,
f

α −λ
=

z−α−1(λ )

α −λ
f

z−α−1(λ )
.

The second factor belongs toM, sinceM is nearly invariant (Corollary 6.1.3). The first
factor belongs toH∞(D)2 andM is H∞(D)-invariant (Proposition 6.1.1). Thusf/(α −
λ ) ∈ M and soCα−1M is nearly invariant.

SinceM is H∞(D)-invariant

α([0,1]) = γ ′′ := {eit : 3π/2 6 t 6 2π},

thenCα−1M is not only nearly invariant but is alsoH∞(Ĉ\γ ′)-invariant, whereγ ′ := {eit :
0 6 t 6 π}. By Theorem 3.1.2,

Cα−1M = Θ ·
{

f ∈ H2(Ĉ\ γ) :
fi
F

∈ H2(D), fi = ρ fe a.e. onE

}

for someĈ \ γ-innerΘ, someD-outerF , some measurableE ⊂ γ ′′ (note thatCα−1M is
H∞(Ĉ\ γ ′)-invariant), and some measurableρ : E → C. Thus

M = Θ̃ ·
{

f ∈ H2(G) :
f |D+

F̃
∈ H2(D+), f + = ρ̃ f− a.e. onẼ

}
,

whereΘ̃ := Θ◦α is G-inner,F̃ := F ◦α is D+-outer (sinceα(D+) = D), Ẽ := α−1(E)⊂
[0,1] (sinceE ⊂ γ ′′ andα([0,1]) = γ ′′), andρ̃ = ρ ◦α. �

2See (2.3.8) and notice howα is analytic onD\{i(1−
√

2)} with a simple pole ati(1−
√

2).
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Remark6.1.7. By Corollary 3.6.3, the parameters̃Θ, ρ̃, andẼ are (essentially) unique.

We also have the following version of Corollary 4.2.20.

Corollary 6.1.8. Let A be a closed subset of[0,1]. For f ∈ H2(G) the following are
equivalent.

1. f ∈ closH2(G)H
∞(D\A);

2. f+ = f− almost everywhere on[0,1]\A;

3. f has an analytic continuation across[0,1)\A.

6.2 Second description of the invariant subspaces

The description of the invariant subspaces ofH2(G) in Corollary 6.1.6 depends on the
somewhat unnatural use of theD+-outer functionF . This next result is an alternate, and
perhaps more natural, description.

For ε ∈ (0,1) let
Gε := D\ [−ε,1).

Theorem 6.2.1. For an invariant subspaceM of H2(G), let ΘM, E, andρ be as in
Corollary 6.1.6. Then for everyε ∈ (0,1), there is a Gε -outer function Fε such that

M = ΘM ·
{

f ∈ H2(G) :
f

Fε
∈ H2(Gε ), f + = ρ f− a.e. on E

}
.

The proof of this theorem needs quite a few preliminaries. Let ω , ωε , andω+ be
harmonic measure forG (respectivelyGε andD+) at some common point inD+. If Ω = G
(or Gε or D+), we have

dω ≍ wΩ
ds
2π

and wΩ ≍ |ψ ′
Ω|, (6.2.2)

whereψ is a conformal map fromΩ ontoD anddsis arc length measure on∂Ω. See this
from (2.3.5) forG andGε and (2.2.3) forD+. We will use the notation

w := wG, wε := wGε , w+ := wD+ .

Remark6.2.3. If ω is harmonic measure forG, we will assume thatψ−1(0) ∈ D+ and

ω = ωψ−1(0)

and so by (2.3.5)

dω = |ψ ′| ds
2π

. (6.2.4)

Havingω precisely as in (6.2.4) will become important in one of the technical lemmas
below (see Lemma 6.2.14).
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Recall, from our discussion of the estimates of harmonic measure in Chapter 2, that
if η is one of the corners of∂Ω with openingθ (0 < θ 6 2π), then

|ψ ′(ξ )| ≍ |ξ −η | π
θ −1, ξ ≈ η . (6.2.5)

Our first technical lemma is standard [24, p. 307] [59, p. 102].

Lemma 6.2.6. For eachε ∈ (0,1), ωε 6 ω on ∂G.

Lemma 6.2.7. 1. logw∈ L1(∂G,ω).

2. For eachε ∈ (0,1), ∫

T+∪[−ε,1]

∣∣∣∣log
wε
w+

∣∣∣∣wε ds< ∞,

whereT+ := {eiθ : 0 6 θ 6 π}
Proof. From (6.2.2) and (6.2.5) we have

w+ ≍ |ξ +1|, wε ≍ 1, w≍ 1 for ξ ≈−1;

w+ ≍ |ξ −1|, wε ≍ |ξ −1|, w≍ |ξ −1| for ξ ≈ 1;

w+ ≍ 1, wε ≍ |ξ + ε|−1/2, w≍ 1 for ξ ≈−ε;

w+ ≍ 1, wε ≍ 1, w≍ |ξ |−1/2 for ξ ≈ 0.

Furthermore, if one stays away from the pointsξ = 1,−1,0,−ε, the functionsw+,wε ,w
are continuous and bounded away from zero. The result follows. �

We will also make use of the following Morera-type theorem [35, p. 95]. Recall the
definition of the Hardy-Smirnov classesE1 from (2.4.8).

Proposition 6.2.8. Suppose f1 ∈ E1(D+) and f2 ∈ E1(D−) with

lim
y→0+

f1(x+ iy) = lim
y→0−

f2(x+ iy)

almost everywhere on[−1,1]. Then the function

g(z) :=

{
f1(z), z∈ D+;
f2(z), z∈ D−

has an analytic continuation toD.

Proof. Using theE1 version of the Cauchy integral formula (Proposition 2.4.12) we have

g(z) =
1

2π i

∮

∂D±

g(ξ )

ξ −z
dξ , z∈ D±.

Also notice that

g(z) =
1

2π i

∮

∂D+

g(ξ )

ξ −z
dξ +

1
2π i

∮

∂D−

g(ξ )

ξ −z
dξ , z∈ D+∪D−.
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But since

lim
y→0+

g(x+ iy) = lim
y→0−

g(x+ iy)

almost everywhere on[−1,1], the integrals over[−1,1] cancel out and so

g(z) =
1

2π i

∮

T

g(ξ )

ξ −z
dξ .

The above integral defines an analytic function onD and this proves the result. �

This next technical lemma is due to Smirnov [72] (see also [49, p. 319]).

Lemma 6.2.9. For each g∈ N+(D) there is a sequence(gn)n>1 ⊂ H∞(D) such that

1. |gn(z)| 6 |g(z)| for all z∈ D;

2. gn → g pointwise onD.

Proof. Factorg asg= θh, whereθ is D-inner andh is D-outer [35, p. 74]. For eachn∈N

let hn be the boundedD-outer function whose boundary function satisfies

|hn(ζ )| =
{

|h(ζ )|, if |h(ζ )| 6 n;
n, if |h(ζ )| > n.

for almost everyζ ∈ T. We leave it to the reader to check, using properties of outer
functions [35, p.73], that the functionsgn := θhn, n∈ N, have the desired properties.�

Remark6.2.10. Though not needed for what follows, we point out that iff is analytic on
D and is a pointwise limit of a sequence of bounded analytic functions with increasing
moduli, thenf ∈ N+ (see [49, p. 319] for a proof).

For an invariant subspaceM of H2(G) andλ0 ∈ G\Z(M), whereZ(M) is the set
of common zeros forM, let

ϕ :=
kM

λ0

‖kM

λ0
‖

be the normalized reproducing kernel function forM (or equivalently the ‘extremal func-
tion’ for M) atλ0. Note thatϕ ∈ M and

〈 f ,ϕ〉 =
f
ϕ

(λ0) ∀ f ∈ M, (6.2.11)

〈ϕ ,ϕ〉 = 1.

These next two technical lemmas point out some special properties of this extremal func-
tion. But first we pause for a few remarks.



6.2. Second description of the invariant subspaces 71

Remark6.2.12. 1. Supposeα : G→ Ĉ\ γ is the conformal map from (2.3.8) andN =
Cα−1M. From the proof of Corollary 6.1.6 we know thatN is nearly invariant. If

Φ :=
kN

0

‖kN
0 ‖

is the normalized reproducing kernel function forN at 0, we can use the unitary
operatorCα−1 to show that if we assume thatλ0 = α−1(0), then

kM

λ0
= CαkN

0

and consequently
ϕ = Φ◦α. (6.2.13)

2. In what follows below, we need to be clear on how we represent the inner product in
H2(G) as an integral. WhenΩ is Jordan domain with piecewise analytic boundary,
the inner product inH2(Ω) can be written as

〈 f ,g〉 =

∫

∂Ω
f g dωψ−1(0),Ω =

∫

∂Ω
f g|ψ ′| ds

2π
,

whereψ : Ω → D. For the slit domainG = D\ [0,1) the expression
∫

∂G
f gdω ,

is not quite right since we need to take into account the fact that f +g+ and f−g−

are, in general, different. Thus we will use the notation
∫

∂G
f gdω∗

to mean
∫

T

f (ζ )g(ζ )w(ζ )
|dζ |
2π

+
∫ 1

0
( f +(x)g+(x)+ f−(x)g−(x))w(x)

dx
2π

,

wherew= |ψ ′|. Note that we really should havew+ andw− in the above expression.
However, recall from (2.3.2) thatw+ = w−. Also observe from Proposition 2.3.4
that this last expression is precisely〈 f ,g〉, the inner product inH2(G).

Lemma 6.2.14. If the greatest common G-inner divisor of an invariant subspaceM of
H2(G) is equal to one, then the normalized reproducing kernel function ϕ for M at λ0 ∈
G\Z(M) extends analytically acrossT\ {1}.

Proof. For each|λ | > 1, note that

z−λ0

z−λ
∈ H∞(D)
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and so, by Proposition 6.1.1,

z−λ0

z−λ
f ∈ M ∀ f ∈ M \ {0}.

Thus, by the reproducing property ofϕ atλ0 (see (6.2.11)), we have

∫

∂G

z−λ0

z−λ
f (z)ϕ(z)dω∗(z) =

〈
z−λ0

z−λ
f ,ϕ
〉

= 0. (6.2.15)

Take note of Remark 6.2.12.
Combining Fatou’s jump theorem (Theorem 3.3.3) and (6.2.15), we get

lim
r→1−

∫

∂G

z−λ0

z− rζ
f (z)ϕ(z)dω∗(z) = ζ (ζ −λ0) f (ζ )ϕ(ζ )w(ζ ) a.e.ζ ∈ T. (6.2.16)

Notice how the contribution from the integrals over the slitcancels out in the limit.
From Remark 6.2.3 (in particular (6.2.4))w(ζ ) is equal to|ψ ′(ζ )| and from elemen-

tary facts about conformal mappings,ψ ′ is analytically continuable acrossT\{1} and the
analytic continuation has no zeros in an open neighborhood of T \ {1}.3 It follows, for
some appropriate branch of

√·, that the function

W(z) :=
√

ψ ′(z)

has the same property. Note thatw(ζ ) = W(ζ )W(ζ ) for ζ ∈ T\ {1}.
This means that the identity in (6.2.16) can be re-written as

ζϕ(ζ )W(ζ ) =
1

(ζ −λ0) f (ζ )W(ζ )
lim

r→1−

∫

∂G

z−λ0

z− rζ
f (z)ϕ(z)dω∗(z) a.e.ζ ∈ T.

(6.2.17)
Now select aζ0 ∈ T \ {1} and an open disk∆ := {|z− ζ0| < r} contained in the

region of analyticity ofW and such thatλ0 6∈∆. Consider the functionF on∆∩De defined
by

F(λ ) :=
1
λ

ϕ
(

1

λ

)
W

(
1

λ

)
.

Observe thatF is analytic on∆∩De, F |T is almost everywhere equal to the left-hand side
of (6.2.17), and, as a consequence, is integrable on∆∩T. (Note thatϕ is integrable on
∆∩T andW is bounded onT.) Adjusting the radius of∆ slightly, we can assume that
F is also bounded on(∂∆)∩De. But sinceF ∈ N+(∆∩De) and has integrable boundary
values, we see from Proposition 2.4.10 thatF ∈ E1(∆∩De).

Now consider the functionF1 on ∆∩D defined by

F1(λ ) :=
1

(λ −λ0) f (λ )W(λ )

∫

∂G

z−λ0

z−λ
f (z)ϕ(z)dω∗(z). (6.2.18)

3One can also see this by looking at the exact form ofψ which one can compute from the appendix.
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Since the greatest commonG-inner divisor ofM is equal to one, we conclude thatF1 ∈
N+(∆ ∩D)4 and, adjusting the radius of∆, is bounded on(∂∆)∩ D. Note also from
(6.2.17) and the discussion in the previous paragraph, thatF1 is integrable on∆∩T. Thus
F1 ∈ E1(∆∩D).

Finally, F(ζ ) = F1(ζ ) for almost everyζ ∈ ∆ ∩T and so, by Proposition 6.2.8
(Morera’s theorem),F1 is an analytic continuation ofF across∆∩T. SinceF has an
analytic continuation to∆ andW is analytic on∆, one can look at the formula definingF
to see thatϕ has an analytic continuation across∆∩T. The lemma now follows. �

Corollary 6.2.19. The normalized reproducing kernel functionϕ in Lemma 6.2.14 has
no zeros on[−1,0).

The proof of Corollary 6.2.19 requires some information about the boundary values
of theD+-outer functionF in the statement of Corollary 6.1.6. Recall from the proof of
Corollary 6.1.6 that

F = F1◦ (α|D+),

whereα : G → Ĉ \ γ is from (2.3.8) andF1 is theD-outer function from the proof of
Theorem 3.1.2 (see (3.5.1)). More precisely, letΦ be the normalized reproducing kernel
function at the origin for the nearly invariant subspaceCα−1M and letF1 be theD-outer
function whose non-tangential boundary function satisfies

|F1|2 =
|Φi |2

1+wγ χγ |Φe|2
a.e onT,

where

Φi(ζ ) = lim
r→1−

Φ(rζ ), Φe(ζ ) = lim
r→1+

Φ(rζ ) a.e.ζ ∈ T.

Let us now compute the non-tangential boundary function for|F|. Forζ ∈ T notice that

|F1(ζ )|2 = ∡ lim
z→ζ

|Φ(z)|2
1+wγ(ζ )χγ (ζ )|Φ(1

z)|2
,

where∡ lim denotes the non-tangential limit asz→ ζ ,z∈D. Thus for almost everyξ ∈T

4By (6.2.16), the non-tangential boundary values ofF1 are the same for everyf ∈ M \{0}. By Privalov’s
uniqueness theorem [52, p. 62], the definition ofF1 is independent off . Using the fact that the greatest common
divisor of M is one, it can be argued, by adjustingf , that no part of anG-inner factor may appear in the
denominator of the definition ofF1.
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with 0 < arg(ξ ) < π we have

|F(ξ )|2 = |F1◦α(ξ )|2

= lim
r→1−

|Φ◦α(rξ )|2
1+(wγ ◦α)(ξ )|Φ( 1

α(rξ )
)|2

(sinceα(D+) = D)

= lim
r→1−

|Φ◦α(rξ )|2
1+wG(ξ )|Φ( 1

α(rξ )
)|2

(sincewγ ◦α = wG)

= lim
r→1−

|Φ◦α(rξ )|2

1+wG(ξ )|Φ◦α(rξ )|2
(since 1/α(rξ ) = α(rξ ))

=
|Φ◦α(ξ )|2

1+wG(ξ )|Φ◦α(ξ )|2

=
|ϕ(ξ )|2

1+wG(ξ )|ϕ(ξ )|2
(sinceϕ = Φ◦α from (6.2.13)).

For almost everyx∈ [0,1] we have

|F(x)|2 = lim
y→0+

|F1◦α(x+ iy)|2

= lim
y→0+

|Φ◦α(x+ iy)|2
1+wG(x)|Φ( 1

α(x+iy)
)|2

= lim
y→0+

|Φ◦α(x+ iy)|2
1+wG(x)|Φ◦α(x− iy)|2 (since 1/α(z) = α(z))

=
|ϕ+(x)|2

1+wG(x)|ϕ−(x)|2

sinceα(x+ iy)∈ D,α(x− iy)∈ De,α+(x) = α−(x),α([0,1]) = {eiθ : 3π
2 6 θ 6 2π}. For

x∈ (−1,0) we have|F(x)|2 = |ϕ(x)|2.
To summarize,F is theD+-outer function whose boundary function (almost every-

where) satisfies

|F(ξ )|2 =





|ϕ(ξ )|2

1+wG(ξ )|ϕ(ξ )|2
, ξ ∈ T+;

|ϕ(ξ )|2, ξ ∈ [−1,0];
|ϕ+(ξ )|2

1+wG(ξ )|ϕ−(ξ )|2 , ξ ∈ [0,1].

(6.2.20)

In the above definitions, and for what follows, we will use thenotation

T+ := {eiθ : 0 6 θ 6 π} and T− := {eiθ : π 6 θ 6 2π}.



6.2. Second description of the invariant subspaces 75

Proof of Corollary 6.2.19.Let λ ∈ (−1,0) and letIλ be a closed sub-interval of(−1,0)
that containsλ in its interior. From the formula forF in (6.2.20), notice that

|F | = |ϕ | a.e. on(−1,0). (6.2.21)

Notice also from elementary facts about conformal maps and (6.2.2) that

w+|Iλ is bounded above and below. (6.2.22)

Sinceλ ∈ G andΘM ≡ 1, there must be anf ∈ M such that

f is never zero onIλ . (6.2.23)

But since f |D+/F ∈ H2(D+) we have, from applying (6.2.22) followed by (6.2.23) fol-
lowed by (6.2.21),

∞ >
∫

Iλ

∣∣∣∣
f
F

∣∣∣∣
2

w+dx> c
∫

Iλ

∣∣∣∣
f
F

∣∣∣∣
2

dx> c
∫

Iλ

1
|F|2 dx= c

∫

Iλ

1
|ϕ |2 dx.

Sinceϕ is analytic in a neighborhood ofIλ , the only way that

∫

Iλ

1
|ϕ |2 dx< ∞

is for ϕ to have no zeros onIλ . Thus we have shown thatϕ has no zeros on(−1,0).
We will now argue thatϕ(−1) 6= 0. LetJ be the arc of the unit circle subtended by

the points−1 andi. Let f ∈ M \ {0} and let f1 be theD-outer function whose boundary
values satisfy

| f1| :=





1
| f | , a.e. onJ;

1, a.e. onT\ J.
(6.2.24)

5 By the definition ofD-outer we have

f1(z) = exp

(
−
∫

J

ζ +z
ζ −z

log| f (ζ )|dm(ζ )

)

and so, since the integration is overJ, f1 is bounded on[0,1). Clearly we havef f1 ∈
N+(G)6and f1 f ∈ L2(∂G,ω). By Proposition 2.4.10,f1 f ∈ H2(G). Use Lemma 6.2.9 to
produce a sequence(gn)n>1 in H∞(D) with gn → f1 pointwise inD and|gn| 6 | f1| onD.
By Proposition 6.1.1,gn f ∈ M for eachn. Moreover,gn f → f1 f pointwise inG. We also
see that|gn f |2 6 | f1 f |2 onG and so, by the harmonic majorant definition of the norm on
H2(G), ‖gn f‖H2(G) is uniformly bounded inn. Thusgn f → f1 f weakly and sof1 f ∈ M.

5By (2.4.3), log| f | ∈ L1(∂G,ω) and from (2.3.6)dω ≍ dθ onJ. Thus it follows that log| f1| ∈ L1(T,m) and
so such aD-outer function actually exists.

6Observe thatf ∈ H2(G) ⊂ N+(G) and f1 is D-outer and hence, by Proposition 2.4.5,f1 is G-outer.
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Moreover, from (6.2.2) and (6.2.5),

w+|J ≍ |z+1|. (6.2.25)

Since f1 f ∈M, then f1 f |D+/F ∈ H2(D+) and so, by using (6.2.24) followed by (6.2.20)
followed by (6.2.25),

∞ >
∫

J

∣∣∣∣
f1 f
F

∣∣∣∣
2

w+|dζ | >
∫

J

w+

|F |2 |dζ | >
∫

J

w+

|ϕ |2 |dζ | > c
∫

J

|ζ +1|
|ϕ(ζ )|2 |dζ |.

Sinceϕ is analytic in a neighborhood of−1 (Lemma 6.2.14), the only way this last
integral can be finite is forϕ(−1) 6= 0. �

Lemma 6.2.26. For eachε ∈ (0,1), theD+-outer function from (6.2.20) satisfies
∫

T+∪[−ε,1]
| log|F ||wε ds< ∞.

Proof. Using (6.2.20), write

|F |2 =
|ψ1|2

1+wG|ψ2|2
, a.e. onT+∪ [0,1].

We see that
∫

T+∪[0,1]
| log|F|2|wε ds 6

∫

T+∪[0,1]
| log|F |2|wds (by Lemma 6.2.6)

6

∫

T+∪[0,1]
| log|ψ1|2|wds+

∫

T+∪[0,1]
log(1+w|ψ2|2)wds.

The first integral in the previous line converges sinceψ1 is part of the boundary function
for ϕ andϕ ∈ H2(G)\ {0} (see (2.4.3)). For the second integral, use the inequality

log(1+y) 6 1+ | logy|, y > 0,

to show that this integral is bounded above by
∫

T+∪[0,1]
wds+

∫

T+∪[0,1]
| logw|wds+

∫

T+∪[0,1]
| log|ψ2|2|wds.

The first integral clearly converges. The second integral converges by Lemma 6.2.7(1)
while the third integral converges sinceψ2 is part of the boundary function forϕ and
ϕ ∈ H2(G).

We are now left with showing that the integral
∫

[−ε,0]
| log|F ||wεds

converges. But this one is easy since, by (6.2.20),|F | = |ϕ | a.e. on[−ε,0] and ϕ ∈
H2(Gε ) \ {0}. (This last fact follows from the fact thatϕ ∈ H2(G) andGε ⊂ G - see
(2.1.4)). This completes the proof. �
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With these technical details out of the way, we are finally ready for the proof of
Theorem 6.2.1.

Proof of Theorem 6.2.1.Let ε ∈ (0,1). We leave it to the reader to use Lemma 6.2.7 and
Lemma 6.2.26 to verify that there is aGε -outer functionFε whose boundary function
satisfies

|(Fε)
+|2 =

wε

w+
|F+|2 a.e. on[−ε,1];

|Fε |2 =
wε
w+

|F |2 a.e. onT+;

|Fε |2 = 1 a.e. onT−;

|(Fε)
−|2 = 1 a.e. on[−ε,1].

To finish the proof, we need to show that forf ∈ H2(G)

f |D+

F
∈ H2(D+) ⇔ f

Fε
∈ H2(Gε),

or equivalently that

I1 :=
∫

∂D+

∣∣∣∣
f
F

∣∣∣∣
2

w+ds< ∞

if and only if

I2 :=
∫

T

∣∣∣∣
f

Fε

∣∣∣∣
2

wεds+
∫

[−ε,1]

(∣∣∣∣
f +

(Fε)+

∣∣∣∣
2

+

∣∣∣∣
f−

(Fε)−

∣∣∣∣
2
)

wεds< ∞.

By the construction ofFε above we have

I2 6 I1 +

∫

[−ε,1]
| f−|2wε ds+

∫

T−
| f |2wε ds

6 I1 +c‖ f‖2
H2(G) (by Lemma 6.2.6)

and, since|F |2 = |ϕ |2 on [−1,−ε] andϕ is non-zero on[−1,−ε] (Corollary 6.2.19),

I1 6 I2 +
∫

[−1,−ε]

| f |2
|F |2 w+ds

6 I2 +c‖ f‖2
H2(D+)

6 I2 +c‖ f‖2
H2(G) (by (2.1.4)). �

Remark6.2.27. As one can see from the very end of the proof of Theorem 6.2.1, the fact
thatε > 0 is important since the constantc in the last two lines of the proof depends on
ε. We do not know whether or not the condition ‘f/Fε ∈ H2(Gε)’ (whereFε is someGε -
outer function) can be replaced by ‘f/F ∈ H2(G)’ (whereF is someG-outer function).





Chapter 7

Cyclic invariant subspaces

7.1 Two-cyclic subspaces

If M is an invariant subspace ofH2(G), the proof of Corollary 6.1.6 shows thatN :=
Cα−1 ◦M is a nearly invariant subspace ofH2(Ĉ\ γ). We know from Corollary 3.2.9 that
if {0,∞} is not a subset of the common zeros ofN andΦ andΨ are the normalized repro-
ducing kernels atz= 0 andz= ∞, then the smallest nearly invariant subspace containing
Φ andΨ is equal toN. From Remark 6.2.12 we also see thatΦ ◦α is the normalized
reproducing kernel forM at α−1(0) while Ψ◦α is the normalized reproducing kernel at
α−1(∞).

Theorem 7.1.1. If M is a non-trivial invariant subspace of H2(G), then

M =
∨

{zn(Φ◦α),zm(Ψ◦α) : n,m∈ N0} .

Proof. Without loss of generality, we assume thatα−1(0) andα−1(∞) do not belong to
the common zero set ofM. We know thatCα−1M = NΦ,Ψ, whereNΦ,Ψ is the smallest
nearly invariant subspace containingΦ andΨ. Thus we have

MΦ◦α ,Ψ◦α ⊂ M = CαNΦ,Ψ,

whereMΦ◦α ,Ψ◦α is the smallest invariant subspace ofH2(G) containingΦ◦α andΨ◦α.
This means thatCα−1MΦ◦α ,Ψ◦α is a nearly invariant subspace ofH2(Ĉ\γ) which contains
Φ andΨ and so, by definition,Cα−1MΦ◦α ,Ψ◦α = NΦ,Ψ. The result now follows. �

For general functionsf ,g∈ H2(G), when is the invariant subspace generated byf
andg equal to all ofH2(G)?

Theorem 7.1.2. If f ,g∈ H2(G)\ {0}, then

∨
{zn f ,zmg : n,m∈ N0} = H2(G)
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if and only if f and g have no non-trivial common G-inner factor and the set
{

x∈ [0,1) :
f +(x)
f−(x)

=
g+(x)
g−(x)

}

has Lebesgue measure zero.

Proof. One direction is easy. For the other direction, letM be the invariant subspace
generated byf andg. By Corollary 6.1.6,

M = Θ ·
{

h∈ H2(G) :
h|D+

F
∈ H2(D+),h+ = ρh− a.e. onE

}
.

Since f andg have no commonG-inner factor, it must be the case thatΘ ≡ 1. Also, since
the functionsf +/ f− andg+/g− are equal almost nowhere,E has measure zero. Thus

M =

{
h∈ H2(G) :

f |D+

F
∈ H2(D+)

}
.

This means thatM is H∞(G)-invariant and so, by Proposition 6.1.2,M = Θ1H2(G) for
someG-inner functionΘ1. But again, sincef andg have no commonG-inner factor, we
must haveΘ1 ≡ 1 and soM = H2(G). �

Example 7.1.3. The invariant subspace generated by the functions 1 and
√

z is H2(G).

7.2 Cyclic subspaces

Theorem 7.1.1 says that every invariant subspaceM is 2-cyclic in the sense that it is
generated by two functions. Do we really needbothfunctions to generateM? IsM always
cyclic, i.e., is there a singlef ∈ M so that

M = [ f ] :=
∨
{zn f : n∈ N0}?

WhenM = H2(G), results form [4]1 show thatM is not cyclic (see also Remark 7.2.1
below). What are the cyclic invariant subspaces ofH2(G)?

Remark7.2.1. It is easy to see that

[ f ] ⊂ M(ρ) :=
{

h∈ H2(G) : h+ = ρh− a.e. on[0,1]
}

,

whereρ = f +/ f− almost everywhere. Suppose that an invariant subspaceM 6= {0}, with
parametersΘ,Fε(0 < ε < 1),ρ ,E from Theorem 6.2.1 (note thatΘ, ρ , andE are essen-
tially unique - Corollary 3.6.3) is cyclic. Thenm1([0,1] \E) = 0. Herem1 is Lebesgue
measure on[0,1]. Indeed, supposem1([0,1] \E) > 0. Then there is a closed subsetF of
[0,1]\E with m1(F) > 0. Using (3.6.1), one produces ag∈ H∞(D\F)\ {0} with

g+

g−
6= 1

1The follow-up papers [2, 3] discuss other cyclicity problems.
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on some compact subset ofF of positive measure. From the definition ofM we see that
gM ⊂ M. Thus if [ f ] = M, theng f ∈ M. HoweverM = [ f ] ⊂ M(ρ) as above and so
(g f)+/(g f)− = ρ almost everywhere on[0,1]. But g was constructed so that this last
equality can not hold almost everywhere onF. Thus

M is cyclic⇒ m1([0,1]\E) = 0.

We will see in Example 8.2.13, using an analysis of the essential spectrum ofS|M,
that the other direction does not hold.

The next few results compute[ f ] for certain reasonably well-behavedf ∈ H2(G).

Theorem 7.2.2. Suppose both h and1/h belong to H2(G). Then[h] = M(ρ), where
ρ = h+/h−.

Proof. So far we have[h] ⊂ M(ρ). To see the other direction, supposef ∈ M(ρ). Using
the fact that 1/h ∈ H2(G) and the Cauchy-Schwarz inequality, we see thatg := f/h ∈
H1(G) and so by (2.1.4),

g|D+ ∈ H1(D+) and g|D− ∈ H1(D−). (7.2.3)

Let q := w3 ◦w2 ◦w1 be a conformal map fromD ontoD+ (see the appendix). A
computation shows that the function(1+ q)(1− q)q′ is bounded. From the conformal
invariance of the Hardy spaces and (7.2.3), we have thatg|D+ ◦ q ∈ H1(D) and conse-
quently, the functiong1(z) := (1+ z)(1− z)g(z) has the property thatg1|D+ ∈ E1(D+),
i.e.,(g1|D+ ◦q)q′ ∈ H1(D) - see (2.4.9). In a similar way,g1|D− ∈ E1(D−).

Using the Cauchy integral formula (Proposition 2.4.12) we have

g1(z) =
1

2π i

∮

∂D±

g1(ζ )

ζ −z
dζ , z∈ D±.

However,(g1)
+ = (g1)

− almost everywhere on[−1,1] and so for allz∈ D \ [−1,1] we
have

g1(z) =
1

2π i

∮

∂D+

g1(ζ )

ζ −z
dζ +

1
2π i

∮

∂D−

g1(ζ )

ζ −z
dζ =

1
2π i

∮

T

g1(ζ )

ζ −z
dζ .

Notice in the above calculation how the integrals on[−1,1] cancel each other out. This
means thatg1 is a Cauchy transform of a measure onT and consequentlyg1 has an
analytic continuation across[−1,1] to a function which belongs toH p(D) for all 0< p< 1
[32, p. 39]. In particular,g∈ N+(D).

By Lemma 6.2.9, there is a sequence(gn)n>1 in H∞(D) such thatgn → g pointwise
in D asn→∞ and|gn|6 |g| onD. Hencegnh→ f pointwise inGand|gnh|2 6 |gh|2 = | f |2
onG. This last inequality says that theH2(G) norms ofgnh are uniformly bounded. Thus
gnh∈ [h] (Proposition 6.1.1) andgnh→ f weakly inH2(G) which means thatf ∈ [h]. �

It is routine to show that iff and 1/ f belong toH2(G), then f is G-outer [35, p. 68].
One might conjecture that iff ∈ H2(G) is G-outer, then

[ f ] = M(ρ),

whereρ = f +/ f−. However this is not the case.
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Example 7.2.4. Consider theG-outer functionf (z) = z. By (7.3.1) and Theorem 7.3.2
(see below)

[z] = {g∈ M(1) : g(0) = 0}
which is a proper subset ofM(1).

Remark7.2.5. One might wonder where the classical Hardy spaceH2(D) fits in with
M(1). They do look very similar. It follows from (2.1.4) thatH2(D)⊂M(1) with contin-
uous embedding. However, this containment is proper. For example, the function

f (z) =
1√

1−z

is analytic across[0,1] but does not belong toH2(D) since

‖ f‖2
H2(D) =

∫ 2π

0

1
|1−eiθ |

dθ
2π

= ∞.

However, f ∈ N+(G) and by (6.2.5)f |∂G ∈ L2(∂G,ω∗). Thus, by Proposition 2.4.10,
f ∈ H2(G) and hence, sincef is analytic onD, f ∈ M(1).

Corollary 7.2.6. Suppose f= Θ f1, whereΘ is G-inner and f1 is G-outer such that f1

and1/ f1 belong to H2(G). Then

[ f ] = Θ ·M(ρ),

whereρ = f +
1 / f−1 .

Proof. Use the fact thatΘ is G-inner and so multiplication byΘ is an isometry to argue
that[ f ] = Θ · [ f1]. Now use Theorem 7.2.2. �

7.3 Polynomial approximation

Our results have applications to polynomial approximationand analytic bounded point
evaluations. Letω be harmonic measure for∂G andP2(ω) be the closure of the analytic
polynomials inL2(ω). Notice that

[1] = P2(ω) ⊂ M(1).

Sincedω |T≍ |ψ ′|dm, whereψ is the conformal map fromG ontoD, and sinceθ →
ψ ′(eiθ ) is a log-integrable bounded function on[0,2π ] (see (6.2.5)), there is a bounded
D-outer functionF on D such that|ψ ′| = |F |2 almost everywhere onT. For an analytic
polynomialp we can apply the Cauchy integral formula (see (2.4.11)) to see that for fixed
a∈ D,

p(a)F(a) =

∫

T

p(ζ )F(ζ )

1− ζa
dm(ζ ).
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The Cauchy-Schwarz inequality yields

|p(a)F(a)| 6 Ca

(∫

T

|p|2|F |2dm

)1/2

6 Ca

(∫

T

|p|2dω
)1/2

6 Ca‖p‖L2(ω).

Divide through byF(a) (which is never zero sinceF is D-outer) to get

|p(a)| 6 ca‖p‖L2(ω) (7.3.1)

for all polynomialsp. In other words,D is the set ofbounded point evaluationsfor P2(ω).
This also means that the linear functionalp 7→ p(a), initially defined on the analytic
polynomials, continues to a bounded linear functional onP2(ω).

Theorem 7.3.2. For f ∈ H2(G), the following are equivalent.

1. f ∈ P2(ω);

2. f ∈ M(1);

3. f has an analytic continuation toD;

4. f ∈ closH2(G)H
∞(D).

Proof. The equality[1] = P2(ω) is clear. Theorem 7.2.2 gives us[1] = M(1) and so (1)
⇔ (2). From the proof of Proposition 6.1.1 we have

[1] = closH2(G)H
∞(D)

and so (1)⇔ (4). Now use the conformal mapα : G→ Ĉ\ γ along with Corollary 4.2.20
to see that (3)⇔ (4). �
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The essential spectrum

8.1 Fredholm theory

If B(H) is the algebra of bounded linear operators on a Hilbert spaceH andK is the
ideal of compact operators onH, one forms theCalkin algebraB(H)/K and the natural
mapπ : B(H) → B(H)/K. Recall thatA ∈ B(H) is Fredholmif π(A) is invertible in
B(H)/K. A well-known theorem [20, p. 356] says thatA is Fredholm precisely when
RngA is closed and both kerA and H/RngA are finite dimensional. An operatorA is
semi-Fredholmif π(A) is either right or left invertible inB(H)/K. Equivalently,A is
semi-Fredholm if and only if Rng(A) is closed and either ker(A) or H/RngA is finite
dimensional. We also use the notation

σ(A) := {λ ∈ C : λ I −A is not invertible} (spectrum ofA),

σe(A) := {λ ∈ C : λ I −A is not Fredholm} (essential spectrum ofA).

Note thatσe(A) ⊂ σ(A). For a semi-Fredholm operatorA let

ind(A) := dimkerA−dim(H/RngA)

be theindexof A. When the setZ∪{±∞} is endowed with the discrete topology, the map
A 7→ ind(A) (from the set of semi-Fredholm operators toZ∪{±∞}) is continuous [20,
p. 361].

8.2 Essential spectrum

We now compute the essential spectrum of

T := S|M,
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whereS is, as always,S f = z f on H2(G), andM is a non-zero invariant subspace forS.
Forλ ∈ G, it is easy to show that

(S−λ I)H2(G) = { f ∈ H2(G) : f (λ ) = 0}

and thus is a (closed) non-trivial subspace ofH2(G). Furthermore, ker(S− λ I) = {0}.
From here it follows thatσ(S) = D− and σe(S) ⊂ ∂G. A result from [21, Thm. 4.3]
proves the other inequality and so

σe(S) = ∂G.

For eachλ ∈ G there is acλ > 0 so that

‖(z−λ ) f‖ > cλ‖ f‖ ∀ f ∈ H2(G)

and so this same inequality holds for allf ∈ M. This inequality says thatT − λ I has
closed range. Clearly ker(T −λ I) = {0}.

For λ ∈ G\Z(M), we can use the nearly invariance ofM (Corollary 6.1.3) to get
that

(T −λ I)M = { f ∈ M : f (λ ) = 0},
which is closed. Furthermore,M/(T −λ I)M is one-dimensional1. From here it follows
that

σ(T) = D
−.

By our discussion above,T −λ I is Fredholm for allλ ∈ G\Z(M) and

ind(T −λ I) := dimker(T −λ I)−dim(M/(T −λ I)M) = −1 ∀λ ∈ G\Z(M).

From here2, one can use the fact thatZ(M) is a discrete set to show that(T − λ I) is
Fredholm forall λ ∈ G and so

σe(T) ⊂ ∂G. (8.2.1)

In addition,
ind(T −λ I) = −1 ∀λ ∈ G. (8.2.2)

Using standard Fredholm theory3 and the above identity on the index, we have

σe(T) = σl (T), (8.2.3)

whereσl (T) is theleft spectrum(also known as theapproximate point spectrum) of T. It
is a standard fact [20, p. 215] that∂σ(T) ⊂ σl (T) and so, sinceσ(T) = D

−, we get

T ⊂ σe(T).

1See also (see [60, Lemma 2.1])
2We are using the following general fact [22, p. 357]: SupposeA ∈ B(H) is Fredholm. Then there is an

ε > 0 such that ifY ∈ B(H) with ‖Y‖ (the operator norm ofY) less thanε , thenA+Y is also Fredholm and
ind(A+Y) = ind(A).

3Combine Proposition 4.3, Proposition 4.4, and Proposition6.10 from [22].
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Combine this with (8.2.1) and (8.2.3) to obtain

T ⊂ σe(T) = σl (T) ⊂ ∂G. (8.2.4)

Thus to determineσe(T), it remains to determine which points in[0,1) belong toσe(T).

Theorem 8.2.5. Let M be a non-zero invariant subspace of H2(G) and let A(M) be the
set of points x∈ [0,1) with the property that there exists an fx ∈M such that f/ fx extends
to be analytic in a neighborhood of x whenever f∈ M. Then with T:= S|M we have

σe(T) = ∂G\A(M).

Proof. Let x∈ A(M). Fory∈ G\ (Z(M)∪ f−1
x ({0})) and close tox we know, sinceM is

nearly invariant (Corollary 6.1.3), that

f − f
fx
(y) fx

z−y
∈ M ∀ f ∈ M.

Sincex∈ A(M) we can lety→ x to obtain

R f :=
f − f

fx
(x) fx

z−x
∈ M ∀ f ∈ M.

To show thatR is continuous onM we will use the closed graph theorem. Indeed suppose
( fn)n>1 ⊂ M with fn → f and R fn → g in the norm ofH2(G). Note thatg ∈ M and
fn → f ,R fn → g pointwise inG. A little algebra shows that

fn
fx

(x) → f
fx

(z)− (z−x)
g
fx

(z) ∀z∈ G\ f−1
x ({0}).

Since f ,g ∈ M, the function on the right is analytic nearx and equal to( f/ fx)(x) when
z= x. Thus

fn
fx

(x) → f
fx

(x)

which says thatg = R f and so, by the closed graph theorem,R is continuous. A routine
computation will show thatR(T − xI) = I . Thus(T − xI) is left-invertible. But sinceT
satisfiesσl (T) = σe(T) (see (8.2.3)) we see thatx 6∈ σe(T).

Conversely, suppose thatx ∈ [0,1) \σe(T). Then, from (8.2.3),x 6∈ σl (T) and so
T − xI has a left inverseR (which we will show in a moment is equal to the operator
R from the previous paragraph). SinceR(T − xI) = I we see that Rng(R) = M. Using
the fact thatx 6∈ σe(T) and σe(T) ⊂ ∂G (see (8.2.1)), we know, from (8.2.2) and the
continuity of the index [20, p. 361], that

ind(T −xI) = lim
ε→0+

ind(T − (x+ iε)I) = −1.
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Furthermore [20, p. 363],

0 = ind(R(T −xI))

= ind(R)+ ind(T −xI)

= dim(kerR)−dim(RngR)⊥−1

= dim(kerR)−1 (since Rng(R) = M).

Thus
kerR= C fx (8.2.6)

for somefx ∈ M \ {0}. Fory in some open neighborhood ofx, consider the operator

Ry := R(I − (y−x)R)−1.

A computation using the identity

Ry =
∞

∑
n=0

(y−x)nRn+1 (8.2.7)

(which is valid fory in some small open neighborhood ofx) shows that

Ry(T −yI) = Ry((T −xI)+ (x−y)I) = I .

Moreover, fory∈ G\ (Z(M)∪ f−1
x ({0})) and nearx, the operator

Qy f :=
f − f

fx
(y) fx

z−y
(8.2.8)

is a bounded operator onM (again using the nearly invariance ofM and the closed graph
theorem). A computation will show this operator is also a left inverse forT − yI. Since
y∈ G\ (Z(M)∪ f−1

x ({0})), we can use the nearly invariance ofM, along with the facts

(T −yI)M = { f ∈ M : f (y) = 0};

dim(M/(T −yI)M) = 1;

fx(y) 6= 0,

to see that
M = (T −yI)M+C fx.

SinceQy(T − yI) = Ry(T − yI) = I , thenQy = Ry on (T − yI)M. Furthermore,Qy fx =
Ry fx = 0 (This follows from (8.2.8), (8.2.7), and (8.2.6)). ThusQy = Ry on all of M and
so

Ry f =
f − f

fx
(y) fx

z−y
∀ f ∈ M. (8.2.9)
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Finally, the identity in (8.2.7) shows that the function

y 7→ Ry

is an operator-valued analytic function for ally in some open neighborhood ofx and so
for fixedz0 ∈ G and f ∈ M

y→ Ry f (z0)

is analytic in some open neighborhood ofx. Choosingz0 such thatfx(z0) 6= 0 and using
the identity in (8.2.9), we see thatf/ fx is analytic in some open neighborhood ofx. Thus
x∈ A(M) which completes the proof. �

Remark8.2.10. Analytic continuation across boundary points seems to be a reoccurring
theme when studying the essential spectra of multiplication (and Toeplitz) operators on
certain Banach spaces of analytic functions [9, 11, 21].

Corollary 8.2.11. If f ∈ H2(G)\ {0} and T := S|[ f ], then the following hold.

1. The function h/ f extends to be analytic onD for every h∈ M.

2. σe(T) = T.

Proof. Notice how statement (2) follows immediately from statement (1) since (1) shows
thatA([ f ]) = [0,1). To prove (1) fix anh∈ [ f ]. By the definition of[ f ], there is a sequence
of analytic polynomials(pn)n>1 such thatpn f → h in the norm ofH2(G). To show that
h/ f has an analytic continuation across[0,1), and thus complete the proof of (1), we will
show that the sequence(pn)n>1 forms a normal family onD. Notice from Proposition
2.4.13 how(pn)n>1 forms a normal family onG.

To this end, fixr ∈ (0,1) and letCr := {|z|= r}. We will assume thatr is chosen so
that f is non-zero onCr and that bothf +(r) and f−(r) exist and are non-zero. It follows
that

0 < m6 | f (z)| 6 M < ∞ ∀z∈Cr ∩G.

For a compact setA⊂ rD we can apply the Cauchy integral formula (with an appropriate
branch cut for the square root) to get

(z− r)1/2pn(z) =
1

2π i

∮

Cr

(η − r)1/2pn(η)

η −z
dη ∀z∈ A.

Now apply the following three inequalities

|pn(η)| 6 1
m
|pn(η) f (η)|, η ∈Cr ∩G;

|pn(η) f (η)| 6 K
‖pn f‖

dist(η ,∂G)1/2
, η ∈Cr ∩G4;

4This inequality follows from Proposition 2.4.13 and (6.2.5).
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|η − r|1/2

dist(η ,∂G)1/2
6 K, η ∈Cr ∩G

to the above integral identity to show that

|z− r|1/2|pn(z)| 6 K‖pn f‖ ∀z∈ A.

But since‖pn f‖ is uniformly bounded inn and sincez∈ A andA is a compact subset of
rD, we see that

|pn(z)| 6 K ∀z∈ A, ∀n > 1.

It follows that the sequence(pn)n>1 forms a normal family onD. �

Corollary 8.2.12. Let M be an invariant subspace of H2(G) and T= S|M. If x ∈ [0,1)
is a cluster point for the zeros or poles of f/g for some f,g∈ M \ {0}, then x∈ σe(T).

Proof. Assume to the contrary thatx 6∈σe(T). Then, by Theorem 8.2.5, there is a function
fx ∈ M such thath/ fx extends to be analytic in a neighborhood ofx for everyh∈ M. In
particular, f/ fx andg/ fx extend to be analytic nearx. Depending on the orders of the
zeros of these two functions atx, either f/g or g/ f extend to be analytic nearx. This
contradicts the fact thatx is an accumulation point for the zeros (or poles) off/g. �

From Theorem 7.2.2 we know, for certainf , that [ f ] = M(ρ , [0,1]), whereρ =
f +/ f−. From here, one might be tempted to conclude that spaces of the formM(ρ , [0,1]),
for some measurableρ : [0,1]→ C, are always cyclic. The following example shows that
this is not always the case.

Example 8.2.13. There are twoG-inner functionsf ,g and a measurable functionρ :
[0,1] → C such that ifM := [ f ,g], the invariant subspace generated byf andg, then the
following hold:

1. M ⊆ M(ρ , [0,1]).

2. σe(S|M) = σe(S|M(ρ , [0,1]) = ∂G.

3. S|M andS|M(ρ , [0,1]) are not cyclic.

Proof. Choose a sequence(an)n>1 ⊆ D+ such that(an)n>1 clusters precisely on all of
[0,1] and(an)n>1 is anH2(G) zero set. Letf be aG-Blaschke product whose zero set
is precisely(an)n>1. Since(an)n>1 is also anH2(D+) zero set, then there is also aD+-
Blaschke productb whose zeros are precisely(an)n>1. Notice thatb extends to be ana-
lytic across(−1,0) since the zeros ofb do not accumulate(−1,0). Furthermore, since
|b(x)|2 = 1 almost everywhere on[−1,1], the analytic continuation ofb across(−1,0) is
the function 1/b∗ whereb∗ is theD−-inner functionb∗(z) = b(z). Define a functiong as
follows:

g(z) =

{
f (z)/b(z), if z∈ D+;
f (z)b∗(z), if z∈ D−.

Notice thatg∈ H∞(G) and thatg is aG-inner function. Sinceb is D+-inner we also have

g+(x)
g−(x)

=
f +(x)/b(x)
f−(x)b∗(x)

=
f +(x)b∗(x)
f−(x)b∗(x)

=
f +(x)
f−(x)
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for almost everyx∈ (0,1). Thus if we set

ρ = g+/g− = f +/ f−,

thenρ : [0,1]→ C is a measurable function andf ,g∈ M(ρ , [0,1]), so

M := [ f ,g] ⊆ M(ρ , [0,1]).

Since f/g has infinitely many zeros and poles clustering on[0,1], we have the con-
tainment[0,1] ⊆ σe(S|M) (Corollary 8.2.12). Similarly, sincef ,g∈ M(ρ , [0,1]), we see
that[0,1]⊆ σe(S|M(ρ , [0,1]). Thus, from (8.2.4), we haveσe(S|M) = ∂G and

σe(S|M(ρ , [0,1]) = ∂G.

Hence, by Corollary 8.2.11, neitherS|M norS|M(ρ , [0,1]) is cyclic. �





Chapter 9

Other applications

9.1 Compressions

We now examine the compression ofSto certain co-invariant subspaces. Throughout this
sectionω will denote harmonic measure for∂G at some point inG. Note from (6.2.5)
thatdω ≍ |ξ |−1/2|ξ −1|ds. We begin with the following.

Proposition 9.1.1. The map R: H2(G) → L2([0,1],ω) defined by R f= f + − f− is a
continuous onto linear operator.

Proof. The obvious estimates will show thatR is continuous. Letφ = φG : D → G from
the appendix andψ = φ−1. To showR is onto, letg∈ L2([0,1],ω) and note that

g(x) = k◦ψ(x)

for somek∈ L2(J,dθ ), whereJ = {eiθ : 06 θ 6 π/2} andψ+([0,1]) = J. In other words,
we are thinking ofg as living on the ”top part” of the slit[0,1].

The functionk(eiθ ), extended to be zero forθ ∈ [π/2,π ], has a Fourier sine series

k∼
∞

∑
n=1

ansin(nθ ),

where

an =
2
π

∫ π/2

0
k(eit )sin(nt)dt.

Define

h(z) :=
1
2i

∞

∑
n=1

anzn

and notice thath∈ H2(D) (since thean’s are square summable - see (2.1.8)) and

h(eiθ )−h(e−iθ) = k(eiθ ), a.e.θ ∈ [0,π/2].
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Now let f := h◦ψ and see thatf ∈H2(G) (since f ◦φ = h∈ H2(D)) and for almost
everyx∈ [0,1],

f +(x)− f−(x) = h(eiθ )−h(e−iθ ) = k(eiθ ) = (k◦ψ)(x) = g(x).

ThusR is onto. �

Notice that, ker(R) = M(1). This allows us to define the quotient operator

R̃ : H2(G)/M(1) → L2([0,1],ω), R̃f̃ := R f = f + − f−,

where f̃ is the coset inH2(G)/M(1) represented byf . With Sdefined as multiplication
by zonH2(G), one forms the bounded operator

S̃: H2(G)/M(1)→ H2(G)/M(1), S̃f̃ := z̃ f.

An easy calculation shows that

R̃S̃= MxR̃, (9.1.2)

whereMxg = xg is multiplication byx on L2([0,1],ω). Putting the above discussion in
more appropriate Hilbert space language yields the following.

Proposition 9.1.3. SupposeN is the co-invariant subspaceN = H2(G)⊖M(1), PN is
the orthogonal projection of H2(G) ontoN, and C= PNS|N is the compression of S to
N. Then C is similar to Mx on L2([0,1],ω).

Corollary 9.1.4. If h,1/h∈H∞(G) andρ = h+/h−, then the compression of S to H2(G)⊖
M(ρ) is similar to Mx on L2([0,1],ω)

Proof. Let A= RM1/h whereR is the map from Proposition 9.1.1 and the operatorM1/h :
H2(G)→H2(G) is defined byM1/h f = f/h. One easily sees thatA : H2(G)→ L2([0,1],ω)
is onto, intertwinesSwith Mx, and the kernel ofA is preciselyM(ρ). The result follows
by passing to quotients as above. �

Using Wiener’s theorem [44, p. 7] we know that everyMx-invariant subspace of
L2([0,1],ω) is of the formχEcL2([0,1],ω) for some measurable setE ⊂ [0,1]. Bringing
in Theorem 7.2.2 and (9.1.2), we can prove the following.

Theorem 9.1.5. SupposeM is an invariant subspace of H2(G) and there exists an f∈M

such that f and1/ f belong to H∞(G). Then there is a measurable set E⊂ [0,1] such that
M = M(ρ ,E), whereρ = f +/ f−.

Remark9.1.6. Compare this to Theorem 7.2.2.
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9.2 The parameters

Let us focus some more on the invariant subspaces

M(ρ) :=
{

f ∈ H2(G) : f + = ρ f− a.e. on[0,1]
}

,

whereρ is a complex-valued measurable function on[0,1]. We ask the question: For what
measurableρ is M(ρ) 6= {0}?

Let us first discuss a necessary condition. We see from (2.4.3) that forF ∈ H2(G)\
{0}, ∫

[0,1]

(
| log|F+||+ | log|F−||

)
dω +

∫

T

| log|F||dω < ∞.

In particular, ifρ : [0,1] → C is measurable andF ∈ M(ρ) \ {0}, we can combine the
above observation with the identityρ = F+/F− almost everywhere to see the following.

Proposition 9.2.1. Supposeρ : [0,1]→ C is measurable andM(ρ) 6= {0}, thenlog|ρ | ∈
L1([0,1],ω).

Is the necessary condition in the above proposition sufficient? Let us work through
a few examples.

Proposition 9.2.2. If ρ is a complex-valued step function which is never zero on[0,1],
thenM(ρ) 6= {0}.

Proof. Let p0, p1, · · · , pn be non-zero complex numbers such thatℜp j > 0 for all j and

0 6 a1 < a2 < · · · < an < 1.

Let
f (z) := zp0(z−a1)

p1 · · ·(z−an)
pn,

where we take the branch of the complex logarithm to be analytic on C \ [0,∞). Notice,
sinceℜp j > 0, that f ∈ H∞(G)\ {0}. Then with

ρ(x) := e2π ip0, 0 < x < a1,

ρ(x) := e2π ip0e2π ip1, a0 < x < a1,

and so on, we see that
f + = ρ f−

and soM(ρ) 6= {0}. By choosing appropriatea j andp j one can create any non-vanishing
step functionρ . �

Proposition 9.2.3. Supposeρ is a real-valued measurable function on[0,1] such that

a 6 ρ(x) 6 b, x∈ [0,1] (9.2.4)

for some constants0 < a < b < ∞. ThenM(ρ) 6= {0}.
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Proof. Let

h(z) :=
1

2π i

∫ 1

0

logρ(t)
t −z

dt

be the Borel transform of the functionχ[0,1] logρ and notice thath is analytic onC\ [0,1].
It is well-known that the limitsh+(x) andh−(x) exist for almost everyx ∈ R (see [71,
Theorem 1.4] for details).

A computation shows that

h(x+ iy)−h(x− iy) =

∫ 1

0
Px+iy(t) logρ(t)dt,

where

Px+iy(t) =
1
π

y
(t −x)2 +y2

is the usual Poisson kernel for the upper half plane. We will allow negative values ofy in
the above formula. Using standard facts about Poisson integrals [35, p. 29], we get

h+−h− = χ[0,1] logρ

almost everywhere. The identities

Px+iy(t) = −Px−iy(t)

and

ℜh(x+ iy) =
1
2

∫ 1

0
Px+iy(t) logρ(t)dt

along with (9.2.4) will show thatℜh is a bounded function onG. Thus f := eh belongs to
H∞(G)\ {0} and f + = ρ f− and sof ∈ M(ρ)\ {0}. �
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Domains with several slits

10.1 Statement of the result

We now extend our main theorem (Theorem 6.2.1) to domains with several slits. More
precisely, we consider domains of the form

G = D\
N⋃

j=1

γ j , (10.1.1)

whereγ j are analytic arcs satisfying certain technical conditions. They are the following
(see Figure 10.1 for an example):

1. Eachγ j is a closed connected subset of a simple analytic open arcγ̂ j which meets
T at a positive angle. The arĉγ j will be called ananalytic continuationof γ j ;

2. γ1, · · · ,γN are pairwise disjoint;

3. Eachγ j has one end pointλ j ∈ T andγ j \ {λ j} ⊂ D.

Our extension of Theorem 6.2.1 is the following.

Theorem 10.1.2. Let G be a domain as in (10.1.1) and letγ̂ j ,1 6 j 6 N, be analytic
continuations of the arcsγ j ,1 6 j 6 N. If M is a non-trivial invariant subspace of H2(G)
with greatest common G-inner divisorΘM, then there is a measurable set

E ⊂
N⋃

j=1

γ j ,

a measurable functionρ : E → C, and an analytic function F on an open set V⊂ G, with

N⋃

j=1

γ̂ j ∩D ⊂V,
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0

γ j

λ j
γ̂ j

γk

λk

γ̂k

Figure 10.1: A domain as in (10.1.1) with several slits. Notice how each slitγ j is part of
a larger analytic slit̂γ j and how the slits meet the circle at a positive angle.

such that

M = ΘM ·
{

f ∈ H2(G) :
f |V
F

∈ H2(V), f + = ρ f− a.e. on E

}
.

Remark10.1.3. 1. The functionsf + and f− are the non-tangential limits off from
opposite sides (once an orientation is fixed) of the arcγ j .

2. The open setV will turn out to be

V =
N⋃

j=1

(Vj ∩G),

whereVj are certain disjoint domains obtained from Lemma 10.2.1 (below). See
also Figure 10.2.

3. SinceV is a disjoint union of simply connected domains, we should beclear what
we mean byH2(V). We follow [21, p. 664]. An analytic functionf onV belongs to
H2(V) if | f |2 has a harmonic majorant onV. We letU f denote the least harmonic
majorant and fora j ∈Vj ∩G, 16 j 6 N, define the norm onH2(V) to be

‖ f‖2
H2(V) :=

N

∑
j=1

U f (a j).

As to be expected, different choices ofa j ’s yield equivalent norms.



10.2. Some technical lemmas 99

4. It should be the case, as in Theorem 6.2.1, that there is aĜ-outer functionF , where

Ĝ = D\
N⋃

j=1

(γ̂ j)
−,

such that

M = ΘM ·
{

f ∈ H2(G) :
f
F

∈ H2(Ĝ), f + = ρ f− a.e. onE

}
.

However, at this point, we do not see how to produce this more global outer function
from the local function we have in Theorem 10.1.2.

10.2 Some technical lemmas

We will use Theorem 6.2.1 to prove Theorem 10.1.2. In order todo this, we need to take
care of a few technicalities.

Lemma 10.2.1. There are open subsets V1, · · · ,VN of D such that

1. V1, · · · ,VN are pairwise disjoint.

2. For each j, Vj containsγ j \ {λ j}.

3. For each j,∂Vj \{λ j} is a C2 arc and∂Vj is a piecewise C2 arc which intersectsT
only atλ j and, at this point, makes a positive angle with bothγ j andT.

4. For each j, there is a conformal mapβ j from Vj ontoD such that

β j(γ j \ {λ j}) = [0,1).

��
��
��
��

��

�
�
�
�

��
��
��
��

0
1

λ j

γ j

Vj

β j

Figure 10.2: The domainVj (shaded) and the conformal mapβ j : Vj → D which satisfies
β j(γ j \ {λ j}) = [0,1).
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Proof of Lemma 10.2.1.Fix j = 1, · · · ,N and letγ = γ j , γ̂ = γ̂ j , andλ = λ j . By the def-
inition of analytic arc, there is an open setU of γ̂ and a conformal mapα which maps
U onto a regionRwhich is symmetric about an open interval(a,b) which contains[0,1].
We can assume thatα(γ) = [0,1] andα(λ ) = {1}. By shrinkingU , we can also assume
that∂R is analytic (see Figure 10.3).

��
��
��
��

a

R

0
b

1

U

γ

λ

γ̂

α

Figure 10.3: The regionU (shaded) andR= α(U). Note thatα(γ) = [0,1] with α(λ ) =
{1}.

The curveα(U ∩T) will be an analytic arc inR that passes through the point 1. Pick
two pointsz1,z2 ∈ ∂R which are symmetric about[a,b] and such that the line segments
ℓ1, ℓ2 (which connectz1, respectivelyz2, to 1) only intersectY := α(U ∩T) at 1 and form
a positive acute angle to both[a,b] andY at 1. Now form the regionR1 bounded by the
line segment[a,1], the lineℓ1, and the part of∂Rsubtended byz1 anda (see Figure 10.4).

����

�
�
�
�

a b
0 1

Y

z1

z2

ℓ1

ℓ2

R1

Figure 10.4: The regionR1 (top).

By altering the definition ofR1 slightly (replacing part of the line segmentsℓ1 and
ℓ2 with appropriateC2 curves near the pointsz1 andz2 ) we can assume that∂R1 \ {1} is
C2.

One can find a conformal mapα1 from R1 ontoD+ such that

α1(a) = −1, α1(0) = 0, α1(1) = 1
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(see [56, p. 319]). By the symmetry principle,α1 (really the analytic continuation of
α1) will map R1∪ (a,1)∪{z : z∈ R1} ontoD with α1([0,1)) = [0,1). Therefore the map
α−1◦α−1

1 will mapD onto a regionV =Vj with the desired properties (2) and (3). Finally,
let β = β j be the inverse ofα−1◦α−1

1 . �

10.3 A localization of Yakubovich

The proof of Theorem 10.1.2 depends on this following localization result discovered by
Yakubovich [79, Lemma 4] in the case of an annular domain.

Proposition 10.3.1. Suppose that G is a multiple slit domain as in (10.1.1) and let

V :=
N⋃

j=1

(Vj ∩G).

If M is a non-trivial invariant subspace of H2(G) with greatest common G-inner divisor
equal to one, then f∈ H2(G) belongs toM if and only if f|V belongs to the closure of
M|V in H2(V).

To make writing integrals more manageable, we will letω be harmonic measure for
G at φ(0), whereφ : D → G andψ = φ−1. From our discussion of harmonic measure
from Chapter 2, note that

ω =
N

∑
j=1

(ω0,D ◦ψ+
j + ω0,D ◦ψ−

j )+ ω0,D ◦ψ |T

=
N

∑
j=1

(
|(ψ ′)+j |

2π
ds+

|(ψ ′)−j |
2π

ds

)
+ |ψ ′|dθ

2π
.

In the above,(ψ ′)+j and(ψ ′)−j denote the upper and lower boundary functions forψ ′ on

γ j . Forh∈ H2(G) ·H2(G), we will use the notation

∫

∂G
hdω∗ :=

N

∑
j=1

(∫

γ j

h+
j

|(ψ ′)+j |
2π

ds+
∫

γ j

h−j
|(ψ ′)−j |

2π
ds

)
+
∫

T

h|ψ ′|dθ
2π

. (10.3.2)

We invite the reader to verify the following Cauchy-Schwarztype inequality

∫

∂G
| f g|dω∗ 6 (2N+1)

(∫

∂G
| f |2dω∗

)1/2(∫

∂G
|g|2dω∗

)1/2

. (10.3.3)

Needed in the proof of Proposition 10.3.1 will be the following discussion of the
growth (and decay) of inner and outer functions. IfS is a singularD-inner function with
an atom atζ0 ∈ T, then

|S(rζ0)| = O(e−
c

1−r ), r → 1−
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for somec > 0. Forg∈ L1(m) we have
∫

T

Prζ0
(ξ )|g(ξ )|dm(ξ ) = o(

1
1− r

), r → 1−. (10.3.4)

Certainly (10.3.4) is true wheng is continuous. To see the general case, approximateg
with continuous functions in theL1(m) norm and use the identity

sup
ξ∈T

Prζ0
(ξ ) =

1+ r
1− r

.

This means that ifH is aD-outer function, then

H(rζ0) = exp

(∫

T

ξ + rζ0

ξ − rζ0
log|H(ξ )|dm(ξ )

)

and so, since

ℜ
ξ + rζ0

ξ − rζ0
= Prζ0

(ξ )

and log|H| ∈ L1(m), we have, via (10.3.4),

1
|H(rζ0)|

6 e
cr

1−r ,

wherecr → 0 asr → 1−. From here we see that

lim
r→1−

∣∣∣∣
S(rζ0)

H(rζ0)

∣∣∣∣= 0. (10.3.5)

See [41] for a related result.
We are now ready for the proof of Proposition 10.3.1.

Proof of Proposition 10.3.1.Recall that the regionsVj are from Lemma 10.2.1 and the
open setV is

N⋃

j=1

(Vj ∩G).

It is obvious that iff ∈ M, then f |V ∈ M|V. So suppose thatg∈ H2(G) and

g|V = lim
n→∞

fn|V, (10.3.6)

where fn ∈ M and the limit in (10.3.6) is in the norm ofH2(V). Our goal is to show that
g∈ M.

Recall thatλ j is the endpoint ofγ j which lies onT. Define a polynomialQ by

Q(z) =
N

∏
j=1

(z−λ j)
b,
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whereb is a positive integer large enough so that

|Q|dω∗ 6 cdω∗
V on

⋃
j γ j ; (10.3.7)

and
|Q|ds6 cdω∗

V on
⋃

j ∂Vj . (10.3.8)

Here is where we use the hypothesis that∂Vj \ {λ j} is C2 and∂Vj is a piecewiseC2 arc
which meetsT andγ j at positive angles. See (2.3.14) for an explanation of this.

The rather lengthy argument below will show, for eachh∈ M
⊥, that

〈
Qg

z−λ
,h

〉
= 0, |λ | > 1. (10.3.9)

Assuming this is true, let us see how prove thatg∈ M. Using (10.3.9) and Runge’s the-
orem [19, p. 198] we see thatQg⊥ h for all h ∈ M⊥. HenceQg∈ M. We now need to
argue thatg∈ M. Since the zeros of the polynomialQ lie onT, Q is D-outer and so [35,
p. 85] we can choose(Qn)n>1 ⊂ H∞(D) such thatQnQ→ 1 weak-∗ in H∞(D). SinceM

is H∞(D)-invariant (Proposition 6.1.1), we see thatQnQg∈ M. Furthermore,QnQg→ g
weakly inH2(G) and sog∈ M.

Before getting to the heart of the proof of (10.3.9), we first need to derive a few
integral formulas. Forf ∈ M \ {0} andh∈ M⊥, note, sinceM is invariant, that

〈
f

z−λ
,h

〉
= 0, |λ | > 1. (10.3.10)

If
w(ζ ) := |ψ ′(ζ )|, ζ ∈ T,

an application of Fatou’s jump theorem (Theorem 3.3.3) implies

lim
r→1−

∫

∂G

f h
z− rζ

dω∗ = ζ f (ζ )h(ζ )w(ζ ), a.e.ζ ∈ T. (10.3.11)

Recall our notational understanding discussed just beforethis proof (see (10.3.2)) and
notice in (10.3.11) how the integrals over the slits cancel out in the limit. Define

h1(λ ) :=
1

f (λ )

∫

∂G

f h
z−λ

dω∗, λ ∈ G\ f−1({0}). (10.3.12)

From (10.3.11) we get

lim
r→1−

h1(rζ ) = ζh(ζ )w(ζ ), a.e.ζ ∈ T. (10.3.13)

This shows, via uniqueness of radial limits of quotients ofH p(G) functions, thath1 is
independent off ∈ M \ {0}. Thus, since the greatest commonG-inner divisor ofM is
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one, we conclude thath1, initially defined onG\ f−1({0}), has an analytic continuation
to G and furthermore,

h1 ∈ N+(G).

Note thatQ f ∈ M and so from (10.3.12) we have

Q(λ ) f (λ )h1(λ ) =

∫

∂G

Q fh
z−λ

dω∗. (10.3.14)

Since the curves∂Vj ,γ j ,T all meet atλ j at positive angles to each other, we see that
for fixed λ ∈ ∂Vj \ {λ j}

sup
ζ∈T

1
|ζ −λ | ≍

1
|λ −λ j |

,

sup
z∈γ j

1
|z−λ | ≍

1
|λ −λ j |

.

From these estimates, (10.3.14), and the Cauchy-Schwarz type inequality from (10.3.3) it
follows thatQ f h1 is a bounded function on each∂Vj and

sup

{
|Q(λ ) f (λ )h1(λ )| : λ ∈

N⋃

j=1

∂Vj

}
6 c‖ f‖H2(G), f ∈ M, (10.3.15)

wherec > 0 is independent off .
For generalg∈ H2(G) (not necessarily inM), define

ℓ(λ ,g) :=
∫

∂G

Qgh
z−λ

dω∗, λ ∈ De,

ℓ(λ ,g) :=
∫

∂G

Qgh
z−λ

dω∗−Q(λ )g(λ )h1(λ ), λ ∈ G.

An argument using Fatou’s jump theorem (Theorem 3.3.3) and (10.3.13) will show that

lim
r→1−

ℓ(rζ ,g) = lim
s→1+

ℓ(sζ ,g), a.e.ζ ∈ T (10.3.16)

and so the functionsℓ(·,g)|Gandℓ(·,g)|De are ‘pseudocontinuations’of each other across
T (see [64] for more on pseudocontinuations). Privalov’s uniqueness theorem says that
pseudocontinuations are unique in that ifL is another analytic function onG whose
non-tangential boundary values are equal almost everywhere to those ofℓ(·,g)|De, then
L = ℓ(·,g)|G. If g ∈ M, then by (10.3.10)ℓ(·,g) ≡ 0 on De and so, by uniqueness of
pseudocontinuations,

ℓ(·,g) ≡ 0 onG∪De for all g∈ M. (10.3.17)

For a compactly supported measureµ in C, the Cauchy transform

(Cµ)(λ ) :=
∫

1
z−λ

dµ(z)
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is analytic onĈ\ supt(µ) and

|(Cµ)(λ )| 6 1
dist(λ ,supt(µ))

‖µ‖, λ ∈ Ĉ\ supt(µ), (10.3.18)

where‖µ‖ is the total variation norm ofµ . For a compact setK ⊂ G, we can use the
estimate in (10.3.18), the standard continuity of point evaluations forH2(G) (Proposition
2.4.13), and (10.3.3) to obtain a constantCK > 0, depending only onK, with

|ℓ(λ ,g)| 6 CK‖g‖H2(G) ∀g∈ H2(G),λ ∈ K. (10.3.19)

We will now derive, for certaing ∈ H2(G), a useful integral formula forℓ(·,g).
Define

PV :=
{

g∈ H2(G) : Qgh1|(∪ j ∂Vj) ∈ L1(∪ j ∂Vj ,ds)
}

and notice from (10.3.15) that
M ⊂ PV . (10.3.20)

Define
Ω := G\V−.

Forλ ∈V andg∈ PV , the function

Hλ (z) :=
Q(z)g(z)h1(z)

z−λ

belongs toN+(Ω). Furthermore, by (10.3.13),

Hλ (ζ ) =
Q(ζ )g(ζ )ζh(ζ )w(ζ )

ζ −λ
a.e.ζ ∈ T.

Observing thatg|T,h|T ∈ L2(wdm) we can use the Cauchy-Schwarz inequality to see
thatHλ |T ∈ L1(m). Using this observation along with our assumption thatg∈ PV we get
thatHλ |∂Ω ∈ L1(∂Ω,ds). Now apply Proposition 2.4.10 to see thatHλ ∈ E1(Ω). From
Proposition 2.4.12, the familiar Cauchy’s theorem is now valid and so

∮

T

Hλ (z)dz−
∮

∪ j ∂Vj

Hλ (z)dz=

∮

∂Ω
Hλ (z)dz= 0, (10.3.21)

where the orientation of the path integrals obeys the usual left-hand rule. Thus, forλ ∈V
andg∈ PV , we have

ℓ(λ ,g) =
∫

∂G

Qgh
z−λ

dω∗−Q(λ )g(λ )h1(λ )

=
1

2π i

∮

T

Qgh1

ζ −λ
dζ +

∫

∪ j γ j

Qgh
z−λ

dω∗−Q(λ )g(λ )h1(λ ) (dζ = iζ |dζ | and (10.3.13))

=
1

2π i

∮

∪ j ∂Vj

Qgh1

z−λ
dz+

∫

∪ j γ j

Qgh
z−λ

dω∗−Q(λ )g(λ )h1(λ ) (by (10.3.21))
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Forλ ∈ De andg∈ PV , a similar computation with Cauchy’s theorem yields

ℓ(λ ,g) =
1

2π i

∮

∪ j ∂Vj

Qgh1

z−λ
dz+

∫

∪ j γ j

Qgh
z−λ

dω∗. (10.3.22)

Forλ ∈ G\V− = Ω we have

∫

T

Qgh
ζ −λ

dω∗

=
1

2π i

∮

T

Qgh1

ζ −λ
dζ (dζ = iζ |dζ | and (10.3.13))

=
1

2π i

∮

∂Ω

Qgh1

z−λ
dz+

1
2π i

∮

∪ j ∂Vj

Qgh1

z−λ
dz

= Q(λ )g(λ )h1(λ )+
1

2π i

∮

∪ j ∂Vj

Qgh1

z−λ
dz(Cauchy’s formula - Proposition 2.4.12)

which says, forλ ∈ G\V−, that

ℓ(λ ,g) =
1

2π i

∮

∪ j ∂Vj

Qgh1

z−λ
dz+

∫

∪ j γ j

Qgh
z−λ

dω∗. (10.3.23)

Combining (10.3.22) and (10.3.23) we see thatℓ|De andℓ|(G\V−) are analytic continu-
ations of each other. In summary, we have, forg∈ PV , thatℓ(λ ,g) (originally defined on
De∪G) extends to be an analytic function on(Ĉ\V−)∪V which satisfies the formulas

ℓ(λ ,g) =
1

2π i

∮

∪ j ∂Vj

Qgh1

z−λ
dz+

∫

∪ j γ j

Qgh
z−λ

dω∗, λ ∈ Ĉ\V−, (10.3.24)

while

ℓ(λ ,g) =
1

2π i

∮

∪ j ∂Vj

Qgh1

z−λ
dz+

∫

∪ j γ j

Qgh
z−λ

dω∗−Q(λ )g(λ )h1(λ ), λ ∈V. (10.3.25)

SupposeΓ is a circle contained inG which intersects∪ j∂Vj in a finite set and such
that the angle at each point of intersection with∪ j∂Vj is different from zero orπ . We can
apply our Cauchy transform estimate from (10.3.18), along with (10.3.3) and Proposition
2.4.13, to (10.3.24) and (10.3.25) to get

dist(λ ,Γ∩∂V)|ℓ(λ ,g)| 6 AΓ

(
‖g‖H2(G) +

∫

∪ j ∂Vj

|Qgh1|ds

)
, λ ∈ Γ, g∈ PV ,

(10.3.26)
whereAΓ > 0 depends only onΓ.

Let σ be aG-inner function with atomic singularities at{λ1, · · · ,λN} (note that
{λ j}= γ j ∩T). From the fact that∂Vj meetsT at a positive angle we see, for everyt > 0,
thatσ |∂Vj decreases to zero faster than anyG-outer function on∂Vj (see (10.3.5)). Thus,
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for all t > 0, σ th1 is a bounded function on∂Vj for each j. This means that for any
g∈ H2(G) andt > 0 we have

∫

∪ j ∂Vj

|Qgσ th1|ds 6 ct

∫

∪ j ∂Vj

|Qg|ds

6 ct

∫

∪ j ∂Vj

|g|dω∗
V (by (10.3.8))

6 ct‖g‖H2(V)

6 ct‖g‖H2(G) (by (2.1.4)).

Hence
σ tg∈ PV ∀g∈ H2(G),t > 0. (10.3.27)

For eachj = 1, · · · ,N, let ∆ j be an open disk with∆−
j ⊂ G and such that∂∆ j ∩∂Vj

is a finite set and the angle between∂∆ j and∂Vj is different from zero orπ (see Figure
10.5).

∂Vj

γ j

∆ j

Figure 10.5: The disks∆ j .

The facts thatσ1/n → 1 almost everywhere on∂G and|σ1/n−1| 6 2, along with
the dominated convergence theorem and (10.3.19), will showthat

ℓ(λ ,g) = lim
n→∞

ℓ(λ ,σ1/ng) uniformly on∪ j∂∆ j . (10.3.28)

We pause to comment that (10.3.27) says that the functionsσ1/n f ( f ∈ M) andσ1/ng
(g∈ H2(G)) can be applied to the integral formulas in (10.3.24) and (10.3.25) as well as
the estimate in (10.3.26).
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After this long preamble and getting things set up, we are nowready to complete
the proof by verifying the identity in (10.3.9). Iffn ∈ M approximateg as in (10.3.6), we
can use the facts that|σ1/n| 6 1, σ1/nh1 is bounded on∪ j ∂Vj , (10.3.8), and (10.3.3) to
assume (by choosing an appropriate subsequence of thefn’s) that

lim
n→∞

(
‖σ1/n(g− fn)‖H2(V) +

∫

∪ j ∂Vj

|Q(g− fn)σ1/nh1|ds

)
= 0.

Apply this last limit identity to (10.3.26) to get

lim
n→∞

dist(λ ,∂∆ j ∩∂Vj)
∣∣∣ℓ(λ ,σ1/ng)− ℓ(λ ,σ1/n fn)

∣∣∣= 0 (10.3.29)

uniformly on∂∆ j for all j.
Our next tool will be a certain sequence of approximating polynomials(qn)n>1. For

eachn∈ N, choose open sub-arcsγn
j of γ j with one end point atλ j and such that

lim
n→∞

ω∗ (∪ jγn
j

)
= 0. (10.3.30)

(see Figure 10.6)

γ j

γn
j

∂Vj

Figure 10.6: The sub-arcγn
j and the set∪ j(∂Vj ∪ γ j)\∆ j .

Let sn be a continuous function on
⋃

j

(∂Vj ∪ γ j)\∆ j

satisfying the three conditions

|sn| 6 1, sn = σ1/n on
⋃

j

(∂Vj \∆ j), sn = 1 on
⋃

j

(γ j \ γn
j ).
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Since the domain of definition ofsn has connected complement, we can apply Lavrien-
tiev’s theorem [23, p. 232] to produce an analytic polynomial qn satisfying

|sn−qn| 6
1

n(1+‖ fn‖H2(G))
.

From here we get
∫

∪ j ∂Vj\∆ j

|(σ1/n−qn)Q fnh1|ds

6

∫

∪ j ∂Vj\∆ j

|(σ1/n−sn)Q fnh1|ds+
∫

∪ j ∂Vj\∆ j

|(sn−qn)Q fnh1|ds

6 0+
1

n(1+‖ fn‖H2(G))
c‖ fn‖H2(G) (by (10.3.15))

6
c
n
.

Moreover,
∫

∪ j γ j\γn
j

|(σ1/n−qn)Q fnh|dω∗

6

∫

∪ j γ j\γn
j

|σ1/n−1||Q fnh|dω∗ +

∫

∪ j γ j\γn
j

|sn−qn||Q fnh|dω∗.

By (10.3.3) the first summand is bounded above by

c

(∫

∪ j γ j\γn
j

|σ1/n−1|2|h|2dω∗
)1/2(∫

∪ j γ j\γn
j

|Q fn|2dω∗
)1/2

6 c

(∫

∪ j γ j\γn
j

|σ1/n−1|2|h|2dω∗
)1/2

‖ fn‖H2(V) (by (10.3.7))

which converges to zero asn → ∞ since |σ1/n − 1| 6 2, σ1/n → 1 almost everywhere
asn → ∞, and fn|V → g|V in H2(V) norm. Again by (10.3.3) the second summand is
bounded above by

1
n(1+‖ fn‖H2(G))

c‖ fn‖H2(G)

which clearly converges to zero asn→ ∞. Use the facts that

sup
n

sup

{
|qn(λ )| : λ ∈

⋃

j

(∂Vj ∪ γ j)\∆ j

}
< ∞ and sup

n
‖ fn‖H2(V) < ∞,

along with (10.3.3) and (10.3.7) to get
∫

∪ j γn
j

|σ1/n−qn||Q fnh|dω∗ 6 c
∫

∪ j γn
j

|h|2dω∗
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which, by elementary measure theory and (10.3.30), goes to zero asn→ ∞. Thus we have
produced a sequence of analytic polynomials(qn)n>1 such that

lim
n→∞

(∫

∪ j ∂Vj\∆ j

|(σ1/n−qn)Q fnh1|ds+
∫

∪ j γ j

|(σ1/n−qn)Q fnh|dω∗
)

= 0. (10.3.31)

Combine (10.3.31) with (10.3.18) to get

dist(λ ,∂Vj ∩∂∆ j)

∣∣∣∣∣
1

2π i

∮

∪ j ∂Vj\∆ j

(σ1/n−qn)Q fnh1

z−λ
dz+

∫

∪ j γ j

(σ1/n−qn)Q fnh
z−λ

dω∗
∣∣∣∣∣

(10.3.32)
goes to zero asn → ∞ uniformly on ∂∆ j for all j. SinceM is an invariant subspace,
qn fn ∈ M and so by (10.3.17)ℓ(·,qn fn) ≡ 0 which means that

ℓ(·,σ1/n fn) = ℓ(·,(σ1/n−qn) fn).

For λ ∈ G\V− we can use (10.3.24) (applied tog := (σ1/n−qn) fn which belongs
to PV by (10.3.27) and (10.3.20)) to get

ℓ(λ ,(σ1/n−qn) fn) =
1

2π i

∮

∪ j ∂Vj

Q(σ1/n−qn) fnh1

z−λ
dz+

∫

∪ j γ j

Q(σ1/n−qn) fnh
z−λ

dω∗

and so, via (10.3.32),

dist(λ ,∂Vj ∩∂∆ j)

∣∣∣∣∣ℓ(λ ,σ1/n fn)−
1

2π i

∮

(∪ j ∂Vj )∩(∪ j ∆ j )

Q(σ1/n−qn) fnh1

z−λ
dz

∣∣∣∣∣ (10.3.33)

goes to zero asn→∞ uniformly on∂∆ j ∩(G\V−) for all j. Now use (10.3.28), (10.3.29),
and (10.3.33) to get

dist(λ ,∂Vj ∩∂∆ j)

∣∣∣∣∣ℓ(λ ,g)− 1
2π i

∮

(∪ j ∂Vj )∩(∪ j ∆ j )

Q(σ1/n−qn) fnh1

z−λ
dz

∣∣∣∣∣

goes to zero asn→ ∞ uniformly on∂∆ j ∩ (G\V−) for all j. In a similar way,

dist(λ ,∂Vj ∩∂∆ j)

×
∣∣∣∣∣ℓ(λ ,g)+Q(λ )g(λ )h1(λ )− 1

2π i

∮

(∪ j ∂Vj )∩(∪ j ∆ j )

Q(σ1/n−qn) fnh1

z−λ
dz

∣∣∣∣∣

goes to zero asn→ ∞ uniformly on∂∆ j ∩V− for all j.
Let

un(λ ) :=
1

2π i

∮

(∪ j ∂Vj )∩(∪ j ∆ j )

Q(σ1/n−qn) fnh1

z−λ
dz

and notice that
un ∈ H p(Ĉ\∪ j∆−

j )
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for all 0 < p < 11. If F is theĈ\∪ j∆−
j -outer function with

|F | = dist(λ ,∂Vj ∩∂∆ j) on ∂∆ j ,

then our work in the previous paragraph shows that the functions(Fun)n>1 form a Cauchy
sequence inH2(Ĉ\∪ j∆−

j ). then

Fun → Fℓ(·,g) almost everywhere on(∪ j∂∆ j )∩ (G\V−);

Fun → Fℓ(·,g)+FQgh1 almost everywhere on(∪ j∂∆ j)∩V).

By Hardy space theory,
Fℓ(·,g)|(∪ j∂∆ j)∩ (G\V−)

is part of the boundary function for a function inH2(Ĉ \∪ j∆−
j ) and so it follows that

ℓ(·,g)|G has an analytic continuation tôC\∪ j∆−
j . But, by adjusting the disks∆ j , we can

show thatℓ(·,g)|G has an analytic continuation tôC (the Riemann sphere!) and thus must
be the constant function.

From (10.3.16) we see thatℓ(·,g)|G also has a pseudocontinuationℓ(·,g)|De. But
by uniqueness of pseudocontinuations (Privalov’s uniqueness theorem), the pseudocon-
tinuation and the analytic continuation must be the same. Henceℓ(·,g), originally defined
onDe∪G, has an analytic continuation tôC which is constant. However,ℓ(∞,g) = 0 and
soℓ(·,g) ≡ 0. In particular,ℓ(·,g) ≡ 0 onDe which implies (10.3.9).

�

10.4 Finally the proof

With the technicalities out of the way, we are now ready for the proof of the main result
of this chapter.

Proof of Theorem 10.1.2.Without loss of generality, we assume that the greatest common
G-inner divisor ofM is one. Recall thatVj are the open sets guaranteed by Lemma 10.2.1
and

V =
n⋃

j=1

(Vi ∩G).

For f ∈ M, note that

‖ f |V‖2
H2(V)

=
N

∑
j=1

‖ f |Vj ∩G‖2
H2(Vj∩G)

1Thus far, we have been talking about Hardy spaces of simply connected domains in̂C. The domain̂C\∪ j ∆−
j

is not simply connected. However, the known and expected results for the Hardy spaces of simply connected
domains still hold for these types of Hardy spaces. We refer the reader to [32, 48, 65, 76] for a discussion of
this.
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and so if
MV := closH2(V)M|V,

then
M j := (MV)|(Vj ∩G)

is a closed invariant subspace ofH2(Vj ∩G) for each j = 1, · · · ,N. Since eachVj is a
Carathéodory domain,β−1

j : D →Vj is a weak-∗ generator forH∞(D) [67]. This means
that the polynomials are weak-∗ sequentially dense inH∞(Vj). It follows thatβ j ·M j ⊂
M j and soM j ◦β−1

j is an invariant subspace ofH2(D\ [0,1)). (Recall thatβ j(γ j \{λ j})=

[0,1).) Applying Theorem 6.2.1 we obtainE j ⊂ γ j , ρ j : E j → C, and aVj ∩G-outer func-
tion Fj such that

M j =

{
g∈ H2(Vj ∩G) :

g
Fj

∣∣Vj ∩G∈ H2(Vj ∩G),g+ = ρ jg
− a.e. onE j

}
.

Now let

E :=
N⋃

j=1

E j ,

ρ : E → C, ρ |E j := ρ j ,

F : V → C, F |Vj ∩G := Fj .

The result now follows from Proposition 10.3.1. �
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Final thoughts

Hardy-Smirnov class: It turns out that our results about the invariant subspaces of H2(G)
can be used to prove analogous results for the Hardy-SmirnovclassE2(G) (recall the
definition from (2.1.9)). We restrict our discussion to the case of the slit diskG= D\ [0,1).

If φG is the conformal map fromD ontoG andψ = φ−1
G , it follows from (2.1.10)

that the operator
U : H2(G) → E2(G), U f = (ψ ′)1/2 f

is unitary and moreover,U intertwinesS (S f = z f) on E2(G) with Son H2(G). Letting
K = (ψ ′)1/2, we see from the form ofψ ′ (which can be computed from the appendix) that
K is aG-outer function. Furthermore,KH2(G) = E2(G).

Thus if M is an invariant subspace ofE2(G), then 1
K M is an invariant subspace of

H2(G) and so from Theorem 6.2.1, there is aE ⊂ [0,1], aρ : E →C, and, for everyε > 0,
aGε -outer functionFε such that

M = KΘM ·
{

f ∈ H2(G) :
f

Fε
∈ H2(Gε), f + = ρ f− a.e. onE

}
.

Setting

ρ̃ :=
K+

K− ρ and F̃ε = KFε ,

we see that̃Fε is Gε -outer and

M = ΘM ·
{

g∈ E2(G) :
g

F̃ε
∈ H2(Gε ),g

+ = ρ̃g− a.e. onE

}
. (11.0.1)

Banach space case: The main techniques used to characterize the invariant subspaces
of H2(G) depend on our discussion of the nearly invariant subspaces of H2(Ĉ \ γ). It
is here where we used, in key places such as Proposition 3.4.2and Proposition 3.4.8,
Hilbert space techniques such as the Wold decomposition. These do not have Banach
space analogs and so our techniques do not seem to work forH p(Ĉ \ γ) for generalp∈
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[1,∞). The main results of this monograph (Theorem 3.1.2 and Theorem 6.2.1) should be
true in theH p setting but will require Banach space techniques.

Geometry: Our results characterize the invariant subspaces ofH2(G) for a slit domain
where the analytic slit meets the boundary of∂Gat a positive angle. Does anything change
when the slit is tangent to∂G? Can we relax the condition that the slit is analytic? Does
the slit domain need to be simply connected? What happens when there are a countably
infinite number of slits?

Cyclic invariant subspaces: For certain specialf ∈H2(G) (Theorem 7.2.2 and Corollary
7.2.6), we can compute[ f ], the invariant subspace generated byf . What is [ f ] for a
generalf ∈ H2(G)? We also know (Remark 7.2.1) that not every invariant subspace is
cyclic. Which ones are? For example, from Corollary 8.2.11 we see that ifM is cyclic
thenσe(S|M) = T. Is the converse true?

Lattice operations: For any bounded domainΩ, the invariant subspaces ofH2(Ω) form
a lattice in that ifM1 andM2 are invariant subspaces, then so areM1∨M2 andM1∩
M2. WhenΩ = D, we know from Beurling’s theorem thatM1 = Θ1H2(D) andM2 =
Θ2H2(D) for someD-inner functionsΘ1 andΘ2. Moreover [23, p. 137],

M1∨M2 = g.c.d.(Θ1,Θ2)H
2(D), M1∩M2 = l.c.m.(Θ1,Θ2)H

2(D).

WhenΩ = G\ [0,1), Theorem 6.2.1 says that the invariant subspacesM1 andM2 depend
on the parametersΘ j ,ρ j ,E j ,Fj , j = 1,2. Can one describeM1 ∩M2 andM1 ∨M2 in
terms of these parameters?
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Appendix

In this appendix we store some information about two particular conformal maps used in
this monograph. We first mention a few words about the conformal map

φG : D → D\ [0,1).

Consider the following sequence of conformal maps

w1(z) := i
1+z
1−z

: D → {ℑz> 0};

w2(z) =
√

z : {ℑz> 0}→ {ℑz> 0}∩{ℜz> 0},

w3(z) :=
z−1
z+1

: {ℑz> 0}∩{ℜz> 0}→ D∩{ℑz> 0}.

Notice that

w1({eit : π < t < 3π/2}) = (0,1), w1({eit : 3π/2 < t < 2π}) = (1,∞);

w2(0,1) = (0,1), w2(1,∞) = (1,∞);

w3(0,1) = (−1,0), w3(1,∞) = (0,1).

Define
φG(z) = (w3(w2(w1(−iz)))2

and notice thatφG is a conformal map fromD onto the slit diskG = D \ [0,1) and, by
following the boundaries, we see thatφG maps the arc{eit : 0 < t < π/2} to the top half
of the slit whileφG maps{e−it : 0 < t < π/2} to the bottom half of the slit. Furthermore,
it is routine to show thatφG maps the interval(−1,1) onto(−1,0) and so, by the Schwarz
reflection principle,φG has the following nice property

φG(eiθ ) = φG(e−iθ ), 0 6 θ 6 2π .
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The previous identity says that ifψG = φ−1
G , then

ψ+
G (x) = ψ−

G (x), 0 < x < 1,

and so
|(ψ ′

G)+(x)| = |(ψ ′
G)−(x)|, 0 < x < 1.

Next, we say a few words about the conformal map

α : D\ [0,1)→ Ĉ\ γ, γ = {eit : −π/2 6 t 6 π}.

We construct this map with a sequence of standard conformal maps:

u1(z) =
1+z
1−z

: D\ [0,1)→{ℜz> 0} \ [1,∞);

u2(z) = z2 : {ℜz> 0} \ [1,∞)→ Ĉ\ ((−∞,0]∪ [1,∞)),

u3(z) :=
z− i
z+ i

: Ĉ\ ((−∞,0]∪ [1,∞))→ Ĉ\ γ,

Observe that
u1(0,1) = (1,∞),

u1(D+) = {ℜz> 0}∩{ℑz> 0}, u1(D−) = {ℜz> 0}∩{ℑz< 0};

u2({ℜz> 0}∩{ℑz> 0}) = {ℑz> 0}, u2({ℜz> 0}∩{ℑz< 0}) = {ℑz< 0};

u3(−∞,0] = γ ′, γ ′ := {eit : 0 6 t 6 π},
u3[1,∞) = γ ′′, γ ′′ := {eit : −π/26 t 6 0};

u3({ℑz> 0}) = D, u3({ℑz< 0}) = Ĉ\D
−.

From here, we define
α := u3◦u2◦u1

and note that
α : D\ [0,1)→ Ĉ\ γ,

α[0,1] = γ ′′,

α(T∩{ℑz> 0}) = γ ′, α(T∩{ℑz< 0}) = γ ′,

α(D+) = D, α(D−) = Ĉ\D
−.

Furthermore, it is easy to check from the identity

α(z) =
(1+z)2(1−z)−2− i
(1+z)2(1−z)−2+ i

that
α(e−iθ ) = α(eiθ ).
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