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Preface

If H is a Hilbert space andl : H — X is a continous linear operator, a natural question
to ask is: What are the closed subspabdé®f H for which TM c M? Of course the
famous invariant subspace problem asks whether off nmisany non-trivial invariant
subspaces. This monograph is part of a long line of studyefritiariant subspaces of
the operatoil = M, (multiplication by the independent variabtei.e.,M,f = zf) on a
Hilbert space of analytic functions on a bounded donéain C. The characterization of
theseM-invariant subspaces is particularly interesting sin@attils both the properties
of the functions inside the domaf, their zero sets for example, as well as the behavior
of the functions near the boundary Gf The operatoM; is not only interesting in its
own right but often serves as a model operator for certagsels of linear operators. By
this we mean that given an operaforon H with certain properties (certain subnormal
operators or two-isometric operators with the right sg@qiroperties, etc.), there is a
Hilbert space of analytic functions on a dom&ifor which T is unitarity equivalent to
M.

Probably the first to successfully study these types of prablwas Beurling [13]
who gave a complete characterization of Mginvariant subspaces of the Hardy space
of the unit disk. These are the functioh&) = ¥_panz" which are analytic on the open
unit diskD := {|z| < 1} for which ¥ .- |an|?> < . Many others followed with a discus-
sion, often a complete characterization, of Mginvariant subspaces where the Hardy
space is replaced by the space of analytic functibf® = S;7_janZ" on D satisfying
S n=0Wn|an|? < o, where(wn)n=0 is a sequence of positive weights. For example, when
Wy = n, we get the classical Dirichlet space where kieinvariant subspaces were dis-
cussedin[61, 62, 63]. Whem, = n* anda > 1, we get certain weighted Dirichlet spaces
where theM,-invariant subspaces were completely characterized ih §&& [53, 54] for
some related results. Whew, = n~! (or more generallyv, = n%, a < 0), we get the
Bergman (weighted Bergman) spaces whereMgénvariant subspaces were discussed
in [8, 69]. See also [31, 43].

In Beurling’s seminal paper, and the ones that followedicedtow the underlying
domain of analyticity is kept fixed to be the unit diSk but the Hilbert space of analytic
functions is changed by varying the weightg. In a series of papers beginning with
Sarason [66], the basic type of Hilbert space is fixed but rmain of analyticity is
changed. To see what we mean here, the condftian= 3 - anz" is analytic onD and
zn>0|an|2 < oo, the definition of the Hardy space ®f, can be equivalently restated as
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f is analytic onD and there is a harmonic functidh on D for which |f|> < U on D.
Such a functiotJ is called a harmonic majorant fof |2. For a general bounded domain
G c C, one can define the Hardy space&®to be the analytic function on G for which
|f|2 has a harmonic majorant @& Beginning with Sarason’s paper, there were several
authors [6, 7, 38, 45, 65, 77, 78, 79] who characterizedvhévariant subspaces of the
Hardy space of annular-type domains, which include an arspaldisk with several holes
removed, and a crescent domain (the region between twaaltgtangent circles).
Conspicuously missing from this list of domains are slit dams, for example
G =D\ [0,1). In this monograph, we obtain a complete characterizatioth® M-
invariant subspaces of the Hardy space of slit domains. gAtbe way, we give a thor-
ough exposition of the Hardy space, and even the Hardy-®mapace, of a slit domain
as well as several applications of our results to de Bramgmsspaces and the classical
backward shift operator of the Hardy spacelofWe also discuss several aspects of the
operatom|M, whereM is anM;-invariant subspace of the Hardy spaceoin partic-
ular, we explore questions about cyclicity, the spectrundl the essential spectrum for
Mz| M.
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Notation

The complete list of symbols is contained in the next chaf@etow are some basic
symbols and remarks regarding notation and organization.

C (complex numbers)

C = CU{w} (Riemann sphere)
R (real numbers)
D={zeC:|7 <1}
T=0D={zeC:|7 =1}

N = {]_’ 2’...}

No={0,1,2,---}

When defining functions, sets, operators, etc., we willrofise the notatioA :=
xxx By this we mear ‘is defined to bexxx

As is traditional in analysis, the constants’,c”,---cy,cp, - - - can change from one
line to the next without being relabeled.

Numbering is done by chapter and section, aticequations, theorems, proposi-
tions, and such are numbered consecutively.

If Jis a set in some topological vector spagg] is the closed linear span of the
elements ofl andJ™ is the closure o3.

If AC C, thenA= {a:ac C}, the complex conjugate of the elementstofFrom
the previous item, note that™ is the closure oA.

A linear manifoldin some topological vector space is a set which is closed un-
der the basic vector space operationsubspacés a closed (topologically) linear
manifold.
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Preamble

The statement of our main results, as well as the techniggexbto prove them, become
more meaningful if we review the basics of the Hardy spacehefdpen unit diskD.
The reader familiar with this material can skip this sectiSeveral standard texts are
[32, 35, 46, 52, 58].

For 0< p < », letHP, the Hardy spacedenote the space of functiofisnalytic on
D for which theLP integral means

2n ) devp
Mp(r; f) = f(re'®)|P—=
o6)={ [ 110P 5 )
remain bounded asT 1. This definition can be extended po= « by
Me(r; f) :=sup{|f(re'®)| : 6 € [0,2m]}

and soH® is the set of bounded analytic functions Bn The functionr — Mp(r; f) is
increasing on the intervé, 1) and the quantity

| fllp = sup Mp(r; f) = lim My(r; f)
0<r<1 ri

defines a norm okl P when 1< p < 0. When 0< p < 1, the quantity

dist(f,g) := || — gllfi»
defines a translation invariant metric Bif. The pointwise estimate

1

f gzl/p f -
1)1 < 2Pl =

ze D,

can be used to show thhit® (1 < p < ») is a Banach space whild? (0 < p< 1) is an
F-space (a complete translation invariant metric spacepafticular, if f, — f in HP,
thenf, — f uniformly on compact subsets B For p= 2, H? becomes a Hilbert space
with inner product

(f,g) = nianb_n,
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where(an)n>0 are the Taylor coefficients (about the origin)foénd(bn)n>0 are those of
g. Here is a collection of standard facts abbilt Proofs of the results below, as well as
the rest of the material from this chapter, are found in [32].

Theorem. For0< p< wandf e HP,
1. _ _
f(€9) := lim f(re'9)

r—1-

exists for almost everg.

2. This almost everywhere defined boundary funcé8n— f(€?) belongs td_P and
when 0< p < oo,

li o f(re'?) — f(e* pde =0
m re'”) — — =0.
rL 1-Jo [f(re™) (€%l 21

Hence|| f||np = || f|Lp.
3. If f e HP\ {0}, then
an 9.,d0
log|f(€9)| = > —
| 0g]f(€)/5- > —e
and hence the functiog® — f(€°) can not vanish on any set of positive measure.

4. If p>= 1, andf € HP has Taylor series

f(z) = nianz”,

then

om
a":/o f(e'e)e*'“eczj—; n € No.

5. If p> 1 andf € HP, we have the Cauchy integral formula
_ 1 1@
f(z) = ﬁﬁr Zfzdz’

whereT = 0D.

6. For 0< p < =, the polynomials are denseli#P. Whenp = o, the polynomials are
weak+ densé in H>.

From our collection of facts abotit?, one can show that the inner productidf

can be written as o 46
— jo T2 APt
(fo) = [ (&9 5

Theorem (Smirnov) If 0 < p< gandf € HP hasLY boundary values, thehe HA,

1See [35, p. 85] for more on the weakiopology onH®.
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We know that, via boundary functionld,” can be viewed as a closed subspace of
LP. Turning this problem around, one can ask: when does a divetP belong toH P?
At least forp > 1, there is an answer given by a theorem of F. and M. Riesz.

Theorem. For p > 1, a functionf € LP belongs taHP if and only if the Fourier coeffi-

cients o 46
f(e0)ein6 4%
| reees

vanish for alln < 0.
This result generalized to measures.

Theorem (F. and M. Riesz theorem)Suppose a finite complex Borel measyren T
satisfies

am .
/ €9du(e®)=0 VvneNo.
0
Thendu = 992 whereg € H} = {f e H: f(0) = 0}.
Every f € HP can be factored as
f= Oflf.

The functionOs, theouter factor, is characterized by the property ti@¢ belongs taHP

and 46
_ CAY it
109101 (0) = ["log|0 (%) 32

EveryHP outer functiorF (i.e.,F has no inner factor) can be expressed as

2ngb 4z
db _

F(z) = éVexp< A “lo L,u(e'e) >

wherey is a real numbeny > 0, logy € L, andy € LP. Note thatF has no zeros in
the open unit disk antF (€9)| = @ (€?) almost everywhere. Moreover, every sUetas
above belongs té1P and is outer. Thénner factor, I, is characterized by the property
thatl¢ is a bounded analytic function dh whose boundary values satigly (€9)| = 1

for almost evend. Furthermore, the inner factor can be factored further as the product
of two inner functions

lf = bS,J7
whereb is aBlaschke product
o lan an—z
b(z) =2" |"|1 o 17

whose zeros at= 0 as well agay} C D\{0} (repeated according to multiplicity) satisfy
theBlaschke condition .
Z —lanl) <
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(which guarantees the convergence of the productpamslthe (zero freeyingular inner
factor

angb 7
gé—z

su(z) —exp(~ [ e 2du(e®) ).

where is a positive measure dhwhich is singular with respect to Lebesgue measure.
A meromorphic functiorf onD is said to be obounded typé f = h;/hy, where
hy,hy are bounded analytic functions dh From our above discussion, a function of
bounded type must have finite non-tangential limits almastyvhere oril’ and can be
factored as
‘ Ih, On,
Ih,Oh,

The setN, theNevanlinna classwill be the functionsf of bounded type which are ana-
lytic on D (equivalentlyly, is a singular inner function). The shit™, the Smirnov class
will be the set off € N for whichly, is a constant.

This extension of Smirnov’s theorem (see above) due to Reinbva and Kochina
[58, p. 80] (see also [32, p. 28]), will be used many times ia Hook.

Theorem. If f € N* with LP boundary function, thefi € HP.

It turns out that functions il P not only have a radial limit almost everywhere on
T but also have a stronger non-tangential limit almost evegne. We collect some facts
about non-tangential limits which will be used at variounsds in the text.

For{ € Tanda > 1, let

Fa({):={zeD:|z-{|<a(l-[2)}

be anon-tangential approach regiofoften called aStoltz regiof. Note thatl ({) is a
triangular shaped region with its vertexg@aftsee Fig. 1).

Figure 1: Non-tangential approach region with verteg a T
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We say thatf has anon-tangential limitvalueA at {, written

Zlim f(2) = A,

z—(

if f(z) — Aasz— ¢ within any non-tangential approach region({).

Theorem. If f € HP, 0 < p < o, thenf has a finite non-tangential limit almost every-
where onT.

From our collection of facts abottP functions, we know that functions kP \ {0}
can not have non-tangential limit equal to zero on an any spositive measure. This
fact is not unique tdd P functions.

Theorem (Privalov’s uniqueness theorem [17, 52, 58Bupposd is analytic onD and

Zlim f(z) =0

Z— Z

for ¢ in some subset df of positive Lebesgue measure. Thiees 0.

Non-tangential limits are important in the statement o&dv's theorem since
there are non-trivial analytic functions @which have radial limits equal to zero almost
everywhere ofT [12].

Since invariant subspaces is the heart of this book, let ugioreBeurling’s theo-
rem. The shift operatd®: H2 — H?, defined by

(SH(2) =zf(2),

is an isometry o2, A classical theorem of A. Beurling [13] (see also [32)]) ceterizes
the invariant subspaces 8f By ‘invariant subspace’ we mean a closed linear manifold
M C H? for which SM ¢ M. If § is an inner function, thefid f|| = || f|| for all f € H?
and so9H? is a closed linear manifold (a subspaceHst It is also clearlyS-invariant.
Beurling's theorem says these are all of them.

Theorem (Beurling). If & is an inner function, the sétH? is anS-invariant subspace
of H2. Conversely, itM C H?, M # {0}, is anS-invariant subspace, thévi = 3H? for
some inner functiow .

Since the main purpose of this book is to essentially proversion of Beurling’s
theorem for the Hardy space of a slit disk, we include a pré&eurling’s theorem for
the disk.

Proof of Beurling’s theoremThe proof thatdH? is an S-invariant subspace df2 was
discussed in our preliminary remarks. To prove the seconidgbéhe theorem, suppose
M is a non-zerd-invariant subspace df2. First notice thaBM # M. If this were not
the case, theffi/z€ M wheneverf € M. Applying thisk times we conclude that

f
— k )
ZkeM vke N
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But this would mean, sincé/Z must be analytic o, thatf = 0, a contradiction to the
assumption tha{ # {0}.
Second, sinc&is an isometrySM is closed and sinc&BM # M, one observes that

M (SM)* # {0},

ThusM N (SM)* contains a non-trivial functiof. We now argue that}| = c on a set
of full measure irfl'. Indeed,

2T & (612 in0 96
/0 9(e) e = (9,'9) =0 VneN.
Taking complex conjugates of both sides of the above equatie also see that
. - do
0y24n6 27
/T|19(e' Pen>" =0 vneN,

This means that the Fourier coefficients®f? all vanish except fon =0 and sdd|>=c
almost everywhere offi. Without loss of generality, we can assume ti#dt= 1 almost
everywhere o and sod is an inner function.

Third, let[3] denote the closed linear span of the functions

9,59,8°9,---

and observe that
[9] = 9H2.

To see this, notice that clearl§] c 9H?2. For the other containment, Igt= 9G € IH?
and letGy be theN-th partial sum of the Taylor series & Notice that? Gy € [3] since
Gn is a polynomial. From Parseval’'s theore@y — Gin HZ2 and so, sincé is a bounded
function,d Gy converges td G in H2.
Finally, observe that
[F] =M.

Indeed,9 € M and so[3] € M. Now suppose that € M andf L [3]. Sincef L [9],

/znf(ée)a(ée)e’ne@ —(1,99)=0 WneN
0 27_[_ 5 = 0-

But sinced L SM, we also know that
2 .
/ 1(d9)5@d %% _ @t 9y —0 wnen.
0 21

The previous two equations say that all of the Fourier cdefits of f9 vanish and so
f9 = 0 almost everywhere ofi. But we have already shown thig| = 1 almost every-
where onT and sof = 0. ]
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The key to proving Beurling’s theorem is the fact that theaimant subspace gener-
ated byM N (SM)* is equal toM. This idea extends to other Hilbert spaces of analytic
functions [8, 61, 69], but not to the Hardy space of a slit domahere is a Beurling
theorem for théH P spaces [32, 35]: suppose0p < « andM is a non-zero subspace of
HP. ThenM is S-invariant if and only ifM = 3HP for some inner functiors .






Chapter 1

| ntroduction

1.1 Some history

This monograph continues the study of tineariant subspacesf theHardy space H(Q)

of a bounded domaif c C (see Chapter 2 for a definition of the Hardy space). By the
term ‘invariant subspace’, we mean a subspace (i.e., aclogar manifold)M of H2(Q)

for which SM € M, where(Sf)(z) = zf(2) is the operator ‘multiplication by'.

WhenQ is the open unit disl) := {ze C: |z < 1}, a much celebrated theorem
of Beurling ([23, p. 135] or [35, p. 82]) says that every nomial invariant subspaca(
takes the formM = OH2(ID), where® is aninner functionmeaning tha® is a bounded
analytic function oD whose non-tangential boundary function has constant nusduie
almost everywhere ofiD. A similar result is true whef is a Jordan domain with smooth
boundary [33]. Whe is a finitely connected (bounded) domain with disjoint atialy
boundary contours - an annulus for example - the invariabsgaces oH?(Q) were
examined in a series of papers beginning with Sarason [@6tantinuing with Hasumi
[38], Voichick [77, 78], Royden [65], Hitt [45], Yakubovicfy9], Aleman and Richter
[7], Aleman and Olin [6]. Due to the ‘holes’ in the region, theare several types of
invariant subspaces to consider. First there are the ‘fioMgriant’ subspaces( which, by
definition, satisfy M C M for every rational functiom whose poles are off @ . In this
case [38, 66, 77, 78\ = OH2(Q), where@ is an inner function o2 meaning tha® is
a bounded analytic function a2 whose non-tangential boundary function has constant
modulus on each of the component)g§i. Then there are the invariant subspabésgor
whichrM c M for rational functions whose poles lie in certain components®f Q-
but not others. In this case [7, 45, 65, 79], the descriptich@seM depends on, amongst
other things, the behavior of the pseudocontinuation oftions across the holes.

The purpose of this monograph is to broaden the discussimeliade (simply con-
nected) slit domains,

N
Q:=D\{Jy, (1.1.1)
j=1
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wherey, ..., w are simple disjoint analytic arcs (see Chapter 10 for theipegechnical
restrictions on the arcs). See Figure 1.1 for an example.

Figure 1.1: A (simply connected) slit dom&ih

For example, perhaps the simplest type of slit domain toidensiere isG =D\
[0,1] (see Figure 1.2).

Figure 1.2: The slit domai® =D\ [0,1).

1.2 Invariant subspaces of the dlit disk

Before stating one of our main theorems, the complete dsmmiof the invariant sub-
spaces 0H?(Q) for slit domains, let us give some examples. For clearer gitipa, we
state these examples, as well as our main results, for th@esstit domainG. The results
for the more general slit domaigsin (1.1.1) are stated in Chapter 10.

The description of the invariant subspacesH3{G) depends on, amongst other
things, the behavior of the functions near the boundafg.dflere is where we encounter
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our first major difference between the case discussed prelyiavhere the domain was an
annular type domain, and our current case of the slit doi@aln the former case, when
computing the boundary function, the boundary is acces$ibm only one direction. In
the latter case however, part of the boundary - the slit - ig@ssible from two directions
- from the top and from the bottom of the slit. For edcls H?(G), the functions

fT(x) ::yin&f(xﬂy) and f~(x) ::yingif(xﬂy)

are defined for almost evesy< [0,1] and f*, f~ € L?([0,1],w), wherew is harmonic
measure foG. Furthermore,
ué%::anué%
r—1—

exists for almost everg and this function belongs t?(T, w), whereT = dD. In fact
(Proposition 2.3.4), the norm d#?(G) satisfies

12 :/’ 124 1£712) doo /)f%w.
e = [, (T P+ 1) dw [ 11

]

We will discuss these preliminaries in Chapter 2.

The first type of invariant subspacd$ C H2(G) to consider are those for which
H®(G)M C M, whereH*(G) is the set of bounded analytic functions@nBy realizing
that

H%(G) = {fogst: f e H3D)},
whereqs is a conformal map frond onto G (see the Appendix for a specific formula),
and using Beurling’s theorem, we can characterize th%5)-invariant subspaces by
means of ‘inner’ functions. We say a bounded analytic fuurc® on G is G-inner if
Oo @ is inner in the classical sense (the almost everywhere d@elinandary function
ondD has constant modulus one almost everywhere), or equilgldre boundary func-
tion defined byot, ®~, and®|T, as above, has modulus one almost everywhere. These
H®(G)-invariant subspaces are characterized in Propositiag &slfollows.

Theorem 1.2.1. Supposé\ is a non-trivial subspace of HG) such that
H®(G)M C M. (1.2.2)

Then there is a G-inner functid® such thatM = @H2(G). Moreover, for every G-inner
function®, the subspacal := OH?(G) satisfies (1.2.2).

The subspace®H?(G), where@ is G-inner, are not all of the invariant subspaces
of H2(G). To see this, we need only consider the class of invariargsades

M(p,E):={f €H?G): f" =pf~ ae.orE},

wherep : [0,1] — C is a measurable function arffl is a measurable subset ff 1].
Since convergence of a sequence in féG)-norm implies a subsequence converges
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almost everywhere odG, we see thal(p, E) is closed irH?(G) and, since the identity
functionz— zis analytic across the slj@, 1], M(p, E) is clearly invariant. The subspace
M(p,E) is never equal t®H?(G) for someG-inner function® sinceM(p,E) can not
contain bott® and®©,/z

Perhaps every invariant subspace takes the ®N{p, E). Though this seems rea-
sonable, it is not the case. Consider the functions fi¥#G) which have an analytic
continuation acrosf, 1). We will show in Corollary 6.1.8 that this class of functiaes
closed inH2(G) and is equal t6v((1,[0,1]). In fact, see (7.3.1) and Theorem 7.3.2, the
unit ball in this space forms a normal family @n Hence

Mo :={f e M(1,]0,1)) : f(0) =0}

is closed inH?(G) and is an invariant subspaceldf(G). Moreover, since the common
zero of Mg is at the origin, which is on slit and not i@ (where one could take it into
account using th&-inner function®), this space is not of the for@M(p,E). Note that
Mp can be equivalently described as

{f e M(1,0,1)): ; € HZ(G)}.

Furthermore, the functiol (z) = zis G-outerin thatF o ¢ is outer in the classical sense

of
d{

log|F o g(0)] = [ log|F o g(0)| 5

These examples indicate that the description of the inwasiabspaces depends on
the four parameter®, p,E,F. Our main theorem (Corollary 6.1.6 and Theorem 6.2.1)
codifies this as follows: Fag € (0,1), letGg :=D\ [—¢,1].

Theorem 1.2.3. LetM be a non-trivial invariant subspace of3G) with greatest com-

mon G-inner divisoi®,,. Then there exists a measurable setCHO, 1], a measurable

functionp : [0,1] — C and, given an¥ € (0,1), there exists a Gouter function k such
that

f

MOM-{f e H(G): =

&

€ H2(Gg), ft =pf~a.e.on E}. (1.2.4)

An alert reader might wonder why such a linear manifold defibg the right-
hand side of (1.2.4) is actually closed, i.e., a subspaceofm 1.2.3 does not say that
for any G.-outer functiong~ the linear manifold in (1.2.4) is closed. It just says that
given M there aresome G-outer functiond=: for which M can be written in terms of
these particulaFg’s (and the other paramete®s,(, p, andE). Furthermore, thé&;’s are
not unique. The set in (1.2.4) remains unchangdt ifs replaced by~F, whereF is
anyG-outer function satisfying & & < |F| < & < «. This somewhat mysterious outer
function also appears in the description of the invariabspaces of the Hardy space of a
multiply connected domain [6, 7, 45, 79]. Although thés are not unique, we will show
in Corollary 3.6.3 that the other paramet@rg, p, andE, are (essentially) unique.
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1.3 Nearly invariant subspaces

The main tool in proving Theorem 1.2.3, which turns out toriteriesting in its own right,
is the concept of a ‘nearly invariant’ subspace first expldng Sarason [68] and Hitt [45].
Indeed, as we shall see in Corollary 6.1.3)ifis an invariant subspace Bi?(G), then

Ni={foa t:feMm},

wherea is a particular conformal map fro@ ontoC \ v (see (2.3.8) below), is a nearly
invariant subspace ¢12(C \ y). HereC = C U {0} is the Riemann sphere and

y:a(dG):{eit :—ggtgn}.

We say a subspagéC HZ(@\ y), for which the origin is not a common zero for functions
in N, is nearly invariantif f/z< N wheneverf € N and f(0) = 0. Nearly invariant
subspaces have been, and continue to be, explored in vagtiigys [5, 7, 40, 45, 55, 68].
In fact, very recently, nearly invariant subspaces haven eampeared in mathematical
physics [51].

If ¢ is the normalized reproducing kernel at the originXgmve will show in Corol-
lary 3.3.1 that the operator

J:N=H2D)eLi(y,w), JIf= (%,fe— f%)

is an isometry. Herev is harmonic measure fd@ \ yand, forf HZ(@ \Y),
f| = f‘D7 fe = f|De.

In the expression,
fo— 1,2
oi
in the second component in the definition bf, we are using the appropriate almost
everywhere defined boundary functions, i.e.,

fe(¢) 1= lim 1(r0). £i(¢):= m (10), Cev.

If M denotes the operator dt?(D) & L?(y, w) defined by multiplication by the
independent variable on each component function, (ddh* becomes an invariant sub-
space foM; and we use the Wold decomposition fdp|(JN)* to describgJN)+. We
then use annihilators to describe(Theorem 3.1.2). Our description of the nearly invari-
ant subspaces &f2(C \ y) is the following.

Theorem 1.3.1. LetN be a non-trivial nearly invariant subspace of—f@\ y) with great-
estcommort\ y-inner divisor@y. Then there exists-outer function F, a measurable
set EC y, and a measurable functigm: y — C such that

N:@N-{f eHz(@\y):geHZ(D),fi =pfea.e. on E}.
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In Theorem 4.2.5 we describe the nearly invariant subsmfddé(@\ y) in terms
of the invariant subspaces of the backward shift operator

f—1(0)
Tz

Sf:

onH2(D). In Theorem 5.2.3 we describe the nearly invariant subspafid?(C \y)in
terms of de Branges-type spaces@hT.

1.4 Cyclicinvariant subspaces

We also study theyclic invariant subspaces #f2(G). By this we mean those invariant
subspaces which take the form

[f]:=\/{S"f :ne No}.

Here\/ denotes the closed linear spanHR(G) andNg = NU {0}. Not every invariant
subspace oH?(G) is cyclic. In fact,H?(G) is not a cyclic subspace [4, Cor. 3.3] (see
Example 8.2.13 for other examples). We have the followirsgiiteabout cyclic invariant
subspaces.

Theorem 1.4.1. If E C [0,1] is the measurable set corresponding to the (non-zero) in-
variant subspac@t from Theorem 1.2.3 an@, 1] \ E has positive measure thafi is not
cyclic.

Though not everyM is cyclic, we will show in Theorem 7.1.1 that eveM is 2-
cyclic.

Theorem 1.4.2. For an invariant subspac®( of H2(G), there are two functions, § € M
so that
M=\/{Z"f,Z'g: mn e No}.

In fact, one can také andg to be certain ‘extremal’ functions fdv(. In Theorem
7.1.2 we will determine, for generélg € H2(G), when the invariant subspace generated
by f andg is all of H?(G).

Theorem 1.4.3. If f,g € H?(G) \ {0}, then
\/{Z"f,2'g: mn € No} = H*(G)
if and only if f and g have no common G-inner factor and the set

0 gt
{XE 01 =g = g-<x>}

has Lebesgue measure zero.
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Though not every invariant subspaceHA(G) is cyclic, we can, under certain cir-
cumstances, compute the cyclic invariant subspéicesee Theorem 7.2.2).

Theorem 1.4.4. Suppose that both f ariy/ f belong to H(G) andp := f*/f~. Then
[f] = M(p,[0,1]).

The equality{f] = M(p, [0,1]) is not true in general (see Example 7.2.4).

In Corollary 6.1.3 we will show that every invariant subspad H?(G) is nearly
invariant. This implies, assumirfg # {0}, that for anyA € G, dim(M e (z—A)M) =1.
However, the analogue of Beurling’s Theoredoes not hold in the slit disk, in the sense
thatM e (z— A )M does not always generdié. This is simply because not every invariant
subspace ofi2(G) (H2(G) in fact!) is cyclic (see also Example 8.2.13).

1.5 Essential spectrum

It is known that ifSf= zf onH?(G), thena(S), the spectrum o8, is equal tadG~ =D~
[21, Prop. 4.1] and thate(S), the essential spectrum 8fis equal tadG [21, Thm. 4.3].
In Theorem 8.2.5, we compute the essential spectrusjXdf whereM is an invariant
subspace of1%(G).

Theorem 1.5.1. LetM be a non-zero invariant subspace of (&) and let AM) be the
set of points x [0, 1) with the property that there exists apd M such that f fy extends
to be analytic in a neighborhood of x wheneves M. Then we have

Oe(SM) = 9G\ AM).

Although every cyclic invariant subspace is contained(fp, [0, 1]) for somep and
Theorem 1.4.4 says that certain cyclic subspaces are obtheN((p,[0,1]), Theorem
1.5.1 enables us to do the following (see Example 8.2.13).

Theorem 1.5.2. There are measurable functiops: [0,1] — C for which the invariant
subspacé(p,[0,1]) is not cyclic.

As mentioned earlier, our results have analogs when thdatitainG =D\ [0, 1]
is replaced by a slit domain of the formin (1.1.1) (Theoreml1®). Our results also have
analogs when the Hardy spak(G) is replaced by the Hardy-Smirnov spagé(G)
(see (11.0.1)). Finally, we mention that in Theorem 7.3.2apply our main theorems to
describeP?(w), wherew is harmonic measure dd =D\ [0,1) andP?(w) is the closure
of the analytic polynomials i.?(w). Along the way, we compute the set of bounded
point evaluations foP?(w).

Lif one looks at the proof of Beurling’s theorem from the Prémone can see, for a (non-zero) invariant
subspacévl of H?(ID), that dim( M © W) = 1 and that the invariant subspace generatetvby 2V is M.






Chapter 2

Praliminaries

2.1 Hardy space of a general domain

In this chapter, we set our notation and review some elemefdats about the Hardy
spaces of general (simply connected) domains. Some goetknefes for this material
are [21, 23, 24, 32, 33]. For a simply connected don@irx C := CU {«}, we say
that an upper semicontinuous functionQ — [—oo, ) is subharmonidf it satisfies the
sub-mean value propert¥hat is to say, at each poiate Q, there is am > 0 so that

u(a) < /Oznu(aJrreie)g—i. (2.1.1)

If f is analyticonQ andp > 0, then|f|P is subharmonic. We say a subharmonic function
u has aharmonic majorantf there is a harmonic functiod on Q such thau < U on Q.
By the Perron process for solving the classical Dirichletydem [10, p. 200] [59, p. 118],
one can show that if a subharmonic functio# —c has a harmonic majorant, tharas
aleast harmonic majorant Un thatu < U <V on Q for all harmonic majorantg of u.

We say an analytic functioh on Q belongs to thédardy space H(Q) if the sub-
harmonic function f|? has a harmonic majorant . If zp € Q, we can normH?(Q)

by
1 fllh2(q) = /Yt (20), (2.1.2)

whereUs is the least harmonic majorant fof|%. By the mean value property for har-
monic functions (i.e., equality in (2.11) notice that eithet; > 0 orUs = 0 on Q.
Thus||f||42q) actually defines a norm 0H?(Q). Furthermore, we can use Harnack’s

inequality’ to show that different norming poings yield equivalent norms oH?(Q).
The following three simple facts will be used several times:

Ln fact [18, p. 260]u € C(Q) is harmonic orQ if and only if u satisfies the mean value property@n
2Harnark’s inequality: For fixed;,z € Q there is &C > 0 so thatC~*U () < U(z) < CU(z) for every
positive harmonic functiokd on Q [59, p. 14].
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1. Suppos®;,Q, are two simply connected domains@wandq) is a conformal map
from Q; onto Q,. If 7 € Q; is the norming point foH?(Q;) and ¢(z) is the
norming point forH2(Q,), the operator

frofop (2.1.3)

is a unitary operator frorhl2(Q;) ontoH?(Qy);

2. LetQ; C Qy andzy € Q1. Supposey is the norming point for botlh-lz(Ql) and
H2(Qy). If f € H%(Qy), thenf € H?(Q;) and

1T llh2(0y) < I fllhziy); (2.1.4)

3. Given a compact s& C Q, there is a positive consta@k, depending only o,
such that
112 <Cxllfluzq), z€K, feHXQ). (2.1.5)
In certain cases (see Proposition 2.4.13 below) one canastithe consta .
The inequality in (2.1.5) says th&t?(Q), when endowed with the norm in (2.1.2), be-
comes a Hilbert space of analytic functions@mwith inner product

(f,9) = Ut (20)Ug(20)-

By this we mean thail?(Q) is not only a Hilbert space comprised of analytic functions
onQ but the natural injection: H2(Q) — Hol(Q) (the analytic functions o® endowed
with the topology of uniform convergence on compact setspigtinuous. The inequality
in (2.1.5) also says that for each fixed Q, the linear functionaf — f(2) is continuous
and so, by the Riesz representation theorem, therk,ig &1%(Q) such that

(f.k)="f(2) VfeH?Q).
ThusH?(Q) is areproducing kernel Hilbert spac&Ve will see in a moment that the inner
product(f,g) can be represented as an integral.

WhenQ is the open unit disk, there is a more classical, but equivalent, defini-
tion of H2(D) in terms of integral means. Indeed, as mentioned in the Rkeaat the
beginning of this book, an analytic functidron D belongs taH?(ID) if and only if

an 9,200

su f(re'®)2= < o.
0<r<pl 0 ‘ ( ) 2n

In fact, if we take the norming point in (2.1.2) fef?(D) to bezg = 0, we have

2n 9,200
f 2 — f i0 2_'
£l = sup [ 1fe) 5
The classical theory of Hardy spaces [32] says that éachl?(ID) has finiteradial limits

f(€9):= lim f(re') (2.1.6)

r—1-
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for almost everyd and

2m  igy200
2 _ 6y29Y9
1B = [ 115 @17)
If .
f(2)=Y an",
2
a simple computation will show that
1122 =Y lanl (2.1.8)
H?(D)
n=

If the domainQ is particularly nice, for example a Jordan domain with pigse smooth
boundary, the same sort of identity in (2.1.7) occurs exttegitarc length measure on the
circle is replaced by harmonic measupg (with norming pointzg) on dQ. See (2.2.7)
below.

We will also discuss thelardy-SmirnowlassE?(Q) [32, 58, 73] of analytic func-
tions f on Q with the property that there exists a sequefen=1 of rectifiable Jordan
curves which exhau§) (meaning that the curves eventually surround every congodoct
set 0ofQ) such that

sup/ |f|?ds < oo.
n Jy

In the abovedsis arc-length measure. A theorem of Keldysh and Lavren[&; . 168]
[47][58, p. 146] [73]) says that € E2(Q) if and only if for any conformal magp: D — Q

sup/ |f|2ds < oo.
o<r<1/o({|z]=r})

Since this last condition is independent of the choice of@onal mapgp, we can set

1/2
f —( su f2ds> . 2.1.9
1fllezqo (o« o[ (2.1.9)
In other words,

f € E3(Q) < (fo@)(¢)Y? c HY(D). (2.1.10)

If ¥ := @1, one can show that
HX(Q) = (¢) "?EX(Q).

In fact [32, p. 169] [76]E?(Q) = H?(Q) ifand only if 0< m< || <M < w0 0onQ. If Q

is bounded by an analytic curve, then, by basic propertiemnformal maps, the above
condition holds and sbl?(Q) = E?(Q). Roughly speaking, whedQ has a ‘corner’ (as
in the case of a slit domaini?(Q) # E%(Q). See below for a more detailed discussion
of ‘corners’. We direct the reader to [32, 48, 76] for a digias of E2(Q) for multiply
connected domains. These Hardy-Smirnov classes will agpsh as a technical tool
(see the proof of Theorem 7.2.2) as well agfversions of our main results fét? (see
Chapter 11).
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2.2 Harmonic measure

Some nice sources for this are [24, 36, 59]. We follow [59}. &bounded Borel function
h:9Q — R let
(Ph)(2) :=supu(z), z€Q,
u

where the supremum is taken over all subharmonic functiarsQ such that

limsupu(z) <h({) V{€0Q.

z—(

The functiorPhis called thePerron functiorassociated with and is a bounded harmonic
function onQ. We are assuming th& is simply connected. If we also assume tGatQ
contains at least two points - which will definitely be theeagre - ther is aregular
domainin that for anyh € C (9Q), the continuous real-valued functions @2, we have

Iin}(iPh)(z) =h({) VY{e€0Q,

77—

i.e.,Phis the solution to the Dirichlet problem with boundary data
One can show, for a fixed poigg € Q, that the map

h— (Ph)(20)

is a positive linear functional 0@k (dQ) of norm one and thus, by the Riesz representa-
tion theorem, there is a unique probability measuggon dQ such that

Ph = hday,.

(Ph)(z0) = | hd,

This unique measurey, is called theharmonic measuréor Q at z5. When we need

to emphasize the domaid, we will use the notatiom,, o. When the poinizy and the

domainQ are clear from context, we will drop these subscripts andaedenotew,, o.
From classical harmonic analysis, we know, fice Cg (T), that the function

1-12?
2 [ T gahan(a),

wheredm= d8/2rris normalized Lebesgue measure on the unit ciitte D, is har-
monic onD and is the solution to the Dirichlet problem with boundaryeda Thus

_1-|nf
1{ — 20

is harmonic measure f@ atzp € D. Observe thatiwyp = dm
Here are a few basic facts about harmonic measure we willeyega times:

dwy,n dm (2.2.1)
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1. For anyzy andz; in Q, the measuresy, andw,, are boundedly mutually absolutely
continuous, i.e., there is@> 0 such that

for every Borel seE C 9Q.

2. If Q is a Jordan domain with piecewise analjtmoundary andp: D — Q is an
onto conformal map (withy := ¢~1), Carathéodory’s theorem [57, p. 18] says that
@ extends to a homeomorphism frdim onto Q. Furthermore [57, p. 48, 52§
extends to be continuous and non-zerdonexcept for a finite number of points on
T, which turn out to be the inverse images ung@f the ‘corners’ 0fdQ. Changing
variables and using the definition of harmonic measure slioats

Wp(z),0 = Wro. 0 © Y- (2.2.2)

Now one can use (2.2.2) along with (2.2.1) and Jacobianstw gat

ds
dwy(),0 = |LIJ/|ZT7 (2.2.3)

wheredsis arc-length measure aif.

3. If ¢(0) is replaced by some other pomte Q, we get

1 1_‘4’(20)‘2 ! /
0= 2nlp@ - wp ¥ DI IYIAS (224

Let us make a few comments about estimates harmonic measusaraJordan
domainQ with piecewise analytic boundary. We follow [4, Lemma 218]A € 9Q and
dQ is smooth neak (i.e.,A is not one of the ‘corners’ a#Q), theng not only extends to
be continuous o~ (via Carathéodory’s theorem) byt extends to be continuous (and
non-vanishing) up t®uUJ, wherel is some arc of the circle containing(A ) [57, p. 52].
Soin this case,

dw,, < ds

nearA. On the other hand, § € Q is a corner with angl® < (0, r7], then the map
zr> (z—A)V0 (2.2.5)

maps a regiotiR, C Q (see Figure 2.1) near to a domain with smooth boundary near
the origin.

3Just to be clear, a cunfeis analyticif it can be parameterized by a functiaft) on[a,b] such thac is an
analytic function oft at every point ofia,b] andc/(t) # 0 for all t. A curvel is piecewise analytidf it is the
finite union of analytic curves. In all of what we say belowiegewise analytic’ can be relaxed to 'piecewise
Dini smooth’. See [57, p. 52] for a definition. In this monagfnathough, all of our boundary curves will be
essentially piecewise analytic.



14 Chapter 2. Preliminaries

Figure 2.1: The piecewise analytic Jordan don@iwith a corner afA.

Hence the map
2 (p(2) - A)™°
mapsD N Y (R,) to a domain with smooth boundary near the origin. By what veéd s
above

< d—z((p(z)f)\)"/e <C

L
C
neary(A). Thus we get
W@ =|z-AlF 7 zeRy, (2.2.6)
and so using (2.2.4) we have
day, =< |z—A|81ds

near the cornek.

With Q a Jordan domain with piecewise analytic boundary, eehH?(Q) has
a finite non-tangential limit almost everywhere 8 and, analogous to (2.1.7) in the
H2(D) case, we have

111y = I Pde @2.7)

wherew = wy, o andz is the norming point foH2(Q). If f € E%(Q), thenf also has a
non-tangential limit almost everywhere 8@ and

1Bz = [ If%ds

2.3 9Slit domains

The domains considered in this monograph are not Jordanidsiat slit domains and
hence the formulain (2.2.7) needs to take into account wéidd of the slit one views the
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boundary function. There is a general theory about thisluing the ‘Martin boundary’
[39]. However, since the slit domains we consider here argcparly simple, we can
compute the norm directly in terms of the boundary function.

The first type of slit domain we consider is the slit disk

G=D\0,1).

Using a sequence of standard conformal maps (see the Appeode can produce a
conformal map
w:D—G (2.3.1)

such thatp; maps the arc
_Jdo.gcg<c T
1={e%:0<0< 2}
to the ‘top part’ of the slit, while mapping

J:{e*‘9:0<e<’—27}

to the ‘bottom part’ of the slit (see Figure 2.2).

Figure 2.2: The conformal mags : D — G. Notice how the ard gets mapped to the
‘top’ of the slit while the arcJ gets mapped to the ‘bottom’ of the slit.

We are now ready to express the normrb#(G) in terms of the boundary function.
Whenf € H2(G), recall from (2.1.3) thaf o ¢z € H2(ID) and so by conformal mapping
and the fact thaf o gz € H?(ID) and thus has finite radial limits almost everywhere, we
see that the limits

fr(x) = yir& f(x+iy) and f~(x):= y[rgf f(x+iy)

exist for almost every € [0, 1].
Moreover (see the Appendix), we have the identity

(€% =gs(e ), 0<O<2m (2.3.2)
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From here we see thatiic = ¢5*, then
\(%)+(X)\ =|(ge)~ ()|, 0<x<Ll (2.3.3)
Proposition 2.3.4. For f € H%(G),

2 Lz ey e 9% 2 ez 98
Ur(@a(0) = 1 fleey = [ (1717 ) Wblgm+ [ 1116155

where U is the least harmonic majorant of f angg(x)| is the common value of
(W) (¥)| and|(yg) ™ (x)| from (2.3.3).
Proof. For f € H?(G),

IflZee = IIfo @il
de de 37T/Z de
_ 2do 2do 2
- /‘fow +/—”o"’d 2n+/ %l 27'[
de
_ £+ 21y ==
= [P e /\fuwe| Pt 5o
The result now follows from (2.3.3). O

Sincegs is not injective on parts df, @z no longer extends to be a homeomorphism
betweerD~ andG~. Thus the identity

Wy;(0),6 = Wopo Y

no longer makes sense and must replaced by

Wee(0),6 = Wopo Y +wppo P~ +awppo Y|T.

By change of variables and using (2.3.3) we get
1 1.
An analysis of ;| (see (2.3.16) below) will show that
dwg,0) 6 = |&]7?& - 1/ds (2.3.6)
Another type of slit domain we will consider in Chapter 3 is
= 4. T
C\y, y.f{e' : zgtgrt}. (2.3.7)

Consider the conformal map

a(z):= (2.3.8)
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A routine exercise with composition of several standardf@onal maps (see the Ap-
pendix) shows thatr mapsG ontoC \ y anda (i(1— v/2)) = . Also notice that

a(T)=y :={e':0<t <,
a([0,1]) =y = {ét 3 i< }
a([-1,0) =y” ::{ <t 7"}
(see Figure 2.3). Furthermore[lf, := DN {0z> 0} andD_ :=DnN{0z< 0}, then

a@_)=De:=C\D~, a(Dy)=D
(see Figure 2.4).

.
yu/ y'/
—i

Figure 2.3: The conformal map : G — C\ y. Note thaty’ = a(T), y = a([0,1]), and
y" =a([-1,0).

/N

Figure 2.4: The conformal map: G — @\ y. Note thata (D) =D anda (D_) = De.
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Finally, we have the identity
a@®) =a(e®), o<o<2m (2.3.9)
For f € H2(C)\ y), define
fi(z2):=1(2, zeD and fg(2):="f(2), z€De. (2.3.10)
If fe HZ(@\y), use the conformal map
cg,::o{oqb:]D—M(AZ\y (2.3.11)

and the fact thaf o @, belongs taH?(ID) and thus has radial limits almost everywhere to
see that the limits

fo(€) := lim f(re®) and f(€9):= lim f(re')

r—1t r—1-

exist almost everywhere. Use the proof of Proposition 2&8aehg with the identity
@ (e =q/(%, 0<O<2m,

(which comes from (2.3.2) and (2.3.9)), and the above fdmsitthe conformal mapgs
anda, to prove the following.

Proposition 2.3.12. For f € H(C )\ y),

52 (T 52 2y 1196
U (@0 = 115y, = [, (624116 14515

wherey, := g L.

By (2.3.16) one can show that

o e 1
dwy 0,2y = Wyl 5 = 18 +1] /21& +i| Yds (2.3.13)

The next types of domains we consider in Chapter 5 are a nestdiclass of do-
mains of the form

Q:=D\T,
whererl is a simple analytic curve which meélsat a positive angle (see Figure 2.5).

Let i be the endpoint of in D andA the endpoint of in T and 8 be theacuteangle
betweer” andT atA.
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Figure 2.5: The slit domaif = D\T.

An analysis similar to the one used to derive the estimat@.i2.§), but with the
domainR, replaced separately by domaﬁa; (near the top of the slit) an@, (near the
bottom of the slit) and away from the other endpgin{see Figure 2.6), will yield the

estimate .
z—Ale7t,  zeRf;
/ Z)| < | s ’ A’ 2314
@) { lz—A|7=8 1, zeR;. ( )

whereg: D — Q andy := ¢ L.
To get an estimate di}/| nearu (the endpoint of” in D) we replace the map in
(2.2.5) with the mag — (z— u)Y/? and do the same analysis as before to get
@] =< |z— |2 (2.3.15)

whenzis nearu. Combining (2.3.14) and (2.3.15) we get

(W)F (&) = |E—pYHE-A|T 7Y (2.3.16)
(W)~ ()] = |E—p["Y3E—A[7o 2

The identity
Wy(0),0 = Wop oY +wpo~ +awypo YT

yields

ds ds de

_ A - N\ — et / )
dwyo,0 = (W) "5 + (W) |5 +1W/|To
from which follows an estimate of harmonic measure near traars ofdQ. If the an-
gle 8 is /2 then|(Y" )" (&) < |(¢)~(&)]. When8 # /2, | ()T (&)] is considerably
different than|(¢/)~ (&)
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Figure 2.6: The regiong; andR; .

Following the proof of Proposition 2.3.4 we get that

ds ds deo
— 2 _ +12 N+ 22 =121 /1 22 20,122
Ur(9(0) =1 a0y = L1 FIW) 15+ [ FIw) 15+ [R5
(2.3.17)
and remark that iB +# 11/2 the first two integrals can not be combined and so the identit
in (2.2.7) is no longer valid but must be interpreted as inideatity in (2.3.17).

2.4 Moreabout the Hardy space

If Q c Cis either a piecewise analytic Jordan domain or one of theaithains P\ I or
@\ y) considered previously, let be a conformal map frof ontoQ andy == ¢~1. An
analytic functionf onQ is Q-innerif f o @is innerin the classical sense, i.[d.¢ ¢({)| =
1 for almost every € T, andQ-outerif f o @ is outer in the classical sense, i.e.,

log| T 9(0)| = [ log|fo(2)ldm().

It is well-known [32, p. 24] that everyf € H?(D) can be factored, uniquely up to a
unimodular constant, aé = IF, wherel is D-inner andF is D-outer. By conformal
mapping, we see the following.

Proposition 2.4.1. Every fe H2(Q) can be factored uniquely, up to a unimodular con-
stant, as f=IF, where | isQ-inner and F isQ-outer.
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ForH?(Q) or EP(Q) of a multiply connected domain, factorization is more iweal
[48, 76].
If f € H?(D))\ {0}, a classical theorem of Riesz [32, p. 17] says that

log|f| € LY(T, m). (2.4.2)
By a change of variables, there is an analog of thisféfQ): if f € H?(Q)\ {0}, then
log|f| € LY(0Q, w"). (2.4.3)

This notation requires some explanation. Wligiis a piecewise analytic Jordan curve
(2.4.3) means

/ llog| f||de < .
oQ
WhenQ =D\T, (2.4.3) means

ds ds de
+ N+ 99 — n—| 9 T
J10g T 1w 5+ [ log| 1114 |5+ [ l1ogl 111915
is finite. WhenQ = (E\ ¥, (2.4.3) means

de
3 /
/y(llog\f.\l+|l0<;1|fe|\)|tlfy\—27T

is finite.
Define theNevanlinna class

f
N(Q) := {6 . f,ge H”(Q),g;éo}
and theSmirnov class
NT(Q) = {é :f,ge H®(Q),gis Q-outer}. (2.4.4)

Using Beurling’s theorem and conformal mapping (see Pritipas.1.2 below) it
follows thatf € H*(Q) is Q-outer if and only if

clos42<9>{hf ‘he H®(Q)} = H2(Q).
From here we get the following (see the proof of Lemma 3.4.12)

Proposition 2.4.5. Suppose;,Q, are simply connected regions afy C Q. If f €
H>(Q,) is Qp-outer then Q3 is Q;-outer and consequently we have the containment
N+(Qz)|Ql C N+(Ql).

We will make many uses of this next theorem due to Polubas@md Kochina [58,
p. 80] (see also [32, p. 28]). Fdre N (D) let f|T denote the non-tangential boundary
function of f - which exists almost everywhere.
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Theorem 2.4.6. LetO< p< o and fe NT(D). If f|T € LP(T,m), then fe HP(D).
For 0< p < o, define the Hardy class

HP(Q) := {f € Hol(Q) : | f|P has a harmonic majorant &} (2.4.7)

and the Hardy-Smirnov class,

EP(Q) = {f € Hol(Q) : (o) ()P e HP(D)} (2.4.8)
_ : Pds< oo
{f € Hol(Q) 'oilrj<pl o({ir) |f(2)|Pds< },

whereg is a conformal map frord ontoQ. As mentioned earlier, we have
HP(Q) = (@) V/PEP(Q) (2.4.9)
and
HP(Q)=EP(Q) = 0<c<|P|<C<oonQ.

Functions inHP(Q) andEP(Q) have finite non-tangential limits almost everywhere with
respect to arc-length measure and the boundary functi@mysltoLP(9Q, w*) - when
the function belongs t&1P(Q) - or LP(9dQ,ds) - when the function belongs ®&P(Q).

As before (see (2.4.3)), whe@ is a piecewise analytic Jordan domain, the condition
f10Q € LP(Q, w*) meansf|dQ € LP(0Q, w). WhenQ =D\ I, we mean

LI It (1P 155+ [ P15 <o
WhenQ = C\ ywe mean
L8P+ 15 5 <
By a change of variables, one can prove the following gerzat@dn of Theorem
2.4.6.
Proposition 2.4.10. Suppos® < p< » and fe€ NT(Q).
1. If f|0Q € LP(0Q, w*), then fe HP(Q).

2. If f|0Q € LP(9Q,ds)%, then fc EP(Q).

For f € HY(DD), there is the following version of the Cauchy integral foten{82,
p. 41]:

f(z) = %fg;(—f)zdz, zeD. (2.4.11)

There is also a generalization of this formula E(Q) [32, p. 170].

“WhenQ is a slit domain, we need to take into accodifitand f~ (or f; and fe) in the above integral.



2.4. More about the Hardy space 23

Proposition 2.4.12. For f € EX(Q),

_ 1 f(&)
f(z)_ﬁ aQE——ZdE’ zc Q.

WhenQ is a slit domain, we need to take into accodiritand f~ (or f; and f)
in the above integral. We can now use the iderti(Q) = (¢/)~YPEP(Q) along with
the Cauchy integral formula in Proposition 2.4.12 and &titc[32, p. 36] involving
inner-outer factorizations to establish the followingiise estimates.

Proposition 2.4.13. If f € EP(Q) then

[ fllerq)
FA) <C— Q) __ 5 g
TOI<Clgsmr.a0)7m €

If f € HP(Q) then

[ fllueQ)
f(A) <C - Aee
[£(A)] |@/ (A)|Y/P(dist(A,0Q))L/P )

The above proposition implies that functions in the unit b&IHP(Q) or EP(Q)
form a normal family oQ.






Chapter 3

Nearly invariant subspaces

3.1 Statement of the main result

For a general domaif c C, a subspaceN C H2(Q) (not necessarily invariant) is said
to benearly invariantif there is some\p € Q such that whenevefr € N and f(Ag) =0,
then f

Z—)\o

The following useful proposition, found in [7, Prop. 5.1&ys that we need not single
out a particulai.

eN.

Proposition 3.1.1. If N is a subspace of HQ), then the following are equivalent.
1. Nis nearly invariant.
2. If Z(N) is the set of common zefosf functions irN, then

f
Y eN

whenever fe N andA € Q\ Z(N) with f(A) =0.
3. Forany fgeN,
f
f——(A
g( )9
Z—A
whenevel € Q\ Z(N) and gA) #0.

Nearly invariant subspaces B°(D) were first explored by Sarason and Hitt [45,
68]. They proved the following theorem: L&t be a nearly invariant subspacetdf(ID)

eN

1Recall from the introduction that a subspace will bei@sedlinear manifold.
%ie., Z(N) = Nex F1({0)).
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and letfy be the unique function of unit norm N which maximized1 f (0). Then there
is a uniqueD-inner function® such that

N = fy- (H4(D) © OH(D)).

More recently, nearly invariant subspaces have appeardtkistudy of invariant sub-
spaces oHP(Q) for regionsQ with ‘holes’ [7, 45], surjective Toeplitz operators on
H2(D) [37], inverse spectral theory [55], derivation invarianbspaces o€ [5], and
mathematical physics [51].

__Our main theorem of this chapter characterizes the neavhrient subspaces of
H?(C\ y). Recall from (2.3.7) that
St Tt o
y: {e‘ =3 \t\n}.
Theorem 3.1.2. LetN be a non-trivial nearly invariant subspace of—f@\ y) with great-

est commo@\ y-inner divisor®y. Then there exists-outer function F, a measurable
set EC y, and a measurable functigm: y — C such that

N=0y- {f cH3(C\y): 2 € H2(D), fi = pfea.e.on E}. (3.1.3)

Remark3.1.4 1. The functiond and fe were defined in (2.3.10).

2. Theorem 3.1.2 is still valid when the aye= {€' : —11/2 <t < 11} is replaced by
any proper sub-arc d@f.

3. Itis easy to check that when the linear manifold definedhyright hand side of
(3.1.3) is closed, it is a nearly invariant subspace. We edsoark, as discussed
following the statement of Theorem 1.2.3, that Theoren23dbes not say that for
any ID-outer functionF, the linear manifold defined in (3.1.3) is closed. Rather, it
says that for a given nearly invariant subspaGehere is aD-outer functionF for
which the linear manifold in (3.1.3) is closed, i.e., a sidrsp
The rest of this rather long chapter will be devoted to theopod Theorem 3.1.2.

In Chapter 6, we will use this theorem, together with a camf@irmapping trick, to char-
acterize the invariant subspaces of the slit don@&ia D\ [0,1) (see Corollary 6.1.6 and
Theorem 6.2.1).

3.2 Normalized reproducing kernels

In what follows,N will be a non-trivial nearly invariant subspace}d?(@\ y) such that
the pointsz= 0 andz = « are not in the common zero set df 2 and ¢ will be the

3If this is not the case, one can always consider the nearbyimnt subspac®\’ := N/Bo (pgl whereq,

is a conformal map fror onto C \ y andB is theDD-Blaschke product with zeros Wl(O) and (pgl(oo) of
appropriate orders.
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normalized reproducing kernel ) at the origin. More precisely, the linear functional on
N defined byf — f(0) is continuous (and non-zero) and so, by the Riesz represamta
theorem, there is ' € N such that

f(0)=(f,k)") VfeN.

If we define N
b=
ko
theng € N and satisfies the two identities
%(0):<f,¢> vfeN, (3.2.1)
(¢.9)=1 (3.2.2)

This normalized reproducing kernglis often called the ‘extremal function’ fa¥ since
it is the unique solution to the extremal problem

sup{dg(0) : g € ball(N)}.

One proves this by a variational argument [42]. Extrematfioms have played an im-
portant role in studying invariant subspaces in variousregs [7, 8, 28, 29, 30, 42, 49,
61, 62, 63, 74] and they will play an important role here.

We will also need the normalized reproducing kernel funcfar N at oo,

_ K
Y e
Here we have
%(oo) = (f,g) vieN, (3.2.3)
W) - 1

By the definition of nearly invariant, (2.1.5), and the cldggaph theorem, one can
show that the operatdr: N — N

f—4(0 _
Lf:= 500 _1-(f.0)¢ (3.2.4)
z z
is bounded. There is also the companion opefatdN — N
f
Rf:z(fa(oo)(,u) =z(f = (f,P)y). (3.2.5)

Before discussing some specific properties of the opetativere is the following
nice relationship betweeRandL.
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Theorem 3.2.6. LetN be a non-trivial nearly invariant subspace o?f@ \ y) and let¢
and  be the extremal functions f@f considered above. Then we have the following.

1. I"=R;
2. IfA e @\yand k}“ is the reproducing kernel function foY at A, then

K (2) = ¢(’\)¢(Z)1*_’\XZZ’(A)"’(Z), 24 1/7. (3.2.7)

Proof. Since(Lf, ) = (Lf)(») =0forall f € N, we can say, for any,g € N, that

(Lf.g) = <Lf,g%<w>w>. (3.2.8)

Since the inner product dﬂz(@ \ 'y) is given by
L de
(1= [ (15 + )i,

(Proposition 2.3.12), we can use the fact that1/zfor z< T to see that the quantity on
the right hand side of (3.2.8) is equal to

(1-500.2(a-Sew) ) =(-504.Re) (f.Ra.

The last equality follows since

(Rg.¢) = Fff‘(@ —o.

This shows thal* = Rwhich proves statement (1).
To prove statement (2), we compﬂﬁﬁﬁ“ in two different ways. From the definition
of L and the reproducing property b}’f we have

and so, replacing with a reproducing kernek) € N and using the trivial identity
kKN(A) =K (2), we have

LR~ LR — R — S,

On the other hand, from the identity = R, just shown above, we have
G =2 (KT,

The formula in (3.2.7) now follows by equating the above tweoniulas forL*ki‘f and
solving fork)". O
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Corollary 3.2.9. For eachA € C \ y we have the following.
1.

dM)9(1/2) = p(A)Y(1/A).

2. If|A] <1, then
AllgA) < [¢(A)]
while if [A| > 1, then
AlYA)] = |9 (A)].

(K /9) e H*(D) while (KY/W)e e H*(De).

4. N is the smallest nearly invariant subspace cﬁ‘(l@ \ y) containing¢ and .

Proof. The proof of statement (1) follows from the fact that silké);“éis analytic at ;IZX,
the numerator in the formula fclaclf\\r - see (3.2.7) - must vanish wheg- 1/X. Statement

(2) follows from (3.2.7) and the fact thif¥ (A ) = ||k}¥||2 > 0. Statement (3) follows from
statement (2) and (3.2.7). Finally, to prove statementugg,(3.2.7) to prove the identity

o 9S-I
A 1 3 :

Certainly the second summand above belongs to the neadyiami subspace containing
¢ andy. As long as ¥ is not a common zero fdX, the first summand belongs to the
nearly invariant subspace containifigand ¢ since the numerator belongs to this space
and, via statement (1), the numerator vanishes-atl/A. The result now follows since
finite linear combinations of the reproducing kernékg’ : 1/A ¢ Z(N)} are dense in
N. O

We now focus on properties of the operdtatefined in (3.2.4).
Proposition 3.2.10. The operator L in (3.2.4) is a contraction 6%

Proof. For f € N we can use (3.2.1) to get

f:%(O)d) +zLf = (f, )¢ +zLT. (3.2.11)

This shows, by rearranging the terms in the above equatiatzlt f € N and moreover,
by (3.2.1) and (3.2.2),

<ZLfv¢> - <f 7<f7¢>¢7¢> =0
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and sog L zL f. This yields

112 = (f.6)
((F,0)¢+zLE (T, 9)¢ +2Lf)
(£, 9)[7 + 2L f||?
> |lzLf|?
= |LfI7

where the last equality follows from the integral definiti(Proposition 2.3.12) of the
norm onH?(C )\ y). ThusL is a contraction of\. O

Our approach to describing the nearly invariant subspa‘cldé(@\ y) is similar to
the one in [7] and is essentially based on a formula reldfifipto the values of f /§);.
To do this, let us first note that sinteis a contraction (Proposition 3.2.10), the spectral
radius formula says that the spectrum_.aé contained irilD~. Thus for everyA € D the
operator(l — AL)~! exists and, by verifying the identity

_f
Lf=(1—AL) (%)

f—5()9
o - _ [

Remark3.2.13 The alert reader might have some concern over the expression

we have

(3.2.12)

s

in the above formulas wheh € ¢ ~1({0}). However, notice that the above formulas are
certainly valid forA € D\ ¢ ~1({0}) and for thes&'s we have
i(/\) _ ALy f)(0)+ f(0)
¢ ¢(0)
By spectral theory, the (far) right-hand side of the aboywession is an analytic function

onD (sincelL, = (I —AL)~1L is an operator-valued analytic function B). Thusf /¢
extends to be analytic db.

Lemma3.2.14. If f e N and|A| < 1then

2
+ (1= [AP)|ILy |2 —20(F,AL, ). (3.2.15)

=ALat,¢)+(f.¢).

T

2 _
T \¢

In particular,
— ecH4(D) and ||—
bi (D) bi

<l
H2(D)
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Proof. To prove the formulain (3.2.15), ldte N andA € D and start with the formula

—%(A)d{

Lyf= )

Manipulate this to get

zZLf=1— %(/\)cp +AL,f.
Now use the identityizL, f|| = ||L, f|| (Proposition 2.3.12) and the previous formula to

get
f 2 5
f—a(x\)¢+/\LAf =L, f|%

Write the left hand side of the previous equation as an innedyxt, i.e. || - [|? = (-,-),
and then multiply it out to obtain

f

< 2
1P — 20 (—<A><f,¢>) n \%m o0 <f —£<A>¢,Am> — (- PP 2

¢
We know from (3.2.1) that fok # 0,

(@ ALy ) = (%) Fay -2

Combine this with the previous equation to obtain the idgimi (3.2.15).
To show that(f /¢)i € H*(D) and|| fi/il|z(m) < | f[|, use the formulain (3.2.15)
to get

o2 foo?
‘5(” < ‘5(” A PAPAL TP

= ||f||2+20(f,AL, f).

This says that the subharmonic functidii¢ |> on D has a harmonic majorant
A || FI2420(F,AL, f)
whose value at the origin i$f||2. Note the use of Remark 3.2.13 in saying thdt is

analytic andA — U(f,AL, f) is harmonic orD. The inequality| f /¢ [|y2(p) < || f|| now
follows from the identity

HgHaZ(D) =Ug(0), ge HZ(D)v

whereUyg is the least harmonic majorant gf a
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This next result is the key step in proving Theorem 3.1.2. hatfollows,

W= g\ y.q,0)

will denote harmonic measure f@\ y at ¢(0), whereg: D — @\ y is the conformal
map from (2.3.11).

Theorem 3.2.16. For every fe N we have

112 = ——¢e dw

The proof of this theorem requires a technical lemma. Let
1-|z?
IZ [{—2’

be the Poisson kernel and recall a classical theorem of [Fa32pp. 4] which says that for
eachf € LY(m),

P({) = zeD, €T,

im | HQP(Q)dmZ) = () aefeT. (3.2.17)

r—1-

It is also well known [46, p. 33] that the above limit holds metL! norm. A slight
generalization of this is the following.

Lemma3.2.18. For each fg < H?(D), there is a sequencg 1" 1 such that

im | 1(rmd)3(Tnd)Rre (M) = F(§)a(E) aef eT.

nN—oo

Proof. Forr € (0,1) andh € LY(m), defineh, ({) :=h(r{) onT. By the Cauchy-Schwarz
inequality,fg € HX(D) and so [32, p. 21]

frgr — fginL(m) asr — 1-.

Furthermoreg, — g almost everywhere as— 1~. The identity

G — fg = (fror —fg) - X -~ 19 (gr - 9)
O 9

along with the above observations and the dominated coemeegtheorem will show that
figr — fg inL'(m)asr — 1. (3.2.19)

Forr € (0,1) and€ € T, let

F8) 1= [ Q8@ - 100(0)) e (€)dmi).
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By reversing the order of integration and using (3.2.1®9nglwith the identities

Pe(Q) =PRel@). [ Pe(&)dme) =

we see thaE (r,-) — 0inLY(m) asr — 1. Thus, for some sequence’ 1, F(rn, &) — 0
for almost ever¢ € T. Combine all this with Fatou’s theorem (3.2.17) to comptée
proof. a

Proof of Theorem 3.2.16Start with the identity

111 = (L= AP)ILAfIZ = 20(f, ALy )

o]

from (3.2.15) and leA = r{, wherer € (0,1) and{ € T. Now integrate with respect to
(normalized) Lebesgue measuhe= df8/2mon T, and use the mean value theorem for
harmonic functions on the last term to get

112 = [ |50

Use the fact from Lemma 3.2.14 thdt/ ¢ ); € H2(D) and take a limit as — 1~ to obtain

am(@)+ (112 ) [t F12am@).

2
112 = g + om0 I fIEam). (3.2.20)
]D) g

Note that the second term on the right hand side of the abasetieq, without including
the limit, can be written (by reversing the order of integmtand using the identity

Pr{(z) = Pr{(f)) as
a-m [ ||erf||2dm<z>

-/ (‘ 5O

Use the fact thatf /¢ )i € H?(D) (Lemma 3.2.14) along with Lemma 3.2.18 and Fatou’s
lemma, to obtain

2

<z>—£<rz>¢e<z>

2
) Pe()dm()dw(&).

dw

112> ——¢e

&l

The previous inequality says that the map

(et

is a contraction fronN to H2(D) & L?(y, w). In order to show this map is isometric, it
suffices to show it for a dense subsetafin particular, we will show in a moment that

H2
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this map is isometric on the subset b N for which (f/¢); € H*(D). However by
Corollary 3.2.9, this set contains all the finite linear camaltions of reproducing kernels
for N - which are dense itN. The fact that this map is isometric on sutiollows from
(3.2.20), the equality following (3.2.20), Lemma 3.2.18ddhe dominated convergence
theorem. O

3.3 Theoperator J

Let She the unilateral shift ol := H2(D), i.e.,

(Sh(2) = zh(2)

andT be the operator of multiplication b§ on L?(y, w), i.e.,

(TR = Q).
Observe that H o
st ="2"" ang (1) =Tk2).

Define
M, H?2 @ L (y,w) — H?@ L% (y,w), M;:=SaT.

Corollary 3.3.1. The map 3N — H?@ L2(y, ) defined by

(o b

is an isometry andJN)* is an invariant subspace for M

Proof. The first part is just a reformulation of Theorem 3.2.16. Te #& second part,
note that

i i )>
Lf= (ST (fo— -t —M;If, feN.
< bi <e ¢i¢e ¢

SinceL N C N, we see thaiN is M -invariant and S@IN)* is Mg -invariant. O

The proof of this next lemma needs a fact about Cauchy tramsfdnown in vari-
ous circles as ‘Fatou’s jump theorem’.fifc L(m), the Cauchy transform

(Cf)(2) = /T ;(—E)de(Z) (3.3.2)

is an analytic function oft \ T. Classical function theory [32, p. 39] says ti@tf); ¢
HP(D) and(Cf)e € HP(De) for all 0 < p < 1 and scCf has finite non-tangential limits
(CHi(¢) and(Cf)e(¢) for almost every( € T.
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Theorem 3.3.3 (Fatou’s jump theorem)For almost every € T,

(ChHi(Q)—(ChHe(¢) = F(Q).
Proof. A computation shows that faf € T andr € (0,1)

CH1E) = (CNE/N) = [ Pe(&)T1(E)dm(e)
whereR,; (&) is the usual Poisson kernel. The result now follows from &attheorem
(see (3.2.17)). O

Remark3.3.4 Fatou’s jump theorem can be greatly generalized in manyiilines [15,
58].

Recall thatw < mand so define
_do
dm’
Lemma3.3.5. If h = (hy,hy) € (IN)+ and fe N then

fi

(hy —wxyhae) (fe —_¢e) =0 a.e.ony.

¢
Proof. LetZ =Z(N)U¢1({0}).If A € (C\y)\Zandf € N, let
f—5)¢
_ 779
Rt=—

and note from (3.2.12) that whda| < 1, R, f =L, f. Also notice, sincé\ is nearly
invariant (andA is not in the common zero set fo¥), thatR, f € N (Proposition 3.1.1).
Using the definition of the operatdr one can show that

fi f
- f
_[ 9 ¢ i

Forh= (hy,hy) € (IN)*, we use the fact thalR, f L hforallA € (C\y)\Z to
see that

<‘]Lfo’h>H2@L2 (y,w) <‘]Rl/ff h>H2£9L2(yw) 0

whenever € (0,1) and%( ¢ Z. The left-hand side of the above can be written in Cauchy
transform notation (3.3.2) as

((;'I m> (rg)— %(r()c(h_l)(rZ) +C <(fe %«pe) Wh_2Xy> (r)  (3.3.6)

(b @/ g @metw @/ -c((te- 5 be) whax, ) €/
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Asr — 17, Fatou’s jump theorem (Theorem 3.3.3) says that the sunedirdt and fourth
terms in (3.3.6) approaches

?ﬂh_l a.e.

oi

Asr — 17, another application of Fatou’s jump theorem says that time of the third
and sixth terms approaches

7 (fe ii_qbe) whox, ae.

The second term is

! _ f Ehy (&)
¢<rz>< 00 = 00 [ =2 Erzdrr(é)
f n
= 500 20 4 /E £)dm(&)
= 0

sinceh; € H?(D). Using a similar type of power series computation, the fiéimt is

f — f ry ———
S@NemE/m = 2/ (3) )

which, asr — 17, approaches

*Z

°h; ae.
e

¢

Taking limits asr — 1~ in (3.3.6) and using the above computations, we get

—fi— —fe— - fi —
0 = Zah1(@h1+f(fea¢e)Wh2Xy

_ f;
- 2(F) (v o)
= *% (h_1*W¢eh_2Xy) (fe %‘Pe)
almost everywhere and so

(s~ wheh) (o g8 ) =0

almost everywhere. Using the trivial fact ttedt= 0 < ab= 0 the result now follows. [



3.4. The Wold decomposition 37

3.4 TheWold decomposition

Our next step is to analyze the von Neumann-Wold decompasitiM, on the Hilbert
space
H = (IN)*.

If Ais an isometry on a Hilbert spadé then
K — K/ EB K”,

where
X' =[AK,

n>0

is reducing forA, i.e.,AX’ ¢ X’ andA*X’ c X'. Moreover,
K" =P Kn, (3.4.1)
n=0

whereX,, = A"X © A" 1% andA mapsk, isometrically ontdK,,, 1. We say that\| X" is
aunilateral shift Since the dimensions &€, must all be the same, we call the common
dimension themultiplicity of A|X”. In fact, the multiplicity ofA|JX" is also equal to the
dimension ofK” & (AX"). See [25, p. 112] for the details on all of this.

Let us apply the Wold decomposition to the Hilbert space: (JN)* and the isom-
etryM; |3 (Corollary 3.3.1). Here we have

H=HopHq

and
Ho= [ M7H

n>0
is a reducing subspace fd;, andM, |3y is a unilateral shift.

Proposition 3.4.2. There is a measurable set-EE(N) C y such that
Ho = {0} & XeL2(y, ).

Moreover, if FC yand
IN € H2 @ xpeL?(y, ),

then n{F \ E) =0.
Proof. To see the first part, recall thit; = S® T, where
(S)(2) =zf(z), feH2:=H3D)

and
(T9(Q)=29(0), g€L?(y,w).
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Since

[ S'H? = {0},

n>0

we see that
Ho=[)(S®T)"H = {0} BY,
n>0
whereY is aT-invariant subspace af(y, w). Furthermore, sincg # T, we know that
both{Y C Y and{Y C Y hold (use Lavrentiev's theorem [23, p. 232] to approximhee t

functionv({) = ¢ uniformly ony by a sequence of analytic polynomials). Now apply a
classical theorem of Wiener [44, p. 7] to get

Y = xeLl2(y, w)

for some measurable sub&et- T.
To see the second part of the proposition, observe that aneoatgument shows
that

(H?® XreL?(y, )" = {0} ® ¢ L2(y, ).

Thus, if we assume that
IN C H2@ xpeL?(y, w),

we have
H = (IN)" > {0} & xeLA(y, )

and so
Ho= () MPH > {0} & xeL*(v. w).

n>0

But from the first part of the theorem,
Ho = {0} @ XeL*(y, w)
and the result follows. |

Lemma3.4.3. Let3(p = {0} @ xeL?(y, w) as in Proposition 3.4.2. Then amy= (a,b) €
H1©M¢FH;y of unit norm, must satisfy

aeH”(D); (3.4.4)
|a?+|bPw=1 a.e.onT% (3.4.5)
b=0 ae.onE (3.4.6)
a=bwpe a.eony\E. (3.4.7)

“We extend the domain dfto be all of T by defining it to be zero off' \ y.
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Proof. Let ¢ = (a,b) € {1 ©M;H; of unit norm. Extend the domain &fto include the
entire unit circle by setting it to be zero @h\ y. From here it follows that for eaahe N,

N

0=((@b)Mab) = [ (af+ b7 dmQ)
Taking complex conjugates, we see that all of the non-zewi€ocoefficients ofal? +
Ibj>w are equal to zero and so this function is a (non-negativejteoin Sincep has
unit norm, this constant must be equal to one. This provésiBas well as the fact that
ac H®(D) (since it is arH? function with bounded boundary values).

Since g = (a,b) € Hy = (Ho)* = ({0} ® xeL?(y,w))* (Proposition 3.4.2), we
know that

/begwdm: 0 forallge L?(y,w).

From basic measure theory, it follows tlet O almost everywhere dg, proving (3.4.6).
By Lemma 3.3.5 we know that for evefye N,

(a— bwe) (fe— %(De) =0 ae.ony.

If F C y\ E has positive measure, the second statement in Proposidod Says that

thereis anf € N so that

fi p

i

is non-zero on some subdet of F of positive measure. It follows that— bwge = 0

almost everywhere oR’ and hence zero almost everywhereyorE. This proves (3.4.7).
O

fe—

Proposition 3.4.8. M|}y is a unilateral shift of multiplicity one.

Proof. From our earlier discussion of multiplicities of shifts, weed to show thdk(; &

M, 3 is one dimensional. Lefy = (aj,bj), j = 1,2, belong ta{y; © Mz H1 with @1 L ¢.
Recall from Lemma 3.4.3 thatj,bj, ] = 1,2, satisfy the properties (3.4.6) and (3.4.7).
Sinceq; L M?&Cl forallne Nandg L ¢ we get

n _
<§01, MZ@>H2@L2(V@) =0 vneNo,

n —
<§027 M¢ ¢1>H2@L2(y’w> =0 VneNo.

The first equation says that
/ (@Bl +bibpl 'W)dm=0 Vne No.
T
The second equation says that

/ (azﬁ?n + bzb_lan)dm: 0 Vne Ng.
T
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The complex conjugate of the above equation, together wighast before it, say that all
of the Fourier coefficients of the functi@az + b;bow vanish. Thus

aj@m+bibobw=0 a.e.or.

This means that eithea; or ap must vanish identically (since we are assuming, as in
Lemma 3.4.3, that we have extended the domains df, to all of T by making them
zero offy) and so by (3.4.6) and (3.4.7), eithgror ¢ must vanish identically. a

The operatoM;|H; is a shift of multiplicity one (Proposition 3.4.8) and sagifc
Hi© M3z and has norm one, them= (a,b) satisfies the properties of Lemma 3.4.3 as
well as, via the consequences of the Wold decomposition.éh A3

Ha=\/ M7 (3.4.9)
n=0

The functiona satisfies one more property. But first we need a few definitions
Recall thafDe := C\ D, and define
H3(De) := {f € H3(De) : f(0) =0},

Ng (De) :={f € NT(De) : f(0) =0}.
The spaceN ™ (De), the Smirnov class, was defined in (2.4.4).

Lemma 3.4.10. If O denotes the greatest commBg-inner factor of{ fe : f € N}, the
function
Z a(1/2)C(2) . z€De,

$e(2)
belongs to I (De).

Proof. Using the fact that(; C (JN)* and (3.4.9), we see, for all € N that

f f,
—,a?’ fo— e ) ,bC" =0 VneN,.
<¢ 2 >H2+<( ¢l¢) ¢ >L2(y,w) neto

Write the above identity out as an integral and use the F. an®ikbz theorefh[32,
p. 41] to see that

fi _ ( f; ) = —

—a+ | fe— e | Woxy, € HZ.

oi o Pe ) whxy < Ho

More precisely, the above function is equahtalmost everywhere ofi, whereh € Hg.

SHere we are using the general fact thatifs a shift of multiplicity n on a Hilbert spacéC and{ej : 1<
j < n}is abasis foX © (VX), then{vkej : ke Np,1< j <n}isabasis fofX. See [25, Prop. 23.10].

6F. and M. Riesz theorem: i is a finite complex measure on the unit cir@lavhose Fourier coefficients
fi(n) vanish for alln € N, thendy = fTdmfor somef € H.
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onT\y,
- f| fe
h=1la=-%
¢i3 ‘Pe
and the function
fe(2) _
Z— 902 a(l/z) (3.4.11)

belongs to the Nevanlinna class b§. Sinceh(1/2) € H2(De), and has the same non-
tangential boundary values as the function in (3.4.11Yqry, these two functions must
be identical (Privalov’s uniqueness theorem - see [52, p. 62

Since the functionin (3.4.11) belongsl-ﬂ@(]D)e) forall f € N and®e is the greatest
commonDe-inner factor of{ fo: f € N}, the result now follows. O

The final technical lemma needed to prove Theorem 3.1.2 ifotlosving.

Lemma 3.4.12. Supposé is a subspace of {C \ y) with greatest commo@ \ y-inner
divisor one. Then the greatest comnidnner divisor ofN|D is equal to one.

Proof. Let
N1 =clog g, (H*(C\y)N)

and note thaH®(C \ y)N1 C N1. Using the same proof as Proposition 6.1.2 below, we
see, since the greatest comnioh y-inner divisor ofN is one, thatN; = H2(C \ y). By
the definition ofNy, there areg, € H*(C\ y) and f, € N so that

tfa— Xg,, INHAC\y)ash— o.
It follows from (2.1.4) that
(fa)i — xp  in HZ(D) asn — oo.

Suppose thal|D has a non-constant greatest comriisimner divisord. Then the pre-
vious equation says that

9 <(‘”l9f_”)i 3) — 0 inthe norm ol.2(m)
and consequently
(g fn)i
9

But since(¢hfn)i/d € H3(D) for all n, thend € H?(D), which is not the case. Thus, by
contradictionN|D has greatest commdd-inner divisor one. O

— 3 inthe norm ofL2(m).
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3.5 Proof of the main theorem

We are now ready for the proof of Theorem 3.1.2.

Proof of Theorem 3.1.2Before getting to the crux of the proof, let us set up a fewdhin
and remind the reader what we have already shown.

Without loss of generality, we can assume Bat = 1. If this is not the case, apply
the argument below t&N/©. Lemma 3.4.12 says that the greatest comreinner
factor of { f; : f € N} is one as is the greatest comnidginner factor of{ fe: f € N}.

Let E C y be the measurable set from Proposition 3.4.2 ané Ibe theD-outer
function which satisfies

12
|F|2$'|Mb2 a.e.orl.” (3.5.1)
yi¥e
Let "
p::a' a.e. ony. (3.5.2)
e

Lemma 3.2.14 says thaf /¢); € H?(D) wheneverf € N. Thus, since we are assuming
that®y = 1 (note the discussion in the second paragraph of the privbofiyst be the
case that

¢; is D-outer (3.5.3)

If ais theH*(D) function from Lemma 3.4.3, we know, again sin®g; = 1 (and the
discussion in the second paragraph of the proof), from Lei@h4 0 that

a(1/z)
de(2)

€ NJ(]D)e). (3.5.4)
Our final reminder is that

IN = { <ﬂ, fo— ﬂ¢e> fe N} CH?2aL(y,w)
oi oi
and, from the proof of Proposition 3.4.2 and Lemma 3.2.14,
IN C H2& xecl2(y, w),

that is to say, for alf € N we have

L eH? (3.5.5)

"Observe that

|92
14-wxy|del?
The first summand is integrable 6h Use the fact thap; € H2(DD) \ {0} (2.1.4) and (2.4.2) to see this. The
second is integrable sin¢ge|?w is integrable. Thus by standard Nevanlinna theory [32, Gsih aD-outer
functionF satisfying (3.5.1) exists.

log = log|¢i|*—log(1+wyxy|ge[*) ae
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¢ ¢e € L2(V7 )7 (356)
I
and f_
fe— —¢e=0 a.e.orE. (3.5.7)
1
We are now at the crux of the proof. Let
Ny := {f e H3(C\y): 2 € H3(D), fi = pfea.e. orE}.
To show

N= va
we begin with the following claim.
Claim L N C Nj.

To prove this claim, we suppose thate N and notice thaf is D-outer and so
fi/F € N*(D). We now prove thaffj/F € H?(D) by showing it had.?(m) boundary
values. Indeed, by the definition of tieouter functiorF in (3.5.1),

J

2
fi dm =

2
= L (1+ny\¢e\2)dm

wdm

/T

From (3.5.5) and (3.5.6), both of these integrals converigas f; /F belongs taH?(DD).
To finish the proof of Claim 1, we can use (3.5.7), to see

fi ¢
[
Thusf € Ny, which proves Claim 1.
Claim2 N7y C N.
Letg € N1 and define

¢e

=p a.e.orkE.

Xg = ((pl,ge ¢.¢>

We first want to show thaty € H? @ L?(y, w). By (3.5.3),

9
o

To show this function belongs t82(D), we need to show it hds’(m) boundary values.
Indeed, from (3.5.1),

2
Oi / gi|2 1 / 0i|2
= dm= Z| ——————dmg = dm
T ’ T F’ 1+WXy‘¢e|2 T F‘

€ NT(D).
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By the definition ofN1, we know thag; /F € H?(D). Thus it follows that

9 cH2D). (3.5.8)

oi
Furthermore, to show
€ L2(y, w),
Oe — o ¢e (Y, w)
notice that the first term belongst8(y, w) (from the definition of theHZ(@\y) norm).
For the second term, observe that

2 2 12
wdm / _Wigel” dmg/ %’ dm
y

¢e 1+W|¢e‘2

which is finite sinceg; /F € H?(D). Thus
Xg € H? @ Lz(y,w).
We now want to show
Xg € IN.

We will do this by proving
Xg L (IN)*-.

Note here thaf is an isometry and s@\ is closed. Thugg € IN < xg L (JN)*+. Using
Proposition 3.4.2 and (3.4.9) we have

(N =3HoeH: = ({0} @ xel(v, ) & \/ M7o.

n>0

By the definition ofNy, we know that

Oe— P ¢870 a.e. ort. (3.5.9

Hence,
Xg L {0} @ XeL*(y, w).
We are left with showing
(Xg:MZ @) 26 12(y,0) =0 VN € No.
If @ =(a,b) as in (3.4.9) (with the understanding that the domairb & all of T be
defining it to be zero off'\ y), the F. and M. Riesz theorem says that
(xg, (Z'a, an)>H2@L2(y,w) =0 VneNp

if and only if
di

z H2
¢ia+ (ge o ¢e> wh € Hg. (3.5.10)
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By considering three cas€E.\ y, v\ E, andE, and using (3.4.6) and (3.4.7), along with
the facts that;/¢i = ge/¢e ONT \ y and almost everywhere df, one can show that the
function on the left-hand side of (3.5.10) is equal to

%é a.e. onT.

be

But by (3.5.4) we can prove that this function belong#ifgDe) by showing it ad 2(m)
boundary values. Indeed,

2
/ Gea dm:/+/ +/ . (3.5.11)
T| Pe E JYE JT\y
For the first integral in (3.5.11),
2 2
Je / i
=—al dm= =—al dm
/E de E| i

This integral converges sin@c H*(D) and (g/¢); € H(D) (3.5.8). For the second
2 e

integral in (3.5.11),
dm = / Bew
V\E | Pe Pe

2
/ dm (by (3.4.7))
Y\E
| _lgebwwdm
Y\E

Oe
—a
be

_ / 106|2(1— |a?)wdm (by (3.4.5))
Y\E

The above integral converges by the definition of the norrhl%(@ \ y) and the fact that
a€ ball(H*). The third integral in (3.5.11) converges sirgkg ¢ analytically continues
to gi/¢i acrossT'\ y and so

/T\v

which converges sinc@/¢ )i € H2(D) (see (3.5.8)) and € H*(D).
Thusxg € JN and soxg = Jf for somef € N. However, by the definition of the
operatoiJ,

2
dm=

2

e 4 dm

Oi _
a
Pe

—a

oi

T\y

o_f

o 9

and sog = f € N. This proves Claim 2 and hence the proof. |
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3.6 Uniqueness of the parameters

Let F be a closed subset of the grcA well-known result of Ahlfors and Beurling [1] or
[34] (see p. 6 and p. 29) says thdi‘l"(@ \ F) contains non-constant functions if and only
if m(F) > 0.2 This means, via a version of Morera’s theorem [35, p. 95} ifta(F) > 0,
then thereis arf € Hm(@\ F) such that

E #1 a.e.ornF, (3.6.1)
I

for some compadt’ C F with m(F’) > 0. This observation along with Theorem 3.1.2
yields the following two corollaries.

Corollary 3.6.2. Let A be a closed subsetwnfThen a nearly invariant subspa2éof the
formin (3.1.3) is H’(C\ A)-invariant if and only if JANE) = 0.

Corollary 3.6.3. LetN be a nearly invariant subspace of the form in (3.1.3).

1. If N'is not H°°((E\ y)-invariant, then the paramete, E, andp are unique in the
sense that iD}, Ej, pj, j = 1,2, representN, then®; = €'©,, m(E,AE;) =0, and
P1XE, = P2XE, almost everywhere.

2. IfH*(C\ y)N C N, then@ is unique up to a unimodular constant andi) = 0.

Proof. The paramete® is the greatest commdAD\ y-inner divisor of the functions itN
and thus is unique up to a unimodular constant.

Suppose there are two subsEisE, of y and functiongy, p> which represent the
same nearly invariant subspaleas in (3.1.3) anan(E; \ Ez) > 0. LetNp, g;, j = 1,2,
denoteN represented bpj, E;. If Ais any closed subset & \ E; with m(A) > 0 andg €
H>(C\ A), the definition ofNp, g, says thagNp, e, C Np, g,. HoweverNy, e, = Np, E,
and soNp, g, is H>(C \ A)-invariant. The previous corollary says thatANE;) = 0
which is a contradiction. This says thatE;AE,) = 0. Notice thatH®(C \ y)N C N if
and only ifm(E) = 0.

SupposeN is notH°°((E\ y)-invariant. Therm(E) > 0. Pick any non-zero function
f € N and notice thap; = p, = f;/ fe almost everywhere oB. O

8The general theorem here is, for a compact subsetC, thatH“(@\ F) contains non-constant functions
if and only if the analytic capacity df is positive. However, wheR C T, the analytic capacity is positive if
and only if the Lebesgue measurd-iss positive.



Chapter 4

Nearly invariant and the
backward shift

4.1 Thebackward shift and pseudocontinuations

For aD-inner functiond, form the subspace
Kzg := H2(D) N (z9HA(D))*.

SincezdH?(D) is an S-invariant subspace dfi?(D), thenK,s will be an S*-invariant

subspace ofi2(ID), where

Sf_ f—f(0)

is the backward shift operator. It is also easy to seekhatontains the constants. In fact,
by Beurling’s theorem, ever§'-invariant subspace, which also contains the constants,
takes the fornk,s for someD-inner functiond. Itis well-known [16, 27] that functions in
Kzs have special ‘continuation’ properties. Indeed, recalhfr(3.3.2) that foh € L*(m)

e = [ 5ame)

denotes the Cauchy transform lof It is known [16, p. 87] that for anyf € K5 the
meromorphic function
fa) = 1E8)A)
C({9)(A)
on De is apseudocontinuatioof f in that the non-tangential limits of (from D) and
f (from Dg) are equal almost everywhere @h Using the Cauchy integral formula and
power series, one can prove the identity

_ 1 =
f(A) = 9*(N) nzl)\n—l

(4.1.1)

= %(_n)7
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where-(k) denotes thé&-th Fourier coefficient and

) A € De. (4.1.2)

This says that

- 1
fe§H2(]D>e) Vi €Ky, (4.1.3)

4.2 A new description of nearly invariant subspaces

The main theorem of this section (Theorem 4.2.5 below) gaveslternate description of
the nearly invariant subspacestf(C \ y) in terms of thesé,s spaces. Before getting
to this description, we make a remark about norming points.

Remark4.2.1 If one carefully works through the proof of Theorem 3.1.2 atidthe
preliminary results that lead up to it, one can see that thelreloes not depend on the
norming point forH? ((C\ y)L. Up to now, we have been operating under the assumption

that the norming point foH?(C \ y) was,(0), whereg, = a o @ (see the appendix for
the exact formulas foo and @) is a certain conformal map frof onto@\ y. Let us
now change the norming point fdﬁz(@ \ y) to be the origin. This yields an equivalent
norm onH2(C \ y) and has the added benefit that

(. D2y = (Fo®Duep g0

= [(Fom@day, g1

0
[itemier—% SO dmi)  (rom (2.2.0)
)

10~ ¢4(0)

and

(1,1) (1, l)

H2(C\y,0) ( @, 10)

10‘2
\z % g™

Thus the constant function 1 is a normalized reproducingeeior HZ(@\y, 0). This
assumption that the norming point is the origin will be esplcimportant in the proof
of Corollary 4.2.20 below.

lwhen we need to emphasize the norming pairfor H2(Q) we will use the notation?(Q, zo)
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Consider the spad%;; of meromorphic function$ on@\T by fi € K3 andfe = f;.
Recall the definition off from (4.1.1). If\ is a nearly invariant subspace Idf’-(@ \Y),
¢ is the extremal function foN, andJe is the De-inner factor ofge, we let 9 be the
D-inner function

95(2) == e (%), ze D. (4.2.2)

From here, we form the spa¢e,s; of analytic functionsC \ y.

Remark4.2.3 Technically speaking@;g is a space of analytic functions @1\ T and
not@\y. However, sincep has an analytic continuation acrdgs y, then so doese
(theDe-inner part ofg) [35, p. 78]. A version of Morera’s theorem [16, p. 84] sayatth
for eachf € Kz, the functionsf; and f; are analytic continuations of each other across
T\ y. ThusK,ss, and henc@K,s, can be considered to be a space of analytic functions
onC\y.

We will show that, in a sense, these spaces form the buildoukb for every nearly
invariant subspace.

To explain exactly what we mean here, ¥tbe a nearly invariant subspace with
greatest commof€ \ y-inner divisor equal to one and I&, p,F be the parameters in
Theorem 3.1.2 and lgit be the extremal function fdx. Note, sincep := ¢i/¢e (3.5.2),
thatN contains the nearly invariant subspace

i ey, St = % a.e. ony}. (4.2.4)

No:{feHz(@\y):E T =
e e

Observe hoviNg is the intersection of the two closed sets

R f )
N and {f eH3(C\y): + = LI ony}
fe e
and sdN is closed. Moreoverp € Ny. Our structure theorem here is the following.

Theorem 4.2.5. LetN be a nearly invariant subspace O?E@\ y) with greatest common
C\ y-inner divisor equal to one. Lep be the extremal function fox and letJ. be the
De-inner factor ofg¢e. Then we have the following:

1. The spacé&\y defined in (4.2.4) satisfies

No = $Kas;

2. For any sequendn)n>1 Of closed subsets of\ E with positive measure such that
m(An) — m(y\ E) we have

oo

N=\/H*(C\A)No.

n=1
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One of the keys to proving Theorem 4.2.5 will be this follogspecial case.

Proposition 4.2.6. LetN be a nearly invariant subspace onEC \ y) with greatest com-
monC \ y-inner factor equal to one and with(&) = y. If ¢ is the extremal function for
N anddJe is theDe-inner factor ofg |De, then

N = Kz
Proof. Recall from Corollary 3.3.1 the isometdy. N — H2(D) & L2(y, ) defined by

- (o do)

and note that since we are assuming B@y) = y, then
1
o
We also know from Corollary 3.3.1 that the first componentldf is an S*-invariant

subspace oH?(D) which, since¢ € N, contains the constants. From our discussion
before, we know that

IN=ZN|D& {0}

1
—N|D = Kz
|
for someD-inner functiond. This says that
N = Kz,

To finish the proof, we will show that = c3; for some unimodular constaat
From the Wold decomposition ¢3N)*, in particular Proposition 3.4.2 and (3.4.9),
we see that

(IN)-N(H?(D) & {0}) = ({o/ z"a> @® {0}
n=0

for somea € H* (D) for which, by Lemma 3.4.10, the function

a(2)

Z—
J¢

belongs ta\y (D). This means that € 9;zH?(D) and so
(IN):N(H*(D) @ {0}) C 95zH*(D) & {0}.

But since the first component o\ is equal toKzs = H?(D) © z9H?(D), we observe
thatzd H2(D) C 9¢zH?(D) and thusd¢ dividesd. On the other hand, for anfye N, we
know thatf; /¢ € Kzs and so, by our previous discussion in (4.18)¢; has a pseudo-
continuation to the functiog/9* for someg € H?(IDe) (depending orf). We are also
assuming thaE(N) = yand so

fi

fe——¢=0 a.e.ory
i
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and hence (since the above identity also hold¥ qry) f;/¢; has a pseudocontinuation to
fe/ ¢e. Since pseudocontinuations are unique (Privalov’s urigastheorem - [16, p. 13])
g/9* = fe/¢e and so

fe == %(pe

It now must be the case that dividesde otherwise the restrictions . of the functions

in K3 would have a commofide-inner factor - which is impossible since the greatest
common@\ y-inner divisor ofN is one (see Lemma 3.4.12). Thidividesdg and thus

9 = cJ¢ for some unimodular constaat O

Thus we see that Theorem 4.2.5 works in some special caseldnto prove the
result for a general nearly invariant subspatewe need to take care of some technical
details.

Lemma4.2.7. The Cauchy transform
1 A
Cu)(2) ::/z—qd“<5)’ zeC\y,

of a finite complex Borel measure grbelongs to N(@ \y).

Proof. Consider the arcg, n € N, with the same midpoint agbut whose lengths satisfy
£(yn) =£(y)+1/n. For eacth € N define

-~ 1
Gn :(C\U{ryn:r>0,r1|<ﬁ}

(see Figure 4.1).
On the arq1— %)y, note that

WG, 0 < %\<1—%>Vh,0 (4.2.8)
(see [24, p. 307] or [59, p. 102)). In a similar way,

WG, 0 < %\(1+%>W 0 (4.2.9)

onthe arq1+ 1)y
Manipulations with conformal mappings (see (2.3.13)) slilbw that

1
W\ (a- o = 12— an [V2]z— by |12

ds (4.2.10)

wherea,, andb,, are the endpoints qfL — %)yn. In a similar way,

1
WA

C\@+4)n0 = \Z—aml/Z\z_bml/zds (4.2.11)

wherea; andby are the endpoints ¢fL + 1)y, (see Figure 4.1).
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Gn

Figure 4.1: The regiofs.

If ay andby, are the endpoints of,, we note that on the rays

1 1
Ln:{ran:r1|<ﬁ}, Rn:{rbn:|r1<ﬁ}

(the line segment connectirgg anda;, - respectively the line segment connecting
andby) we have the estimate

dist(z,y) > dist(z, yn) = Cmin{|z— an|,|z— bn|}, (4.2.12)

with C > 0 independent af.
With these estimates in place, consider the functigran G, defined by

fn(2) := (z—an)(z—ay)(z— ay ) (z— bn) (z— by ) (z— b)9(2),

where :
_ 1 > (Ccu) (0)zk>
== (C -y ———7 .

92 ZG(( WE- 3 =

For each € N, f, is bounded 016, and thusf, € HY2(G,). Furthermore,

/ \fn\l/zdwen,o:/ +/ +/ +/ S NIV
9Gn -2 JA+Pw i IR
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Observe from (4.2.8) and (4.2.10) that

2
<cf o ds<Claliif,,

In a similar way, from (4.2.9) and (4.2.11), we have

1/2
I <Clgll 2,

From (4.2.12) the integrals Il and IV are uniformly bounded. Putting this all together,
we have

sup|| fnllya/z(g,) < - (4.2.13)
neN

The region<s, increase up t@\ y asn — oo and, for fixedk,
(@) — (2 = 2+ 1)3z+1)%g(2)
uniformly onG,” asn — «. This means there is ai > 0, independent afi andk, so that
If(2) - fTh(2| <M, zeG,, n=>k
From here we get
1f(2)|Y2 < 2Y2(MY2 4| f0(2)[¥3), zeG., n>k

Since, by (4.2.13), the least harmonic majorantfaf'/2 on G, at z= 0 is uniformly
bounded im, we see from the previous equation thﬁf-/z has a harmonic majorant, and
hence a least harmonic majoramt,on Gx and

supu(0) < e
k
An application of Harnack’s inequality says, for fixed Gy,, that

sSupuk(z) < co.
k>ko

Sinceuy pointwise increases to a harmonic functioon C \ y, we see thatf|'/2 has a
harmonic majorant ot \ y, i.e., f € H/2(C\ y). Using the Nevanlinna theory it follows
thatCu € NT(C\ y). O

Remark4.2.14 1. Lemma4.2.7 is considered a ‘folklore’ result. With a ent proof
and a little more effort, one can show tig € HP(C\ y) forall 0 < p< 1/2. See
[50, 75] for related results. In fact, a proof of Lemma 4.2an de fashioned from
[50]. We thank Dima Khavinson for pointing all this out to us.
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2. If pis afinite measure 0}, 1], one can adjust the proof of the previous corollary to
show thaCpu belongs taN* (C \ [0,1]). In fact if v is a finite measure ofG, where
G =D\[0,1), we can writev = v|T + v|[0,1] and apply the fact thaE(v|T)
N* (D) and the above observation to see thate N* (G). We will make use of this
several times later on.

Corollary 4.2.15. Let f be analytic orT \ y such that fD € H1(D) and f|De € HL (D).
Then fe NT(C)\ y). Furthermore, if, for some g 1,

[+ el de < o,
y

then fe HI(C\ y).

Proof. The Cauchy integral formula says thiat- f(c) is the Cauchy transform of the
finite measure

dz
du = (fi— fe)Z_ni'
Now apply Lemma 4.2.7 and Proposition 2.4.10. |

Here is the last technical lemma we need to prove Theorerf.4.2.

Lemma 4.2.16. Let® be a@\ y-inner function such tha®; is D-outer and©g is De-
outer. If a and b are the endpoints pfand ©,, ©, are the atomic singula€ \ y-inner
functions with singularity at a and b then

0 =B0O.6},

where st > 0and B is aC \ y-Blaschke product - which can be equal to one - with zeros
onT\y.

Proof. The hypothesis thad; and®, are outer functions say that the zeros - if any - of
the Blaschke factoB of © must lie onT\ y. Since®; is bounded and-outer and has
boundary values equal to one almost everywherg @wversion of the Schwarz reflection
principle shows tha®; has an analytic continuation acrgsdn a similar way@e has an
analytic continuation acrosg This says that th@:\ y-singular inner factor o® has a
limit of modulus one when we approach any point in the intesioy from both withinD
and from withinDe. By a known result about limits of singular inner functio88[p. 76]
the singulaiC \ y-inner factor of® has no mass on the interior pf O

Proof of Theorem 4.2.5To show statement (1) we first notice that the extremal fomncti

for No is ¢ (sinceNg C N and¢ is the extremal function fdN) andE(Np) = y. Once we

show that the greatest comm@h, y-inner factor ofNy is one, we then use Proposition

4.2.6 to obtain the result. To this end, we observe thé it the inner factor ofe then
3¢ € H3(D) and % € H?(De).

e
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The functions9¢ ¢ and ¢/ Je are analytic continuations of each other acridsy and
so we can use Corollary 4.2.15 to see that the analytic fomgtion C \ y defined by

. 3 (9¢(2), zeDj
$(2) { ¢(Z)Z/3e(zz)’ ;De_ (4.2.17)

belongs td—|2(@\ y). By the definition ofNp in (4.2.4) it follows thatp € No.

The greatest commdﬁ\ y-inner divisor® of Ny must divide bothp and@. Since
¢/© e NT(C\ y), theng;/©; € N (D)2 and since the greatest commoh y-inner divi-
sor of N'is one, we know from (3.5.3) thék is D-outer and s®; is D-outer. On the other
hand, sincef/© € N*(C \ y), thende/Oe € N* (De). But then, by the definition afe in
(4.2.17),0e must divide théDe-outer part ofpe and thusde must indeed b®.-outer. By
Lemma 4.2.16 we have

© = BO,65.

To see thaB = 1, notice from Lemma 4.2.16 that the zerosBof if any - must lie in
T\ y. If there is indeed a zerm of B iin T\ y then¢ must also have this zero sin€eis
the greatest commdﬁ\ y-inner divisor ofNg and¢ € Np. However, since the greatest
common@\y—inner divisor ofN is one, there is afi € N with f(z) # 0. From Lemma
3.2.14,fi /¢ € H3(D) which is impossible due to the zero ¢fat z. In a similar way,
one can see that if eithsiort were positive, thefg | would go to zero too quickly along
T\ yfor fi/¢i to belong taH?(D) for everyf € N. This completes the proof of statement
D.

To see statement (2), first note that

N1 == \/H*(C\ A))No

is nearly invariant. Indee@y is nearly invariant. Moreover, for ¢ Z(N1) (the common
zero set ofN1), f,g € No with g(A) #0, andu € H*(C) y) we have

uf -9 u—u@) f—5()g
z—A z—A z—A
which clearly belongs t&N1. Thus for a dense of functiottise N1 we have

h—D(A)g

z—A

and the nearly invariance af; follows. Second, we apply our main theorem (Theorem
3.1.2) to see that

f+u(A)
N1

fi

N1 = {f ceH3(C\y): E € H2(]D)),i —p;ae. orEl}

fe

2Indeed iff € N*(C\ y), thenf = g/h, whereg,h € H*(C\ y) andhis C \ y-outer. To show thaf; € N* (D)
it suffices to show thath; is D-outer. LetN be a closure ohH”(C\ y) and note, sincé is C\ y-outer, that
N = H?(C\ y). Now follow the end of the proof of Lemma 3.4.12.
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for someD-outer functiorF;, some measurabf® ony, and some measurable &tC .
The spacé\N is described by the parametd¥so, E in a similar way. Since) € N; and
since, from (3.5.2)p1 andp are formed in the same way froh, we see thap = p;.
Using (3.5.1) we see, in the same way, thatan be taken to be equalfo SinceN; ¢ N
(Corollary 3.6.2) we see thd&; D E. Indeed,N; contains a dense set of functiofs
for which fi/fe = p almost everywhere ok. To see thaE; = E almost everywhere,
we proceed as follows: Suppose tmatg; \ E) > 0, then, by the definition of thay's,

m(AnN (E1\ E)) > O for somen. Letu e H“((E\A.Q be the function from (3.6.1), i.e.,
Ui/Ue # 1 on some compact subsetAyf of positive measure. Theh:= u¢ € N; but

fi _ Ue ¢| _Ue

fe Ui ¢e Ui
and this last function is not equal ppalmost everywhere oB;, a contradiction. |
In certain special cases, we have a refinement of Theore 4.2.

Corollary 4.2.18. LetN be a nearly invariant subspace ofz(-@ \ ) with greatest com-
monC \ y-inner divisor equal to one. I is De-outer, theng is (E\ y-outer and further-
more, for any sequencgé,)n>1 of closed subsets ¢f\ E with positive measure such that
m(A,) — m(y\ E) we have

N=\/H*C\An)¢. (4.2.19)

Proof. In this cased. = 1 and SOKAZ,;G* = C. The identity in (4.2.19) now follows from
Theorem 4.2.5. Since the greatest comrﬁdny—inner factor ofN is one, (4.2.19) shows
that¢ is C\ y-outer. O

Corollary 4.2.20. LetN be a nearly invariant subspace oftC \ y) which contains the
constants and let Fp, and E be the parameters in Theorem 3.1.2.

1. The outer function F can be chosen to be equal to one andittediénp is equal
to one almost everywhere, i.e.,

N:{feHz(@\y):?

e

=la.e.on E} . (4.2.212)

2. For any sequencg,)n>1 Of closed subsets ¢f\ E with positive measure such that
m(An) — m(y\ E), we have

{o/ “(C\ An). (4.2.22)

3. IfFE isopeninyand E° = y\ E, then

N= clo§42<@\V>H°°(((AI\E°) (4.2.23)
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and this set is equal to

{f € H3(C\ y) : f extends analytically across}E (4.2.24)

Proof. Consider the description o via Theorem 3.1.2 with the parametgrsE, F.
BecauseN contains the constants and thfgss= 1 is the extremal function folN (see
Remark 4.2.1), we see from (3.5.2) tiat ¢i /¢ = 1. From (3.5.1)F can be taken to
be theD-outer function such that

1
FI*= ,
1+wyxy

From here one can see that
~ f; ~
{f EHXC\y): z € Hz(]])))} =H*C\y)

and so we can takeé = 1. This proves statement (1).

Statement (2) follows directly from Corollary 4.2.18 sinfe= 1.

To prove statement (3) we see that (4.2.23) follows fromestaint (4.2.22) with
An = E€ for all n. From (4.2.22) and Morera’s theorem (see [35, p. 95] or Psition
6.2.8 below),

NcC {f € H3(C\y) : f extends analytically acrosEs}.

The reverse inclusion follows from (4.2.21). a






Chapter 5

Nearly invariant and de Branges
spaces

5.1 deBrangesspaces

It turns out that we can also describe the nearly invarianssaces oH2(C \ y) in terms

of a de Branges-type spaceﬁr\ T. First let us review the well-known de Branges spaces
onC\ R. We follow [26, p. 9 - 12]. Let¥ be an analytic function on the upper half plane
C; = {0z > 0} such thatdJ¥ > 0. The classical Herglotz theorem [26, p. 7] says that
there is a non-negative measwr®n R and a non-negative numbprsuch that

WY(x+iy) = py+ = / (t), x+iyeCs. (5.1.1)

+y2 du

The reader will recognize the above integral as the Poisgegial ofu. ExtendW to the
lower half plane so that

Wiz =-Y7Z2, z=x+iy, y<O.

A theorem of de Branges [26, p. 9] says that there exists auertifiibert spacé& (W) of
analytic functions orC \ R such that for each fixed € C\ R, the function

(5.1.2)

belongs tol (W) and

F(w) = <|:(z), w> VF € L(W). (5.1.3)
L)
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The previous identity says that the functions in (5.1.2)theereproducing kernel func-
tions forL(W). Furthermore, ifu is the measure from (5.1.1), the linear transformation

fio %/w LA (5.1.4)

—wlt—2

mapsL?(u) isometrically intol (W) and the orthogonal complement of the range of this
transformation contains only constant functions. For gXanif p=0in (5.1.1), this map
is onto.
Let us create a de Branges-type space of analytic functim@s\dl‘. For this, letd
be analytic orD with non-negative real part and extethdo C\ T by

P(z2) = —P(1/2), z€De.
By the change of variable
i— 1.
Z i Z (5.1.5)

(which mapsD onto C.,) in (5.1.2) and (5.1.3), we create a unique reproducingedern
Hilbert spacel(®) of analytic functions orC \ T with kernel function

®(2) + d(w)

K (w2) = (L-W(1-2) 5

zwe C\T. (5.1.6)

That is to say,
<F(')ak®(wv')>ﬁ(qp) = F(W)7 F e ZJ(CD), W e @\T
Applying the change of variable in (5.1.5) along with theejtal change of variable

t»—>7i£
1-¢

to the integral in (5.1.4), we create an operator

P 1 1A=t
VL) = E(®@), (V@)= 5-(1-2) [ o, A,

Here [ is the pullback measure di formed frompu (on R) via the above change of
variable. This operatdy is an isometry and the orthogonal complement of the range of
V contains only constant functions.

5.2 deBranges spaces and nearly invariant subspaces

We will now associate each nearly invariant subspadd%@f: \ ) with one of these de
Branges-type spacg(®). All of our results on nearly invariant subspaces so far do no
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depend on the fact that= {€' : —r1/2 <t < m} and still hold wheny is any proper
sub-arc off. We will also assume, without loss of generality, that

1¢4y.

For our nearly invariant subspa@é of HZ(@\V), we let, as in (3.2.2) and (3.2.3},
and ¢ denote the normalized reproducing kernel functionsXoat z= 0 andz = .
From Corollary 3.2.9 (statement (2)) we know thét1)| = |@(1)|. Multiplying by an
appropriate unimodular constant, which will not change fét that¢ and ¢ satisfy
(3.2.1) and (3.2.3), we can assume that

A computation using statements (1) and (2) of Corollary8a?ong with the fact that

142z
-7
1-z

mapsD onto {0z > 0} will show that

1= gy (5.2.1)

is an analytic function ot \ T satisfying

00>0 and ®(z)=-B(1/2).

Thus from above, we can form the de Branges-type sﬁacé along with the associated
reproducing kernék® in (5.1.6). Recall from (3.2.7) that the reproducing kerfoelN is

Q) PO ABANG 5y 3

This next lemma relates the kern&f$ andk®.

Lemma5.2.2. If N is a nearly invariant subspace ofz&lﬁ\ y) with reproducing kernel
kY and® is given by (5.2.1), then

K@) = 316 (PR AK @K (A, 2)

Proof. From the definition ofb from (5.2.1) we get

-1 zy
o+l ¢
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This means that

 B)-10(-1
W—Fl P(2)+1

Il
St

>
~—
-
—~
N

' (2)

Using (5.2.1) we observe that
o _o-
®+1 2
Using the definition ok]¥ and our assumption thet(1) = (1) we see that
9 -2y =(1-2p(Dk".
Now combine these last two identities with the above contmurtdor kﬁ“ to get

®(2)+D(A)
1-Az

1

K5 (2) SI$DP MK (D (1-2)(1-2)

= SBOPTR @K(R,2. O

Our main result relatingy with £ (®) is the following.
Theorem 5.2.3. With the assumptions above we have

N = kNL(®).
Moreover, the operator
fro 2Dy
V2
is an isometry fron€ (®) ontoN.
Proof. Given
f=5cik
]

a finite linear combination of reproducing kernel functidoisN (which are dense it),
define
Tfi= z k‘D

and observe that

(TF,Tf)z

Z(®) PTG )P AKY (AK® (A, A1)

>z
= chqk (A1) (by Lemma5.2.2)
I

= LDy
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By standard arguments, we can exté@nit a unitary operator from/ ontoZ((D). Finally,
for F € L(®) andA € C\ T, we have

(TF,KY) (F,TRY

H2(C\y)

This says that

and is an isometry. a
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| nvariant subspaces of the dlit
disk

6.1 First description of theinvariant subspaces

In this section we use our main theorem about nearly invesialospaces (Theorem 3.1.2)

and the conformal ma@ : G — C\ yfrom (2.3.8) to give a full description of the invariant

subspaces (und&f = zf) of H?(G). Let us get started with a few preliminary observa-
tions.

Proposition 6.1.1. A subspacé\l C H?(G) is invariant if and only ifM is H*(DD)-
invariant, i.e., gt C M for every ge H*(D).

Proof. One direction of the argument is obvious. For the other, sapghatf € M and
@€ H*(D). Let (gh)n>1 be a sequence of analytic polynomials such that- @ weak-
in H* (D), i.e.,gn — @ pointwise inD and the sup-norms af, are uniformly bounded in
n. Sinceg f — @f pointwise inG and theH?(G)-norms ofg, f are uniformly bounded,
it follows thatg, f — @f weakly inH?(G) [14, p. 272)].

Note thatg, f € M (sinceM is invariant) andpf belongs to the weak-closure df.
By standard functional analysis, the weak-closur@/is equal to its norm closure [20,
p. 129] and sapf € M. O

Proposition 6.1.2. A non-zero subspacde¥ C H2(G) is H*(G)-invariant if and only if
M = OH?(G) for some G-inner functio®.

Proof. Recall from (2.1.3) that ifa; is a conformal map fror ontoG, the composition
operator

is a unitary operator front?(G) onto H?(ID). Now on to the proof. One direction is
clear. For the other, suppo3¢ # {0} andH®(G)-invariant. TherCy, M is a non-zero

1The sequence of Cesaro polynomialspofill work [46, p. 19].
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H®(D)-invariant subspace dfi>(D). By Beurling’s theorem classical theorem which
characterizes the invariant subspace$iéfD) [35, p. 82],Cq. M = IH2(D), wherel
is aD-inner function. Finally, notice tha{l = (I o (pgl)Hz(G) and, by definition| o cpgl
is G-inner. a

Corollary 6.1.3. An invariant subspacd( C H?(G) is nearly invariant.

Proof. By Proposition 3.1.1, it suffices to show that whenefigr € M andh € M+,

f——(a)g
<L,h> =0 VaeG\(ZM)ug L({0})). (6.1.4)

Z—a

Recall thaZ (M) is the set of common zeros df. LetW(a) be equal to the meromorphic
function onG defined by the left-hand side of the above equation. Notia8\thcan be
written in the form

_ [ dm(d) dip(x) | f dus({)  f dpa(x)
W(a)_/T (—a Jr/[0,1] X—a +§(a) T {(—a +§(a)/[071] x—a '

One can argue, using some ideas from Remark 4.2.14Mhatin the Nevanlinna class
of G and hence has finite non-tangential limits almost everyebepd G.
SinceM is invariant, we have

f
f——(a)g
<L,h> =0 Vb >1

z—b

Thus

f-s@g | /f- (@
W(a) = <7h> - <Tb,h>, aeG\g({0}),|b| > 1.

Z—a

Forr € (0,1) and{ € T, leta=r{ andb = {/r. Apply Fatou’s jump theorem (Theorem
3.3.3) to see that
Iir? W(r{)=0 aeleT. (6.1.5)
alis
Observe in the inner product how the contribution from theegaf the integral on the slit
[0,1] cancel out in the limit.
Using the well-know fact that if a Nevanlinna function hasiighing radial bound-
ary values on a set of positive measure then this functiort rardgsh identically, along
with (6.1.5), we see th&/ = 0. This proves (6.1.4). O

We are now ready for our first description of the invariantspares oH?(G). We
will see another description of them later on in Theorem16.2.
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Corollary 6.1.6. LetM be a non-trivial invariant subspace of3G) with greatest com-
mon G-inner divisor®,¢. Then there exists & -outer function F, a measurable set
E C [0,1], and a measurable functiqm: [0,1] — C such that

f|D
M:®M~{f eHZ(G):—‘F+

eH3D,),f* =pf-ae.on E}.
Proof. Consider the conformal magp: G — @\ y from (2.3.8). Recall the unitary oper-
atorC,-1h = hoa~1 fromH2(G) ontoH?(C ) y). We will now use Proposition 3.1.1 to

show thaC, 1M is nearly invariant. Indeed & < C \ ¥ (and not in the common zero set
of Cy-1M) and f € M with (foa~1)(A) = 0, we need to show that

foa™l
zZ—A

€ Cy1M.

But this is equivalent to showing that

f

STy EM

However,
f z—a7(a) f
a-A  a—-A z—alA)
The second factor belongs 3, sinceM is nearly invariant (Corollary 6.1.3). The first
factor belongs tH*(D)? andM is H®(DD)-invariant (Proposition 6.1.1). Thuls/(a —
A) € M and saC,-1M is nearly invariant.
SinceM is H* (D)-invariant

a([0,1]) =y :={e' : 3m/2<t < 2m},
thenC,-1M is not only nearly invariant but is alse™(C\ y)-invariant, wherg/ := {€' :
0<t < m}. By Theorem 3.1.2,
. fi
CypoiM=0. {f eH2(C\y): EI € H(D), f = pfea.e. orE}
for some@\ y-inner ©, someD-outerF, some measurable C y’ (note thatC, 1M is
H*(C\ y)-invariant), and some measuralple E — C. Thus

M=0. {f € H?(G): W& eH2(D,),f* =pf~ ae. orﬁ},
where® := Qo a is G-inner,F := Foa isD -outer (sincex (D, ) =D), E :=a1(E) C
[0,1] (sinceE C ¥’ anda([0,1]) = y”’), andp = poa. O

2See (2.3.8) and notice howis analytic onD\ {i(1— /2)} with a simple pole ai(1—v/2).
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Remark6.1.7. By Corollary 3.6.3, the parametefas P, andE are (essentially) unique.
We also have the following version of Corollary 4.2.20.

Corollary 6.1.8. Let A be a closed subset {ff,1]. For f € H?(G) the following are
equivalent.

1. feclogzgH"(D\A);
2. f* = f~ almost everywhere 09, 1] \ A;

3. f has an analytic continuation acrof 1) \ A.

6.2 Second description of the invariant subspaces

The description of the invariant subspacesH3{G) in Corollary 6.1.6 depends on the
somewhat unnatural use of tibe -outer functionF. This next result is an alternate, and
perhaps more natural, description.
Fore € (0,1) let
Ge =D\ [-¢,1).
Theorem 6.2.1. For an invariant subspac@( of H?(G), let Oy, E, andp be as in
Corollary 6.1.6. Then for everg € (0,1), there is a G-outer function E such that

M:@M-{feHZ(G):Fi

£

€ H2(G;), f+ =pf~a.e.on E}.

The proof of this theorem needs quite a few preliminaries.dwew,, andw; be
harmonic measure f@ (respectivel\G; andD..) at some common pointip,.If Q =G
(or G¢ or D, ), we have

deWQZd—Z_ and wo =< |5/, (6.2.2)

wherey is a conformal map fror® ontolD anddsis arc length measure a@f). See this
from (2.3.5) forG andG; and (2.2.3) foiD,.. We will use the notation

Wi=Wg, We:=Wg, Wi :=Wp,.
Remark6.2.3 If wis harmonic measure f@, we will assume thagy~%(0) € D, and
w = wwfl(o)

and so by (2.3.5)
ds
_ /
do=|y |_2n' (6.2.4)

Having w precisely as in (6.2.4) will become important in one of thehtdcal lemmas
below (see Lemma 6.2.14).
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Recall, from our discussion of the estimates of harmonicsuesin Chapter 2, that
if n is one of the corners atQ with openingd (0 < 6 < 2m), then

W& =<|E-nlF~t E~n. (6.2.5)
Our first technical lemma is standard [24, p. 307] [59, p. 102]
Lemma6.2.6. For eache € (0,1), w: < wondG.
Lemma6.2.7. 1. logwe LY(dG,w).
2. For eache € (0,1),
/’Jl;u[fs,l]

whereT, :={€9:0< 0 < m}
Proof. From (6.2.2) and (6.2.5) we have

Weds< oo,

W,
log—
W

wy < |E+1, wex1 wx1l foré~-1,
wy < |&E-1, wex<|E-1, wx|-1] foré~1;
wy <1, w£x|E+£|‘1/2, wx1 foré~—¢;

Wy =1, we=1 wx|[E Y2 for&~0.

Furthermore, if one stays away from the poiéts- 1, —1,0, —&, the functionaw, , wg,w
are continuous and bounded away from zero. The result fellow a

We will also make use of the following Morera-type theorerB,[B. 95]. Recall the
definition of the Hardy-Smirnov class&s from (2.4.8).

Proposition 6.2.8. Supposeifc EX(D,) and % € E}(D_) with
lim fi(x+iy) = lim fy(x+i
Jim f1(x-+iy) = lim Ta(c+iy)
almost everywhere op-1, 1. Then the function

.| f1(2, zeDy;
9 '—{ f:(z), ZeD.

has an analytic continuation t8.

Proof. Using theE? version of the Cauchy integral formula (Proposition 2.3\& have

_ 1 9(¢)
g(Z) - ﬁ aDi E—ddf, VAS Di.

Also notice that

1 9(é) 1 9(¢)
90~ 55y, 2% T oy £ 2ED-UD
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But since
lim X+iy) = lim g(x+i
v 0+g( y) Y0~ g( Y)

almost everywhere of+-1, 1], the integrals ovef—1,1] cancel out and so
1 19@)
=-— ¢ —=d¢.
002) = 5z §, 7508
The above integral defines an analytic functiorband this proves the result. a

This next technical lemma is due to Smirnov [72] (see alsqp4319]).
Lemma6.2.9. For each ge N* (D) there is a sequend@n)n>1 C H*(D) such that
1. |on(2)] < |g(z)| for all z € Dj;
2. oh — g pointwise orD.

Proof. Factorg asg = 6h, wheref is D-inner anch is D-outer [35, p. 74]. For eaame N
let hy be the boundetd-outer function whose boundary function satisfies

Ih(Q)|, if [h({)] <
'm“”{m it |h(Z)] > n.

for almost every{ € T. We leave it to the reader to check, using properties of outer
functions [35, p.73], that the functiogs := 6h,, N € N, have the desired properties]

Remark6.2.10 Though not needed for what follows, we point out that i analytic on
D and is a pointwise limit of a sequence of bounded analytictions with increasing
moduli, thenf € N (see [49, p. 319] for a proof).

For an invariant subspadé of H?(G) andAg € G\ Z(M), whereZ(M) is the set
of common zeros foM, let
kM
¢ =
1|

be the normalized reproducing kernel functiondiér(or equivalently the ‘extremal func-
tion’ for M) atAq. Note thatp € M and

<L@:%M)WEM, (6.2.11)

(9.¢)=1

These next two technical lemmas point out some special piep®f this extremal func-
tion. But first we pause for a few remarks.
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Remark6.2.12 1. Suppose : G — @\ y is the conformal map from (2.3.8) aid=
C,-1M. From the proof of Corollary 6.1.6 we know tH}tis nearly invariant. If

Q'
Ryl

is the normalized reproducing kernel function figrat 0, we can use the unitary
operatoiC,-1 to show that if we assume thag = a—1(0), then

kno = Cak)'

and consequently
¢ =doa. (6.2.13)

2. Inwhat follows below, we need to be clear on how we repriberinner productin

H2(G) as an integral. Whef is Jordan domain with piecewise analytic boundary,
the inner product itd2(Q) can be written as

ds
f, :/ fg doo, :/ fgly| =
(f,0) o 194wy 00= | w5,
wherey : Q — D. For the slit domairc = D\ [0, 1) the expression
fgdow,

is not quite right since we need to take into account the famttft* g™ and f g~
are, in general, different. Thus we will use the notation

/ fgdw*
Fle
to mean

[ @a@m@) S [ g7 + (95 0w o
T

21

wherew = |¢/'|. Note that we really should have™ andw™ in the above expression.
However, recall from (2.3.2) that™ = w—. Also observe from Proposition 2.3.4
that this last expression is precis€lf;g), the inner product it?(G).

Lemma 6.2.14. If the greatest common G-inner divisor of an invariant sudrsgM of
H?(G) is equal to one, then the normalized reproducing kerneltiong for M at A €
G\ Z(M) extends analytically acro$\ {1}.

Proof. For eachA| > 1, note that

Z—/\Q
zZ—A

€ H*(D)
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and so, by Proposition 6.1.1,

Z_A)\Of eM VieM\ {0}

Thus, by the reproducing property ¢fat Ag (see (6.2.11)), we have

Z— Ao o . Z— Ao .
/aG 2t ()p(2)der (2) = < - f,¢> —o. (6.2.15)
Take note of Remark 6.2.12.

Combining Fatou’s jump theorem (Theorem 3.3.3) and (6)26 get

. Z—A
lim 0
r—1-Joac z—r{

f(2P(2)dw*(2) = (L —A0)F(OP(W({) aeleT. (6.2.16)

Notice how the contribution from the integrals over the &lihcels out in the limit.

From Remark 6.2.3 (in particular (6.2.4))¢) is equal tdy/'({)| and from elemen-
tary facts about conformal mappingg, is analytically continuable acro%s\ {1} and the
analytic continuation has no zeros in an open neighborhéa®\o{1}.2 It follows, for
some appropriate branch ¢f, that the function

W(2):=V¥'(2)
has the same property. Note tha{) = W({)W({) for { € T\ {1}.
This means that the identity in (6.2.16) can be re-written as

_ _ 1 . Z_/\O o
OW) = gtz [ o1& @ aed feTé .

Now select ap € T\ {1} and an open disk := {|z— {y| < r} contained in the
region of analyticity ofV and such thatg € A. Consider the functioR onANDe defined

> 11\ /1
P =59 (3)7(5)

Observe thaF is analytic oMAN Dy, F|T is almost everywhere equal to the left-hand side
of (6.2.17), and, as a consequence, is integrabla@ff'. (Note that¢ is integrable on
ANT andW is bounded orf.) Adjusting the radius oA slightly, we can assume that
F is also bounded o@A) N De. But sinceF € N (ANDg) and has integrable boundary
values, we see from Proposition 2.4.10 that E1(AN D).

Now consider the functioR; onAND defined by

A= fl(A WO /ﬂG ZZ:’RO t (2P (2)dw* (2). (6.2.18)

30ne can also see this by looking at the exact formafhich one can compute from the appendix.



6.2. Second description of the invariant subspaces 73

Since the greatest comm@iainner divisor ofM is equal to one, we conclude that €
N*(AND)* and, adjusting the radius d, is bounded or(dA) ND. Note also from
(6.2.17) and the discussion in the previous paragraphFthatintegrable odANT. Thus
FLe EXAND).

Finally, F({) = F1({) for almost every € ANT and so, by Proposition 6.2.8
(Morera’s theorem)F; is an analytic continuation df acrossANT. SinceF has an
analytic continuation td andW is analytic omd, one can look at the formula definirg
to see thatp has an analytic continuation acrassi T. The lemma now follows. (]

Corollary 6.2.19. The normalized reproducing kernel functignin Lemma 6.2.14 has
no zeros on—1,0).

The proof of Corollary 6.2.19 requires some informationwttibe boundary values
of theD, -outer functionF in the statement of Corollary 6.1.6. Recall from the proof of
Corollary 6.1.6 that

F=Fo(a|Dy),
wherea : G — C \ v is from (2.3.8) and-; is theDD-outer function from the proof of
Theorem 3.1.2 (see (3.5.1)). More preciselydebe the normalized reproducing kernel

function at the origin for the nearly invariant subsp&ge:M and letF; be theD-outer
function whose non-tangential boundary function satisfies

¢_2
IFy|? il a.e onT,

1wy | Pe?

where

®i({)= lim ®(rf), Pe()= Iin11+¢(rZ) aeleT.

r—1-

Let us now compute the non-tangential boundary functionfarFor { € T notice that

. *@)?
= I X OO

where« lim denotes the non-tangential limit as» {,z€ D. Thus for almost ever§ € T

4By (6.2.16), the non-tangential boundary valuesphre the same for everfy € M \ {0}. By Privalov’s
uniqueness theorem [52, p. 62], the definitiorFpfs independent of . Using the fact that the greatest common
divisor of M is one, it can be argued, by adjustirig that no part of arG-inner factor may appear in the
denominator of the definition d#;.



74 Chapter 6. Invariant subspaces of the slit disk

with 0 < arg(§) < mwe have

FEOR = Foa@)? 2
- r[”f1+<wy|§)<;>(<xgéq)><a;§)>|2 eneea() =9
- r[”f1+w:<ozc;|gf%>|2 fsneetye @ =ve)
- rinf1+vxl|§z;;§>rfc)1?rf)|2 (since Yar(r) = a(rE)

[Poa(é)?
1+wg(&)|Poa(é)?
19(8)

T Trwe8) 6P (since¢ = doa from (6.2.13))
G

For almost everx € [0,1] we have

FX)[? = lim |[Froa(x+iy)|?
y—0*t

|Doa(x+iy)[?

T T we()|0(= ) P

|Doa(x+iy)[? —

= e T wem@oax—y Snee¥a@ =a(2)

AR
1+we(X)[¢~ (X)[?

sincea (x+iy) € D,a(x—iy) € De,a™(x) = a~(x),a([0,1]) = {¢° : 3 < 6 < 2m}. For
x € (—1,0) we havelF (x)|? = |9 (x)|2.

To summarizek is thelD, -outer function whose boundary function (almost every-
where) satisfies

9(8)1° T.:

, | Lrwe(&)le@)P et
IF(E)I"=1q [9(Z)] T &e[-1,0]; (6.2.20)

19 (§)] £clo.1.

L+wg(&)lo(§)PP

In the above definitions, and for what follows, we will use tfogation

T,:={€°:0<0<m and T :={°:m<O<2m}.
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Proof of Corollary 6.2.19.Let A € (—1,0) and letl, be a closed sub-interval ¢f-1,0)
that containg in its interior. From the formula fofF in (6.2.20), notice that

|[F|=|¢| a.e.on(—1,0). (6.2.21)
Notice also from elementary facts about conformal maps &rid) that
w. |l is bounded above and below. (6.2.22)
SinceA € Gand®,, = 1, there must be ah € M such that
f is never zero oty . (6.2.23)

But sincef|D, /F € H(D, ) we have, from applying (6.2.22) followed by (6.2.23) fol-
lowed by (6.2.21),

2
wdx > c/

Iz

f 2 1 1
oo>/ dx>c/ —dx:c/ ——dx
I F IA “:‘2 IA “MZ

Since¢ is analytic in a neighborhood ¢f, the only way that

1
——dXx<
/u e

is for ¢ to have no zeros ol . Thus we have shown thathas no zeros of+1,0).

We will now argue thath (—1) # 0. LetJ be the arc of the unit circle subtended by
the points—1 andi. Let f € M\ {0} and letf; be theD-outer function whose boundary
values satisfy

f
F

1
—, a.e.onj;
f] =4 Tf| (6.2.24)
1 a.e.onl\ J.
5 By the definition ofD-outer we have
(+z
f1(2) = exp{ — : Z—_Z|09\f(5)|dm(5)

and so, since the integration is oukrf; is bounded orf0,1). Clearly we havef f; €
N*(G)bandfif € L?2(0G, w). By Proposition 2.4.10f; f € H?(G). Use Lemma 6.2.9 to
produce a sequenégn)n>1 in H* (D) with g, — f1 pointwise inD and|gn| < |f1| onD.

By Proposition 6.1.1g, f € M for eachn. Moreoverg,f — f1 f pointwise inG. We also
see thatgnf|? < | 1|2 on G and so, by the harmonic majorant definition of the norm on
HZ(G), [lgnf [l42(c) is uniformly bounded im. Thusga f — f; f weakly and sdf; f € M.

5By (2.4.3), log f| € L1(dG, w) and from (2.3.6)lw =< d6 onJ. Thus it follows that logf; | € L*(T,m) and
so such d-outer function actually exists.
60bserve thaf € H2(G) c N*(G) and f; is D-outer and hence, by Proposition 2.4f5js G-outer.
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Moreover, from (6.2.2) and (6.2.5),
wy|d =< |z+1]. (6.2.25)

Sincef; f € M, thenfy f|D, /F € H?(D, ) and so, by using (6.2.24) followed by (6.2.20)
followed by (6.2.25),
1{ +1]

o> [ | welddl> [[Epled| > [11ae > [ grslad

Since ¢ is analytic in a neighborhood of1 (Lemma 6.2.14), the only way this last
integral can be finite is fop (—1) # 0. O

afp
F

Lemma 6.2.26. For eache € (0,1), theD, -outer function from (6.2.20) satisfies
/ |log|F||[weds < .
T+U[—&,1]

Proof. Using (6.2.20), write

“:|2_ ‘LAU1|2

= Trwol G a.e.onTU[0,1].

We see that

/ llog|F|?lweds < / llog|F|?/wds (by Lemma 6.2.6)
T, U[0,1] T4U[0,1]

< [ lloglys \wds+/ 109(1-+vigolwds
T+U[O,]

The first integral in the previous line converges siggds part of the boundary function
for ¢ andg € H?(G)\ {0} (see (2.4.3)). For the second integral, use the inequality

log(1+y) <1+|logy|, y>0,

to show that this integral is bounded above by
/ wds+ \ Iogw|wds+/ | log |y, |?|wds
T, U[0,1] T, U0,1

The first integral clearly converges. The second mtegraVecges by Lemma 6.2.7(1)
while the third integral converges sing® is part of the boundary function fap and

¢ € H2(G).

We are now left with showing that the integral
/ |log|F | [weds
[-&.0

converges. But this one is easy since, by (6.2.20)= |¢| a.e. on[—&,0] and ¢ €
H2(G¢) \ {0}. (This last fact follows from the fact that € H?(G) andG; C G - see
(2.1.4)). This completes the proof. a
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With these technical details out of the way, we are finallydye#or the proof of
Theorem 6.2.1.

Proof of Theorem 6.2.1Let € € (0,1). We leave it to the reader to use Lemma 6.2.7 and
Lemma 6.2.26 to verify that there is@g-outer functionF; whose boundary function
satisfies W
|(Fe)"|? = == |F*|? a.e. on[—¢,1];
W

W,
\FE\Z:W—E\HZ a.e.onl;
+

IFe|?=1 a.e.orl_;
((Fe)"[2=1 a.e.of—¢,1].
To finish the proof, we need to show that foe H?(G)

f|D f
fiDy H?(D,) < =€ H2(G),

&

or equivalently that
2

wyds< o

|-—/ f
1= on, |F

d i
W, s+/ LA
T ey ‘(Feﬁ

By the construction off; above we have

if and only if

|-—/f
2= | IE

£

2 2

I

2
)wgds< 00,

< |1+/ \f‘\zwgds—i—/ I Pweds
[—€1] T

< litcfflfye (bylLemma6.2.6)

and, sinceF|? = |$|? on[—1, —&] and¢ is non-zero ori—1, —&] (Corollary 6.2.19),

i < |+ mzw ds
1 s 2 =Wt
-1-¢ [F[?
2
< I2+CHf”H2(]D)+)

< l+cfflfye (by(2.1.4) O

Remark6.2.27 As one can see from the very end of the proof of Theorem 6 2elfaict
thate > 0 is important since the constamin the last two lines of the proof depends on
€. We do not know whether or not the conditiolyFs € H?(G¢)’ (whereF, is someG,-
outer function) can be replaced bf/F € H?(G)’ (whereF is someG-outer function).
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Cyclic invariant subspaces

7.1 Two-cyclic subspaces

If M is an invariant subspace &f?(G), the proof of Corollary 6.1.6 shows that:=
C,-10M is a nearly invariant subspaceld®(C \ y). We know from Corollary 3.2.9 that

if {0,} is not a subset of the common zero$\band® and¥ are the normalized repro-
ducing kernels at = 0 andz = o, then the smallest nearly invariant subspace containing
@ andW is equal toN. From Remark 6.2.12 we also see tkdat a is the normalized
reproducing kernel foM at a~1(0) while Wo a is the normalized reproducing kernel at
a~1(c).

Theorem 7.1.1. If M is a non-trivial invariant subspace of HiG), then
M=\/{Z(Poa),Z"(Woa):nme No}.

Proof. Without loss of generality, we assume tlwat(0) anda —(c0) do not belong to
the common zero set 6f. We know thatC,-1M = N w, whereNg y is the smallest
nearly invariant subspace containiigandW¥. Thus we have

Maoa,woa CM =CaNo y,

whereMaeoq, woq IS the smallest invariant subspace-(G) containing®o a andWoa.

This means that, -1 Mae.q woq IS @ nearly invariant subspacefeb?(@\ y) which contains
® andW¥ and so, by definitionC, -1 Maooa,woa = No,w. The result now follows. O

For general function$,g € H?(G), when is the invariant subspace generated by
andg equal to all oH?(G)?

Theorem 7.1.2. If f,g € H?(G)\ {0}, then

\/{2'f,Z"g: n,me No} = H*(G)
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if and only if f and g have no non-trivial common G-inner facad the set

N gt
{XE 01 =5 = g-<x>}

has Lebesgue measure zero.

Proof. One direction is easy. For the other direction, Mtbe the invariant subspace
generated by andg. By Corollary 6.1.6,
h|D
M=0. {h e H3(G): % € H(D,),h" =ph~ a.e. orE}.
Sincef andg have no commofs-inner factor, it must be the case ti@t= 1. Also, since
the functionsf* /f~ andg™ /g~ are equal almost nowheri,has measure zero. Thus

P Hz(m)}.
F
This means thad is H*(G)-invariant and so, by Proposition 6.10% = ©;H?(G) for

someG-inner function®;. But again, sincd andg have no commofs-inner factor, we
must have®; = 1 and sdM = H%(G). O

M= {he H2(G):

Example 7.1.3. The invariant subspace generated by the functions 1, &rid H?(G).

7.2 Cyclic subspaces

Theorem 7.1.1 says that every invariant subsgeces 2-cyclic in the sense that it is
generated by two functions. Do we really ndexdhfunctions to generat®(? IsM always
cyclic, i.e., is there a singlé € M so that

M=[f]:=\/{2'f :ne No}?

WhenM = H?(G), results form [4} show thatM is not cyclic (see also Remark 7.2.1
below). What are the cyclic invariant subspacesiéfG)?

Remark7.2.1 Itis easy to see that
[f] ¢ M(p) := {h€ H3G) : h" = ph™ a.e. on0,1]},

wherep = f* /f~ almost everywhere. Suppose that an invariant subsiage{ 0}, with
parameter®,F:(0 < € < 1), p,E from Theorem 6.2.1 (note th&, p, andE are essen-
tially unique - Corollary 3.6.3) is cyclic. Themy ([0,1] \ E) = 0. Heremy is Lebesgue
measure o0, 1]. Indeed, suppose ([0,1] \ E) > 0. Then there is a closed subsebf
[0,1] \ E with my(F) > 0. Using (3.6.1), one producegi& H*(D\ F) \ {0} with

gt
— #1
g,¢

1The follow-up papers [2, 3] discuss other cyclicity probfem
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on some compact subsetefof positive measure. From the definitionf we see that
gM C M. Thus if [f] = M, thengf € M. HoweverM = [f] C M(p) as above and so
(gf)*/(gf)” = p almost everywhere of0,1]. But g was constructed so that this last
equality can not hold almost everywhereenThus

M is cyclic= my([0,1]\ E) = 0.

We will see in Example 8.2.13, using an analysis of the egdestectrum ofS|)M,
that the other direction does not hold.

The next few results compufé] for certain reasonably well-behavéd: H?(G).

Theorem 7.2.2. Suppose both h antl/h belong to H(G). Then[h] = M(p), where
p=h*t/h".

Proof. So far we havéh] C M(p). To see the other direction, suppdse M(p). Using
the fact that th € H(G) and the Cauchy-Schwarz inequality, we see that f/h ¢
HY(G) and so by (2.1.4),

gD, eHY(D,) and gD_eHYD). (7.2.3)

Let g:=wszowpow; be a conformal map frorfd ontoD; (see the appendix). A
computation shows that the functidti+ q)(1— q)q' is bounded. From the conformal
invariance of the Hardy spaces and (7.2.3), we havegfiat o q € H1(D) and conse-
quently, the functiorgy(2) := (1+2)(1— 2)g(2) has the property thay D, € E}(D,),
i.e.,(01|Dy oq)q € HY(D) - see (2.4.9). In a similar wagy |D_ € EY(D_).

Using the Cauchy integral formula (Proposition 2.4.12) \aeeh

1 91(¢)
gl(Z) B E oD+ {—-z

dl, zeD..

However,(g1)™ = (g1)~ almost everywhere of+-1,1] and so for allze D\ [-1,1] we
have

1 91(¢) 1 01(4)
gl(z)_ﬁ oD, Z*Zdz—i—ﬁ op_ (—2

1 o)
47 = ﬁ]grﬁolz.

Notice in the above calculation how the integrals[erl, 1] cancel each other out. This
means thap; is a Cauchy transform of a measure Brnand consequentlg; has an
analytic continuation acro$s 1, 1] to a function which belongs td°(D) forall0< p< 1
[32, p. 39]. In particularg € N* (D).

By Lemma 6.2.9, there is a sequerigg)n>1 in H*(D) such thay, — g pointwise
inD asn — o and|gn| < |g| onD. Henceg,h — f pointwise inG and|gnh|? < |gh|? = | f|?
onG. This last inequality says that ti&?(G) norms ofgnh are uniformly bounded. Thus
gnh € [h] (Proposition 6.1.1) anghh — f weakly inH?(G) which means that € [h]. O

Itis routine to show that if and ¥/ f belong toH?(G), thenf is G-outer [35, p. 68].
One might conjecture that ff € H?(G) is G-outer, then

[f] = M(p),
wherep = f*/f~. However this is not the case.
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Example 7.2.4. Consider theG-outer functionf(z) = z. By (7.3.1) and Theorem 7.3.2
(see below)

[4 ={geM(1):9(0) =0}
which is a proper subset off(1).

Remark7.2.5 One might wonder where the classical Hardy speééD) fits in with
M(1). They do look very similar. It follows from (2.1.4) thet?(D) ¢ M (1) with contin-
uous embedding. However, this containment is proper. Famgie, the function

1
V1i-z

is analytic acros£0, 1] but does not belong te?(ID) since

I
HZD) ™ Jo |1—€0|2m

However,f € N*(G) and by (6.2.5)f|0G € L?(dG,w"). Thus, by Proposition 2.4.10,
f € H2(G) and hence, sincéis analytic oD, f € M(1).

f(z) =

Corollary 7.2.6. Suppose £ ©f1, where® is G-inner and f is G-outer such thatf
and1/f; belong to H(G). Then

[f] =0©-M(p),
wherep = f;"/f".

Proof. Use the fact tha® is G-inner and so multiplication b® is an isometry to argue
that[f] = ©-[f1]. Now use Theorem 7.2.2. O

7.3 Polynomial approximation

Our results have applications to polynomial approximatod analytic bounded point
evaluations. Leto be harmonic measure f@G andP?(w) be the closure of the analytic
polynomials inL?(w). Notice that

[1] = P2(w) € M(1).

Sincedw|T = [’ |dm, wherey is the conformal map fror® ontoD, and sinced —
Y/ (€9) is a log-integrable bounded function M 271 (see (6.2.5)), there is a bounded
D-outer functionF onD such thaty’| = |F|? almost everywhere ofi. For an analytic
polynomialp we can apply the Cauchy integral formula (see (2.4.11))edlsat for fixed

aeD,
[ PFQ)
a- | 7 M)
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The Cauchy-Schwarz inequality yields
1/2
par@l < Ca [IpeIFram)

1/2
< G ( / |p2dw)
T

< Gallplliz(w):-
Divide through byF (a) (which is never zero since is D-outer) to get
1p(8)] < callpllL2(w) (7.3.1)

for all polynomialsp. In other words] is the set obounded point evaluatiofsr P?(w).
This also means that the linear functiomal— p(a), initially defined on the analytic
polynomials, continues to a bounded linear functionalPdfw).

Theorem 7.3.2. For f € H2(G), the following are equivalent.
1. feP?(w);
2. feM(1);
3. f has an analytic continuation fD;
4. feclogzgH"(D).

Proof. The equality[1] = P?(w) is clear. Theorem 7.2.2 gives {#§ = M(1) and so (1)
< (2). From the proof of Proposition 6.1.1 we have

[1] = C|0§_|2(G> H® (D)

and so (1)= (4). Now use the conformal map: G — C \ y along with Corollary 4.2.20
to see that (3% (4). a






Chapter 8

The essential spectrum

8.1 Fredholm theory

If B(K) is the algebra of bounded linear operators on a Hilbert sfpaemd X is the
ideal of compact operators dfi, one forms theCalkin algebraB (3{) /X and the natural
map: B(H) — B(H)/XK. Recall thatA € B(H) is Fredholmif 77(A) is invertible in
B(H)/XK. A well-known theorem [20, p. 356] says thatis Fredholm precisely when
Rn@A is closed and both kér and H{/RngA are finite dimensional. An operatdy is
semi-Fredholmif 77(A) is either right or left invertible irB(3)/X. Equivalently,A is
semi-Fredholm if and only if Rn@\) is closed and either k&k) or H{/RngA is finite
dimensional. We also use the notation

o(A):={A € C: Al —Aisnotinvertiblg¢ (spectrum ofh),
Oe(A) :={A € C: Al —Ais not Fredholny (essential spectrum &).
Note thatoe(A) C o(A). For a semi-Fredholm operataret
ind(A) := dimkerA — dim(3/RngA)
be theindexof A. When the seZ. U {+} is endowed with the discrete topology, the map

A — ind(A) (from the set of semi-Fredholm operatorsZe {£~}) is continuous [20,
p. 361].

8.2 Essential spectrum
We now compute the essential spectrum of

T:=9M,
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whereSis, as alwaysS f = zf on H?(G), andM is a non-zero invariant subspace ®r
ForA € G, itis easy to show that

(S—ADH2(G) = {f e H?(G): f(A) =0}

and thus is a (closed) non-trivial subspaceHsf{G). Furthermore, kéS— A1) = {0}.
From here it follows that (S) = D~ and ge(S) C dG. A result from [21, Thm. 4.3]
proves the other inequality and so

For each € Gthereis ) > 0 so that
Iz=A)f[ = allf| vfeH*G)

and so this same inequality holds for dlle M. This inequality says thal — Al has
closed range. Clearly kér — Al) = {0}.
ForA € G\ Z(M), we can use the nearly invarianceXdf (Corollary 6.1.3) to get
that
(T=ADOM={feM: f(A)=0},

which is closed. Furthermora{/(T — A1)M is one-dimension&l From here it follows
that
og(T)=D".

By our discussion abovd, — Al is Fredholm for alil € G\ Z(M) and
ind(T —Al):=dimker(T —Al) —dim(M/(T —=AI)M) = -1 VA € G\ Z(M).

From heré, one can use the fact thd{)M) is a discrete set to show thef — Al) is
Fredholm forall A € G and so
0e(T) C 0G. (8.2.1)

In addition,
ind(T—Al)=-1 VAeG. (8.2.2)

Using standard Fredholm thedrgnd the above identity on the index, we have
Oe(T) = ai(T), (8.2.3)

wheregj (T) is theleft spectrun{also known as thapproximate point spectrunof T. It
is a standard fact [20, p. 215] théw (T) C 6;(T) and so, sincer(T) =D~, we get

T C 0e(T).

1see also (see [60, Lemma 2.1])

2We are using the following general fact [22, p. 357]: Suppase B () is Fredholm. Then there is an
€ > 0 such that ifY € B(3) with ||Y|| (the operator norm of) less thare, thenA+Y is also Fredholm and
ind(A+Y) =ind(A).

3Combine Proposition 4.3, Proposition 4.4, and Proposiidid from [22].
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Combine this with (8.2.1) and (8.2.3) to obtain
T Coe(T)=0i(T) C dG. (8.2.4)

Thus to determineg(T), it remains to determine which points|id, 1) belong toge(T).

Theorem 8.2.5. Let M be a non-zero invariant subspace of (&) and let AM) be the
set of points x [0, 1) with the property that there exists ajnd M such that f/ fx extends
to be analytic in a neighborhood of x whenevet M. Then with T:= SM we have

0e(T) = IG\ A(M).

Proof. Letx € A(M). Fory € G\ (Z(M)u f,1({0})) and close tx we know, sincé\ is
nearly invariant (Corollary 6.1.3), that

f— fix(y)fx
z—y

eM VfeM.

Sincex € A(M) we can lety — x to obtain

f— £(x)fx
— X T eM vieM.
Z—X

Rf:=
To show thaRis continuous oVt we will use the closed graph theorem. Indeed suppose
(fn)n=1 € M with f, — f andRf, — g in the norm ofH?(G). Note thatg € M and
fn — f,Rf; — g pointwise inG. A little algebra shows that

fn f

F0 - @2 0{@ vzeG\K({0).

Sincef,g € M, the function on the right is analytic nemaiand equal tq f / fx)(x) when

z=X. Thus
fn f
f—X(X) — f—X(X)

which says thag = Rf and so, by the closed graph theord®is continuous. A routine
computation will show thaR(T —xI) = 1. Thus(T — xI) is left-invertible. But sincer
satisfieso; (T) = 0e(T) (see (8.2.3)) we see thatZ 0q(T).

Conversely, suppose thate [0,1)\ de(T). Then, from (8.2.3)x ¢ ¢i(T) and so
T —xI has a left invers&® (which we will show in a moment is equal to the operator
R from the previous paragraph). SInBéT — xI) = | we see that Rrdr) = M. Using
the fact thatx ¢ de(T) and ge(T) C JG (see (8.2.1)), we know, from (8.2.2) and the
continuity of the index [20, p. 361], that

ind(T —xI) = lim ind(T — (x+ig)l)=—1.

£—0t
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Furthermore [20, p. 363],

0 = ind(R(T —xlI))
= ind(R)+ind(T —xI)
= dim(kerR) —dim(RngR)* — 1
= dim(kerR)—1 (since RngR) = M).

Thus
kerR= Cfy (8.2.6)

for somefy € M\ {0}. Fory in some open neighborhoodxfconsider the operator
Ry :=R( —(y—x)R)*.

A computation using the identity

oo

R = ;(yfx)"R”*l (8.2.7)

(which is valid fory in some small open neighborhoodx)fshows that
Ry(T—yl) =Ry((T —xI)+(x=y)I) =1.

Moreover, fory € G\ (Z(M) U f, 1({0})) and neax, the operator

f
Qfi=—" "= (8.2.8)

is a bounded operator dv (again using the nearly invarianceXf and the closed graph
theorem). A computation will show this operator is also & ileferse forT —yl. Since
ye G\ (Z(M) U f1({0})), we can use the nearly invariance)df along with the facts

(T—yhM={feM: f(y)=0}
dim(M/(T —yh)M) =1,
fx(y) # 0,

to see that
M= (T —yh) M+ Ciy

SinceQy(T —yl) = Ry(T —yl) =, thenQy = Ry on (T — yl)M. FurthermoreQy fx =
Ry fx = 0 (This follows from (8.2.8), (8.2.7), and (8.2.6)). ThQg = R, on all of M and
so

Rf = Vi e M. (8.2.9)
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Finally, the identity in (8.2.7) shows that the function

is an operator-valued analytic function for glin some open neighborhood »fand so
forfixedzy € Gandf e M

y— Ryf(2)
is analytic in some open neighborhoodoiChoosingzy such thatfy(z) # 0 and using

the identity in (8.2.9), we see théf fy is analytic in some open neighborhoodwoThus
x € A(M) which completes the proof. O

Remark3.2.1Q Analytic continuation across boundary points seems to l®ecurring
theme when studying the essential spectra of multiplicatgmd Toeplitz) operators on
certain Banach spaces of analytic functions [9, 11, 21].

Corollary 8.2.11. If f € H?(G)\ {0} and T:= S|[f], then the following hold.
1. The function Jif extends to be analytic di for every he M.
2. 0e(T)=T.

Proof. Notice how statement (2) follows immediately from statetr{@hsince (1) shows
thatA([f]) =[0,1). To prove (1) fix arh € [f]. By the definition of f], there is a sequence
of analytic polynomialg pn)n>1 such thatp,f — hin the norm ofH?(G). To show that
h/f has an analytic continuation acrd8sl), and thus complete the proof of (1), we will
show that the sequenden)n>1 forms a normal family orD. Notice from Proposition
2.4.13 how(pn)n>1 forms a normal family or6s.

To this end, fix € (0,1) and letC; := {|z] =r}. We will assume that is chosen so
that f is non-zero or€; and that bothf *(r) and f ~(r) exist and are non-zero. It follows
that

0O<mgf(z) <M< VzZeC NG

For a compact sek C rD we can apply the Cauchy integral formula (with an appropriat
branch cut for the square root) to get

1/2 1/2 )
(z—1)"pn(z me —————>dn VvzeA

Now apply the following three inequalities

1
Ipn(n)| < ﬁlpn(n)f(n)\, necnG;

f
() )| < K el €GN

4This inequality follows from Proposition 2.4.13 and (6)2.5
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|n —r[*?
distn, o672 = TEE0

to the above integral identity to show that
2= 11"?pn(2)| <K||paf| VzeEA

But sincel| pn f|| is uniformly bounded im and sincez € A andA is a compact subset of
rD, we see that
(2| <K vzeA Vn>1

It follows that the sequend@n)n=1 forms a normal family or. O

Corollary 8.2.12. LetM be an invariant subspace of3G) and T= SM. If x € [0,1)
is a cluster point for the zeros or poles ofd for some fg € M\ {0}, then xe ge(T).

Proof. Assume to the contrary tha¥ ge(T). Then, by Theorem 8.2.5, there is a function
fx € M such that/ fx extends to be analytic in a neighborhooddbr everyh € M. In
particular,f /fx andg/ fx extend to be analytic near Depending on the orders of the
zeros of these two functions &t either f /g or g/ f extend to be analytic near This
contradicts the fact thatis an accumulation point for the zeros (or poles¥ od. |

From Theorem 7.2.2 we know, for certaf that [f] = M(p,[0,1]), wherep =
f*/f~. From here, one might be tempted to conclude that spaces fifitimM (p, [0, 1]),
for some measurabje: [0,1] — C, are always cyclic. The following example shows that
this is not always the case.

Example 8.2.13. There are twoG-inner functionsf,g and a measurable functignm:
[0,1] — C such that iftM := [f,g], the invariant subspace generatedfbgndg, then the
following hold:

1. M < M(p,[0,1]).
2. 0e(SIM) = ge(SM(p, [0,1]) = 0G.
3. M andSM(p,[0,1]) are not cyclic.

Proof. Choose a sequenden)n>1 C D, such that(an)n>1 clusters precisely on all of
[0,1] and (an)n>1 is anH?(G) zero set. Letf be aG-Blaschke product whose zero set
is precisely(an)n>1. Since(an)n>1 is also anH?(ID, ) zero set, then there is alsdla -
Blaschke produch whose zeros are precise(s)n>1. Notice thatb extends to be ana-
lytic across(—1,0) since the zeros df do not accumulaté—1,0). Furthermore, since
Ib(x)|? = 1 almost everywhere dn-1,1], the analytic continuation df across(—1,0) is

the function ¥b* whereb* is theD_-inner functionb*(z) = b(z). Define a functiorg as
follows:
@)= f(z)/b(z), if ze Dy;
99 =1\ t(9b*(2), ifzeD_.
Notice thatg € H*(G) and thaig is aG-inner function. Sincé is D -inner we also have
g"(x) _ frx)/b(x) _ frgb (x) _ f(x)

g (0 b (x)  fm(x)b () f(x)
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for almost every € (0,1). Thus if we set
p=g"/g =f"/f",
thenp : [0,1] — C is a measurable function arfdg € M(p, [0,1]), so
M= [f,g] € M(p,[0,1]).

Sincef /g has infinitely many zeros and poles clustering@r|, we have the con-
tainment[0, 1] C ge(S|M) (Corollary 8.2.12). Similarly, sincé,g € M(p,[0,1]), we see
that[0,1] C ge(SM(p,[0,1]). Thus, from (8.2.4), we haves(§M) = dG and

Te(SM(p,[0,1]) = 9G.

Hence, by Corollary 8.2.11, neith&M nor SM(p, [0,1]) is cyclic. O
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Other applications

9.1 Compressions

We now examine the compressionSio certain co-invariant subspaces. Throughout this
sectionw will denote harmonic measure fa/G at some point irG. Note from (6.2.5)
thatdew = |&|~1/2|& — 1|ds We begin with the following.

Proposition 9.1.1. The map R H?(G) — L?([0,1], w) defined by Rf= f* — f~ is a
continuous onto linear operator.

Proof. The obvious estimates will show th&tis continuous. Letp = @ : D — G from
the appendix ang/ = ¢~ 1. To showR s onto, letg € L?([0, 1], w) and note that
9(x) =koy(x)

for somek € L2(J,d8), wherel = {€°:0< 8 < i1/2} andy* ([0, 1]) = J. In other words,
we are thinking ofj as living on the "top part” of the sli0, 1].
The functionk(€?), extended to be zero f@ ¢ [11/2, 1], has a Fourier sine series

kK~ $ ansin(ng),
nzl
where
_ 2 ™) sinn)dt
an_l—_[/o (") sin(nt)dt.
Define

1 [o0)
h(z):==§ and
2i n;
and notice thah € H?(D) (since theay’s are square summable - see (2.1.8)) and

h(€®) —h(e %) =k(€%), a.e.6c[0,m/2).
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Now let f ;= ho and see that € H2(G) (sincef o @ = h € H?(D)) and for almost
everyx € [0,1],

(%) — £~ (x) =h(€®) —h(e®) =k(€®) = (ko ¢)(x) = g(x).
ThusRis onto. O

Notice that, kefR) = M(1). This allows us to define the quotient operator
R:H2(G)/M(1) — L?([0,1],w), Rf:=Rf=f"—f",

wheref is the coset iH2(G) /M (1) represented by. With Sdefined as multiplication
by zonH?(G), one forms the bounded operator

S: H%(G)/M(1) — H?(G)/M(1), Sf:=zf.

An easy calculation shows that
RS= MR, (9.1.2)

whereMyg = xg is multiplication byx on L?([0,1], ). Putting the above discussion in
more appropriate Hilbert space language yields the fotigwi

Proposition 9.1.3. SupposéN is the co-invariant subspads = H?(G) © M(1), Py is
the orthogonal projection of HG) ontoN, and C= P\ SN is the compression of S to
N. Then C is similar to Mon L2([0,1], w).

Corollary9.1.4. Ifh,1/h€ H*(G) andp = h* /h~, then the compression of S tG (&) ©
M(p) is similar to M on L?(]0, 1], w)

Proof. Let A= RM, , whereRis the map from Proposition 9.1.1 and the operef, :
H2(G) — H?(G) is defined byM; /n f = f /h. One easily sees that H?(G) — L2([0, 1], w)
is onto, intertwineS with My, and the kernel oA is preciselyM(p). The result follows
by passing to quotients as above. |

Using Wiener’s theorem [44, p. 7] we know that evéy-invariant subspace of
L2([0,1], w) is of the formxgcL?(]0,1], w) for some measurable sgtc [0, 1]. Bringing
in Theorem 7.2.2 and (9.1.2), we can prove the following.

Theorem 9.1.5. Supposé\ is an invariant subspace of HiG) and there exists an ¢ M
such that f and/f belong to H°(G). Then there is a measurable setH0, 1] such that
M=M(p,E), wherep = f+/f~.

Remarkd.1.6 Compare this to Theorem 7.2.2.
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9.2 Theparameters
Let us focus some more on the invariant subspaces
M(p):={f eH*G): f* =pf~a.e.on0,1]},

wherep is a complex-valued measurable function@ri]. We ask the question: For what
measurable is M(p) # {0}?

Let us first discuss a necessary condition. We see from (2i#a8forF ¢ H?(G) \
{0},

/ (\Iog\FﬂH—|Iog|F*\|)dw+/ |log|F||dw < .

[0.1] T

In particular, ifp : [0,1] — C is measurable anBl € M(p) \ {0}, we can combine the
above observation with the identity= F ™ /F~ almost everywhere to see the following.

Proposition 9.2.1. Suppos@ : [0,1] — C is measurable andl((p) # {0}, thenlog|p| €
L*([0,1], ).

Is the necessary condition in the above proposition suffi@iket us work through
a few examples.

Proposition 9.2.2. If p is a complex-valued step function which is never zerdOoh|,
thenM(p) # {0}.

Proof. Let po, p1,--- , Pn be non-zero complex numbers such that; > 0 for all j and

OLar<ap<---<an<l

Let
f(z):=2"(z—ay)P*---(z—an)™,

where we take the branch of the complex logarithm to be aisadytC \ [0,). Notice,
sincelp; > 0, thatf € H*(G) \ {0}. Then with

p(x) =P 0<x<ay,

p(x) 1= eMPog?P1 gy < x < ay,

and so on, we see that
fr=pf~

and sdM(p) # {0}. By choosing appropriai@ andp; one can create any non-vanishing
step functiorp. O

Proposition 9.2.3. Suppose is a real-valued measurable function 1] such that
a<p(x)<b, xe€l0,1] (9.2.4)

for some constan8 < a < b < «. ThenM(p) # {0}.
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/1 logp(t)

T 2m t—z

be the Borel transform of the functigfy 1) logp and notice that is analytic onC'\ [0, 1].
It is well-known that the limitsh™(x) andh™(x) exist for almost everx € R (see [71,

Theorem 1.4] for details).
A computation shows that

Proof. Let

1
h(x+iy) — h(x— iy) = /0 Py () logp ()t

where 1
y
Py (t) = _n(ti —X)2+y2

is the usual Poisson kernel for the upper half plane. We Wihanegative values of in
the above formula. Using standard facts about Poissonradtef85, p. 29], we get

h* —h™ = X0y logp
almost everywhere. The identities
Periy(t) = —Bciy(t)

and
Oh(x+iy) = /Px+ly )logp(t)dt

along with (9.2.4) will show thaflh is a bounded function o8. Thusf := €" belongs to
H*(G)\ {0} andf™ = pf~ and sof € M(p)\ {0}. O
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Domainswith several dits

10.1 Statement of theresult

We now extend our main theorem (Theorem 6.2.1) to domairts several slits. More
precisely, we consider domains of the form

N
G=D\{Jy, (10.1.1)
=1

wherey; are analytic arcs satisfying certain technical conditidriey are the following
(see Figure 10.1 for an example):

1. Eachy; is a closed connected subset of a simple analytic opef;avbich meets
T at a positive angle. The aig will be called ananalytic continuatiorof y;;

2. vi,---, W are pairwise disjoint;
3. Eachy; has one end point; € T andy; \ {Aj} C D.
Our extension of Theorem 6.2.1 is the following.

Theorem 10.1.2. Let G be a domain as in (10.1.1) and igt1 < j < N, be analytic
continuations of the arcg,1 < j < N. If M is a non-trivial invariant subspace of HiG)
with greatest common G-inner divis@r,¢, then there is a measurable set

N
Ec v,
j=1

a measurable functiop : E — C, and an analytic function F on an open set\(G, with

N
Uvnpcy,
j=1
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72

Figure 10.1: A domain as in (10.1.1) with several slits. Nethow each sliy; is part of
a larger analytic slif; and how the slits meet the circle at a positive angle.

such that

v

M@M{}eHQQ: eH%wJ+praeon%.

Remarkl0.1.3 1. The functionsf™ and f~ are the non-tangential limits df from
opposite sides (once an orientation is fixed) of theyarc

2. The open séf will turn out to be

Cz=z

V=|]JVnG),

j=1

whereV; are certain disjoint domains obtained from Lemma 10.2.1o(le See
also Figure 10.2.

3. SinceV is a disjoint union of simply connected domains, we shouldlbar what
we mean byH?(V). We follow [21, p. 664]. An analytic functiofi onV belongs to
H2(V) if |f|2 has a harmonic majorant &1 We letU; denote the least harmonic
majorant and fog; € VNG, 1< j < N, define the norm oki?(V) to be

N
1 1E20) = 3 Ur(ay).
H2(v) ij j

As to be expected, different choicesagfs yield equivalent norms.
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4. It should be the case, as in Theorem 6.2.1, that ther&isater functionF, where
N N
G=D\JW)",
i=1
such that
f ~
M= @M~{f e H%(G): E€ H2(G),f* =pf~ ae. orE}.

However, at this point, we do not see how to produce this miodgedjouter function
from the local function we have in Theorem 10.1.2.

10.2 Sometechnical lemmas

We will use Theorem 6.2.1 to prove Theorem 10.1.2. In ordelotthis, we need to take
care of a few technicalities.

Lemma 10.2.1. There are open subsets,V-- ,Vy of D such that
1. W,---, VW are pairwise disjoint.
2. Foreach j, \ containsy; \ {Aj}.

3. Foreach j,0V;\ {A;} is a C? arc anddV; is a piecewise €arc which intersect§
only atA; and, at this point, makes a positive angle with bgtlandT.

4. For each j, there is a conformal mégy from Vj ontolD such that

Bilvi\ {Aj}) =1[0,1).

Figure 10.2: The domaiv (shaded) and the conformal mAp: V; — D which satisfies
Bi(yi\{Aj}) =[0,1).
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Proof of Lemma 10.2.1Fix j = 1,--- ,N and lety = y;, Y = yj, andA = A;. By the def-
inition of analytic arc, there is an open s¢tof ¥ and a conformal map which maps
U onto a regiorRwhich is symmetric about an open interyalb) which containg0, 1].
We can assume that(y) = [0,1] anda(A) = {1}. By shrinkingU, we can also assume
thatdRis analytic (see Figure 10.3).

Figure 10.3: The regiod (shaded) an® = o (U). Note thata (y) = [0,1] with a(A) =
{1}

The curvear (U NT) will be an analytic arc ifR that passes through the point 1. Pick
two pointsz;,z € dR which are symmetric aboui, b] and such that the line segments
¢1,¢> (which connecty, respectivelyz,, to 1) only intersec¥ := a(U NT) at 1 and form
a positive acute angle to bofa,b] andY at 1. Now form the regiofR; bounded by the
line segmenfa, 1], the line¢;, and the part of R subtended by; anda (see Figure 10.4).

Figure 10.4: The regioR; (top).

By altering the definition oR; slightly (replacing part of the line segmertsand
¢, with appropriateéC? curves near the poinig andz ) we can assume thaRy \ {1} is
c2.

One can find a conformal map, from Ry ontoD; such that

o(a=-1, a1(0)=0, a1(l)=1
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(see [56, p. 319]). By the symmetry principle; (really the analytic continuation of
ag) willmap Ry U (a,1) U{z: z€ Ry} ontoD with a1(][0,1)) = [0,1). Therefore the map
alo oql willmap D onto a regioV = V; with the desired properties (2) and (3). Finally,
let B = B be the inverse ofi toa; ™. O

10.3 A localization of Yakubovich

The proof of Theorem 10.1.2 depends on this following lazdion result discovered by
Yakubovich [79, Lemma 4] in the case of an annular domain.

Proposition 10.3.1. Suppose that G is a multiple slit domain as in (10.1.1) and let

2

Vi=J(VinG).
j=1

If M is a non-trivial invariant subspace of HG) with greatest common G-inner divisor
equal to one, then & H?(G) belongs tdM if and only if f|V belongs to the closure of
M|V in H2(V).

To make writing integrals more manageable, we willdgbe harmonic measure for
G at @(0), whereg : D — G and ¢ = ¢ . From our discussion of harmonic measure
from Chapter 2, note that

N
w = % (wopoyj +wpoly)+wpo [T
=1

N WO W) , df
In the above(y'){ and(y’); denote the upper and lower boundary functionsfoon
yj. Forh € H%(G) - H2(G), we will use the notation

=1

N

Nt
hdeo" = Z( hfﬂdw/ h
G & Yi 2n i

gy | do

d hly'|=—. 10.3.2
| Sads| + [y 1032)
We invite the reader to verify the following Cauchy-Schwize inequality

1/2 1/2
/ |fg|dw*<(2N+1)(/ |f|2dw*) (/ |g2dw*) . (10.3.3)
0G 0G 0G

Needed in the proof of Proposition 10.3.1 will be the follogidiscussion of the
growth (and decay) of inner and outer functionsSié a singulaiD-inner function with
an atom atfp € T, then

S(rdo)| =0(e"T7), r—1"
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for somec > 0. Forg € L*(m) we have

/TPrZO(E”g(E)‘d”(E):O(l%), r—1. (10.3.4)

r

Certainly (10.3.4) is true wheg s continuous. To see the general case, approxigate
with continuous functions in thet(m) norm and use the identity

1+r
SupR¢, (&) = 1
EeT -

This means that iH is aD-outer function, then

+I’Zo
& —

H(rZo) exp( IOQH(E)Idm(E))

and so, since
5 +rdo
f —r{o

and logH| € L*(m), we have, via (10.3.4),

PI'ZQ(E)

1 o
<L etl-r

H(rdo)] =~
wherec, — 0 asr — 1~. From here we see that

S(rdo) |
H(rdo)

(10.3.5)

r—1-

See [41] for a related result.
We are now ready for the proof of Proposition 10.3.1.

Proof of Proposition 10.3.1Recall that the regiong; are from Lemma 10.2.1 and the
open seV is

=z

(VinG).
1

j
It is obvious that iff € M, thenf|V € M|V. So suppose thatc H?(G) and

gV = lim oV, (10.3.6)

wheref, € M and the limit in (10.3.6) is in the norm &f2(V). Our goal is to show that
ge M.
Recall that)j is the endpoint of; which lies onT. Define a polynomial) by

N

Q2 = [(z— )",
(2) J|:|1(Z )
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whereb is a positive integer large enough so that
Qdw" < cdwy; onU;y; (10.3.7)

and
|Qlds< cdwy; onlJ;aVj. (10.3.8)

Here is where we use the hypothesis B\ {A;} is C? anddV; is a piecewis€? arc
which meetsT andy; at positive angles. See (2.3.14) for an explanation of this.
The rather lengthy argument below will show, for edwch M=+, that

Qg
<z—/\ 7h> =0, [A|>1 (10.3.9)
Assuming this is true, let us see how prove that M. Using (10.3.9) and Runge’s the-
orem [19, p. 198] we see th@tg L h for all h € M*. HenceQg € M. We now need to
argue thag € M. Since the zeros of the polynomillie on T, Q is D-outer and so [35,
p. 85] we can choos@n)n>1 C H*(D) such thalQ,Q — 1 weak= in H*(D). SinceM
is H*(D)-invariant (Proposition 6.1.1), we see tigiQg € M. FurthermoreQ,Qg— g
weakly inH?(G) and sag € M.

Before getting to the heart of the proof of (10.3.9), we fireed to derive a few
integral formulas. Fof € M\ {0} andh € M, note, sincé\l is invariant, that

f
——.h)= A 1 10.3.1
(s5m) =0 Il> (103.10)

w({)=[y'(Q)l, €T,
an application of Fatou’s jump theorem (Theorem 3.3.3) iexpl
fh —

lim dw' = Zf(Oh(Q)w(), a.eleT. (10.3.11)

r—1-Jogz—rl

Recall our notational understanding discussed just bafaseproof (see (10.3.2)) and
notice in (10.3.11) how the integrals over the slits canc¢imthe limit. Define

hi(A) = Tlx\)/ae %dw*, A e G\ f1({o}). (10.3.12)

From (10.3.11) we get

lim hy(r{) =¢h({)w({), a.e.( eT. (10.3.13)

r—1-

This shows, via uniqueness of radial limits of quotientdHdG) functions, that; is
independent of € M\ {0}. Thus, since the greatest comm@rinner divisor of M is
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one, we conclude thd, initially defined onG\ f~1({0}), has an analytic continuation
to G and furthermore,
h; e N+(G).
Note thatQf € M and so from (10.3.12) we have
QM) f(A)hi(A) = Q—fhdw*. (10.3.14)
0GZ—A

Since the curvedVj, y;, T all meet atA; at positive angles to each other, we see that
for fixedA € dVj\ {A;}

1
sup = ,
zer [{=A[ [A=Aj]

1
sup

From these estimates, (10.3.14), and the Cauchy-Schwaeartgquality from (10.3.3) it
follows thatQfhy is a bounded function on eadv; and

N
sup{Q(/\)f()\)hl(/\)| Aely av,-} <ol fllzg, feM, (10.3.15)
=1

wherec > 0 is independent of.
For generag € H2(G) (not necessarily i), define

L(A,Q9) = 7 A € D,
h
(,9:= [ o Qg m(), 1eG.
G Z—A
An argument using Fatou’s jump theorem (Theorem 3.3.3) 288(13) will show that
lim ¢(r{,g9) = lim ¢(s¢,9), a.eleT (10.3.16)
r—1- s—1t

and so the functionq-,g)|G and/(-,g)|De are ‘pseudocontinuations’ of each other across
T (see [64] for more on pseudocontinuations). Privalov'qjuehess theorem says that
pseudocontinuations are unique in thatifis another analytic function ot whose
non-tangential boundary values are equal almost everyenoethose of(-,g)|De, then
L =¢(-,0)|G. If g € M, then by (10.3.10¥(-,g) = 0 on D, and so, by uniqueness of
pseudocontinuations,

£(-,9) =00onGUDe for all g € M. (10.3.17)

For a compactly supported measyrén C, the Cauchy transform

) = [ )
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is analytic onC \ suptu) and

(Cu)(A)| < Wlup(u))wn, A €T\ suptp), (10.3.18)

where||u|| is the total variation norm ofi. For a compact s€€ C G, we can use the
estimate in (10.3.18), the standard continuity of pointeations forH?(G) (Proposition
2.4.13), and (10.3.3) to obtain a const@rt> 0, depending only oK, with

£(A,9)| < Ckllglluze) VOEH(G),A K. (10.3.19)

We will now derive, for certairg € H2(G), a useful integral formula fof(-,g).
Define

R/ := {g € H*(G) : Qgh|(UjaV;) € L1 (UjaV;,ds) }
and notice from (10.3.15) that

MCR. (10.3.20)
Define
Q:=G\V".
ForA €V andg € Ry, the function
o (2) = 229D
belongs taN*(Q). Furthermore, by (10.3.13),
iy (¢) = AVADMOME) e zer.

Observing thag|T,h|T € L?(wdm) we can use the Cauchy-Schwarz inequality to see
thatH, |T € L*(m). Using this observation along with our assumption thatR, we get
thatH, |0Q < L1(dQ,ds). Now apply Proposition 2.4.10 to see ti#if € E1(Q). From
Proposition 2.4.12, the familiar Cauchy’s theorem is nolidvand so

fHA(z)dz—f Hy(2)dz= ¢ H,(2)dz=0, (10.3.21)
T UjﬁVj aQ

where the orientation of the path integrals obeys the ueftahbnd rule. Thus, fok € V
andg € R/, we have

(0.9)= [ 2w -amigin)

_ L/ Qah QA _i
= 5= TZ—AdH - ~=5 0w —Q(A)g(A)hy(A) (d¢ =iZ|d¢| and (10.3.13)

1 Qghy Qoh .
577 Do ~dz+ » ~—dw’ — Q()g(A)hi(A) (by (10.3.21))
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ForA € De andg € Ry, a similar computation with Cauchy'’s theorem yields

1 Qghy Qgh
((A,g) = — =2 ldz+ = _dw". 10.3.22
(.9 21 Jujov; 2— A Uy Z—A ( )
ForA e G\V~ =Q we have
Qgh
——dw*
T{—A
_ 1 [ Qgh o
= ihzoa d{ (d¢ =i¢|d{| and (10.3.13))
1 Qghy 1 Qghy
= ——¢ ——=dz+-— I
2mi Jooz— A o 2mi Jujov, zZ—A z
_ 1 Qghy , .
= QA)g(A)hi(A)+ —~—dz(Cauchy’s formula - Proposition 2.4.12)

2_7Ti UjaV; zZ—A
which says, fod € G\V, that

_ 1 Qghy Qoh
(9= ™ ~—dzt » o, (10.3.23)

Combining (10.3.22) and (10.3.23) we see #j@t and/|(G\V ) are analytic continu-
ations of each other. In summary, we have,dar R,, that/(A,g) (originally defined on
DeUG) extends to be an analytic function ¢8\ V) UV which satisfies the formulas

gL Qah Qdh

=_— =<4zt =2 dw*, AeC\V, 10.3.24
270 Ujov; z—A Ujy Z—A \ ( )
while
1 Qahy Qah
(A,Q) = — =14z =~ dw* —Q(A)g(A)hi(A), A €V. (10.3.25
(A.9) =5 v 2 + Ly ZA Q(A)g(A)hy(A) ( )

Supposd is a circle contained i which intersects);dV; in a finite set and such
that the angle at each point of intersection witf@V; is different from zero orr. We can
apply our Cauchy transform estimate from (10.3.18), aloiilg (£0.3.3) and Proposition
2.4.13,10 (10.3.24) and (10.3.25) to get

disth,F1oV) 0.9 <A (lalhee)+ [ Qahids). Acr. acR.
ioVj

(10.3.26)
whereAr > 0 depends only of.
Let o be aG-inner function with atomic singularities gtA;,--- ,An} (note that
{Aj} =y NT). From the fact tha#V; meetsT at a positive angle we see, for evéry 0,
thato|dV; decreases to zero faster than @hputer function ordV; (see (10.3.5)). Thus,
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for all t > 0, a'hy is a bounded function oAV; for eachj. This means that for any
g € H%(G) andt > 0 we have

/ |Qgathylds < Ct/ IQg/ds
Ujov;j Ujav;

S Ct/ lg/dey;  (by (10.3.8))

UjaVj

< all9llkew)

< allgllhze (by (2.1.4)
Hence

o'ge R, VgeHZ(G),t > 0. (10.3.27)

Foreachj =1,---,N, letAj be an open disk with;” C G and such tha#Aj N 9V
is a finite set and the angle betwe@h; anddV; is different from zero orr (see Figure
10.5).

Aj

Figure 10.5: The diska;.
The facts thaol/™ — 1 almost everywhere 0dG and|o¥/" — 1| < 2, along with
the dominated convergence theorem and (10.3.19), will gshatv
((A,9) = lim ¢(A,a/"g) uniformly onU;dA;. (10.3.28)
We pause to comment that (10.3.27) says that the functidfis (f € M) and g¥/"g

(g € H2(G)) can be applied to the integral formulas in (10.3.24) and32%) as well as
the estimate in (10.3.26).



108 Chapter 10. Domains with several slits

After this long preamble and getting things set up, we are ready to complete
the proof by verifying the identity in (10.3.9). K, € M approximatey as in (10.3.6), we
can use the facts thar/"| < 1, o¥/"h is bounded onu;dVj, (10.3.8), and (10.3.3) to
assume (by choosing an appropriate subsequence &f'thehat

im (164~ ol + | | 1Q(@~ ¥ hujds) =0
N—0o Ujavj
Apply this last limit identity to (10.3.26) to get
lim dist(A, 04 NdV;) ‘é()\ ,o¥/ng) — é(/\,al/”fn)‘ ~0 (10.3.29)
uniformly ondA; for all j.

Our next tool will be a certain sequence of approximatingpoimials(gn)n>1. For
eachn € N, choose open sub-arp-ﬁ of y; with one end point ad; and such that

lim " (UjyF') =0. (10.3.30)

n—oo

(see Figure 10.6)

Figure 10.6: The sub-ang' and the setj(dVj Uyj) \ ;.

Let s, be a continuous function on
UViuy)\4;

j
satisfying the three conditions

s <1, si=0Y"on|J(0Vi\4)), s=lonJw\ V).
j j
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Since the domain of definition &, has connected complement, we can apply Lavrien-
tiev’s theorem [23, p. 232] to produce an analytic polyndrgigsatisfying

1
Sv—On| < 7
" 1+ [ fallnze)
From here we get
/ (Y™ — gn)Qahy|ds
UjoVj\4Qj
< [l s)Qhhds+ (51— an)Q o] ds
UjoVj\4Qj UjoVj\hj
1
< 04— c|[fullyzrq (by (10.3.15))

N1+ [ fnllhz(g))
c
< -,
n
Moreover,

o~ g,)Qfh|dw*
TR

< [ 1ot -1Qflde + [ s cel|QfFlde.
ijj\y? n U'Yj\yjn n n

J

By (10.3.3) the first summand is bounded above by

1/2 1/2
c / 0" — 112|h?de* / Q. 2de’
Uivi\Y Uivi\W'

1/2
< c(/u_y_ |01/n12|h2dw*> [ fnllhze) (by (10.3.7))
IRARN]

which converges to zero as— o since|o" — 1| < 2, 6¥/™ — 1 almost everywhere
asn — o, and fo|V — g|V in H2(V) norm. Again by (10.3.3) the second summand is

bounded above by
1

N1+ fallyz(e))
which clearly converges to zero as— «. Use the facts that

¢l fnllnz)

supsup{qn()\) A€ U(ﬁvj ij)\A,} <o and supfalpzy) <,
n J n

along with (10.3.3) and (10.3.7) to get

Loy

1

10" — gn||Qfah|deo" < c/ ; Ih|2deo”

Ujj
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which, by elementary measure theory and (10.3.30), goesrtoazn — . Thus we have
produced a sequence of analytic polynomiglgn-1 such that

lim (/ \(01/"—qn)anh1|ds+/ |(01/”—qn)anﬁ|dw*> —0. (10.3.31)
UjoVi\4j UjY;

Nn—oo

Combine (10.3.31) with (10.3.18) to get

dist(A,0V;nadA;)

_f (ol/n_qn)anhldz+/ (Gl/n—q")Qf“hdw*
21 Jujov)\a; z—A Ujy, z—A

(10.3.32)
goes to zero as — o uniformly on dA; for all j. SinceM is an invariant subspace,
Onfn € M and so by (10.3.17%)-,qn fn) = 0 which means that

0,0 ) = £(-, (0¥ —qn) fn).

ForA € G\V~ we can use (10.3.24) (appliedgo= (6" — qn) f, which belongs
to R, by (10.3.27) and (10.3.20)) to get

1 Q(Gl/n —qn) fah Q(Ul/n —0n) fnh
(L (GY" — o) f) = — b A DAL P B 1 Gl AL A
(A, Gn) f) 2 Ju;ov; zZ—A Ui, Z—A
and so, via (10.3.32),
. 1 1/ _ gn) fah
dist(A,V; N aA)) [¢(A, oY) — — Q=G ) (10.3.33)
2mi (UjevjN(ujaj) z—A

goes to zero as— oo uniformly ondA;N(G\V ™) for all j. Now use (10.3.28), (10.3.29),
and (10.3.33) to get

1/n_
N - Gt L fnhldz‘

dist(A,0VjnadA;) 21 J(ujavi)n(ujs)) 2=A

goes to zero as — o uniformly ondA; N (G\ V™) for all j. In a similar way,
dist(A,0VjnaA;)

X - 5=
2mi (Ujovj)n(ujaj) z—A

£(A,9)+Q(A)g(A)h(A)

dz‘

goes to zero as — oo uniformly ondA; NV~ for all j.
Let
1 Q(o’l/nfchq) fnh]_

= 5= dz
21 J(Ujavin(Uja) z=A

Un(A):

and notice that R
un € HP(C\Uj4))
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forall 0 < p < 1% If F is theC \ UjA; -outer function with
|[F| =dist(A,dV;NdA}) ondh;,

then our work in the previous paragraph shows that the fans(F u,)n-1 form a Cauchy
sequence i ((C\UJ 7). then

Fun — F£(-,g) almost everywhere ofu;dA;) N (G\V™);

Fu, — F£(-,9) + FQgh almost everywhere ofu;dA;) NV).

By Hardy space theory,
Fe(-9)[(UjaB) N (G\VT)

is part of the boundary function for a function i1112((C\uJ ) and so it follows that
£(-,9)|G has an analytic continuation (b\ UjA; . But, by adjustlng the disk&;, we can

show that(-,g)|G has an analytic continuation @b(the Riemann sphere!) and thus must
be the constant function.

From (10.3.16) we see théf-,g)|G also has a pseudocontinuatiép, g)|De. But
by uniqueness of pseudocontinuations (Privalov’s unigasriheorem), the pseudocon-
tinuation and the analytic continuation must be the samackl&-, g), originally defined
onDe UG, has an analytic continuation ®which is constant. Howevef(e,g) = 0 and
so{(-,g) = 0. In particular{(-,g) = 0 onDe which implies (10.3.9).

(I

10.4 Finally the proof

With the technicalities out of the way, we are now ready fer pnoof of the main result
of this chapter.

Proof of Theorem 10.1.2Without loss of generality, we assume that the greatest cmmm
G-inner divisor ofM is one. Recall thaj are the open sets guaranteed by Lemma 10.2.1
and

V=

s

MNG).

=1

For f € M, note that

1V 12y Z 11V NGl 0

1Thus far, we have been talking about Hardy spaces of simpigexied domains 6. The domair@\ujAj*
is not simply connected. However, the known and expectedtsefor the Hardy spaces of simply connected
domains still hold for these types of Hardy spaces. We réferéader to [32, 48, 65, 76] for a discussion of
this.
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and so if
My 1= clogyz) M|V,

then
M = (Mv)[(VjNG)

is a closed invariant subspacel#f(V; N G) for eachj = 1,---,N. Since eaclV; is a
Carathéodory domairﬁj‘1 :D —V;j is a weakx generator foH®(ID) [67]. This means
that the polynomials are weaksequentially dense iH® (V). It follows thatB; - M; C
M; and sdV; 0[3171 is an invariant subspace B (D\ [0,1)). (Recall thaB; (y; \ {Aj}) =
[0,1).) Applying Theorem 6.2.1 we obtal; C yj, pj : Ej — C, and aVj N G-outer func-
tion Fj such that

mq:{geH%wmargﬂwﬂGeH%WﬂGMf=Pm&eof&-
)
Now let
N
E:=JE;:
j=1

p:E—C, plEj:=pj,
F:V—C, FIVinG:=F.

The result now follows from Proposition 10.3.1. |
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Final thoughts

Hardy-Smirnov class: It turns out that our results about the invariant subspatce (G)
can be used to prove analogous results for the Hardy-SmilassE?(G) (recall the
definition from (2.1.9)). We restrict our discussion to thee of the slit disks =D\ [0, 1).
If @ is the conformal map fror onto G and ¢y = qogl, it follows from (2.1.10)
that the operator
U:H%(G) — E3G), Uf=(y)Y?f

is unitary and moreovet intertwinesS (S f = zf) on E?(G) with Son H?(G). Letting
K = ()2, we see from the form af/ (which can be computed from the appendix) that
K is aG-outer function. Furthermoré&H?(G) = E?(G).

Thus if M is an invariant subspace &F(G), then+M is an invariant subspace of
H?(G) and so from Theorem 6.2.1, there iEa [0, 1], ap : E — C, and, for everg > 0,
a Gg-outer functionF. such that

f
M= K@M~{f e H3(G): =€ H2(Ge), fH =pf~ ae. onE}.

&

Setting
+

- K ~
p:= Fp and Fe =KF,
we see thaF; is G.-outer and

M = Oy {g €E?(G): Fg € H2(G¢),g" = pg~ a.e. orE} . (11.0.1)

&
Banach space case: The main techniques used to characterize the invariargpsdes
of H2(G) depend on our discussion of the nearly invariant subspaice (@ \ y). It
is here where we used, in key places such as Proposition 8wl Proposition 3.4.8,
Hilbert space techniques such as the Wold decompositioesé’do not have Banach
space analogs and so our techniques do not seem to worfdt \ y) for generalp €
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[1,00). The main results of this monograph (Theorem 3.1.2 and Emeér2.1) should be
true in theH P setting but will require Banach space techniques.

Geometry: Our results characterize the invariant subspaces6) for a slit domain
where the analytic slit meets the boundarg&fat a positive angle. Does anything change
when the slit is tangent tdG? Can we relax the condition that the slit is analytic? Does
the slit domain need to be simply connected? What happens thieee are a countably
infinite number of slits?

Cyclicinvariant subspaces: For certain special € H2(G) (Theorem 7.2.2 and Corollary
7.2.6), we can computg], the invariant subspace generated fbywhat is[f] for a
generalf € H2(G)? We also know (Remark 7.2.1) that not every invariant sutEsjs
cyclic. Which ones are? For example, from Corollary 8.2.Elsge that ifM is cyclic
thenoge(§M) = T. Is the converse true?

L attice operations: For any bounded doma®, the invariant subspaces Ef(Q) form
a lattice in that ifM; and M, are invariant subspaces, then so ateV M, and M1 N
Mo. WhenQ = D, we know from Beurling’s theorem thatl; = 91H2(]D>) andM, =
OZHZ(]D)) for someD-inner functionsd; and®,. Moreover [23, p. 137],

M1V Mz =g.c.d(01,02)H3(D), MiNMsz=l.c.m(Or,0)H3(D).
WhenQ = G\ [0,1), Theorem 6.2.1 says that the invariant subspa¢eandM; depend

on the parameter®j, pj,Ej,Fj, j = 1,2. Can one describ®(; "M, and My VvV My in
terms of these parameters?
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Appendix

In this appendix we store some information about two paldicconformal maps used in
this monograph. We first mention a few words about the condbmap

@ :D—D\I0,1).
Consider the following sequence of conformal maps

1
wi(2) ::|£:D—> {0z> 0};

Wo(2) = v/z: {0z> 0} — {0z> 0}n{0z> 0},
Ws(2) == % {0z>0}n{0z>0} - Dn{0z> 0}.
Notice that
wi({e' i m<t<3m/2})=(0,1), w({€":3m/2<t<2m})=(1,);
W2(0,1) = (0,1), w(1,0) = (1,);
w3(0,1) = (—1,0), wz(1,0)=(0,1).

Define

¢s(2) = (Wa(Wa(wy(~i2)))?
and notice thatgs is a conformal map fron onto the slit diskG =D\ [0,1) and, by
following the boundaries, we see thag maps the arde' : 0 < t < 11/2} to the top half
of the slit whilegs maps{e : 0 < t < 1/2} to the bottom half of the slit. Furthermore,
it is routine to show thadx; maps the intervgl—1, 1) onto(—1,0) and so, by the Schwarz
reflection principlegs has the following nice property

w(€%) =@(e ), o<o<2m
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The previous identity says thatgic = ¢5*, then

W) =g (x), 0<x<1,
and so
[(We)" (9 =(y6) (¥)], 0<x<1.
Next, we say a few words about the conformal map
a:D\[0,1) -C\y, y={e':—m2<t<m}.
We construct this map with a sequence of standard conforrapsm

(@) = T2 D\ [0,1) — {0z> 0}\ [Lw)

Up(2) =2 {0z>0}\[Le) — C\ ((—o,0]U[1,)),
7Z—

Us(2) i=z—+| C\ (=, 0U[L,0)) = C\y,

Observe that
u1(0,1) = (1,0),

u(Dy)={0z>0}n{0z>0}, uw(D-)={0z>0}n{0z<0};
w({0z>0}n{0z>0})={0z>0}, ux({0dz>0}n{0z<0})={0z<0};
u3(—0,0] =y, y:i={e':0<t<m,
wlle) =y, Yy i={e'":—m/2<t<0};
us({0z>0}) =D, us({0z<0})=C\D".

From here, we define
a=uUzoUzolUp

and note that R
a:D\[0,1) — C\y,

af0,1] =vy",
a(Tn{0z>0})=y, a(TnNn{0z<0})=Y,
aD;)=D, a(@.)=C\D .
Furthermore, it is easy to check from the identity

 (1422(1-2)2—i
a(@) = (142)%2(1—2)2+i

that
a(e %) =a(e?).
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